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Structure in two-pion production in the dd˜aX reaction
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A model for thedd→app reaction, based on two parallelNN→dp reactions, is extended to incorporate a
complete set of input amplitudes. While low-energy cross sections are underestimated, the rich structure
observed in thea-particle momentum distributions for 0.8,Td,1.9 GeV~the Abashian-Booth-Crowe effect!
is extraordinarily well reproduced. In addition, a recent measurement of deuteron analyzing powers agrees
quite well with our predictions, both in frequency and magnitude of the oscillations.@S0556-2813~99!01805-1#

PACS number~s!: 25.45.2z, 13.60.Le, 25.10.1s, 25.40.Qa
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I. INTRODUCTION

On many occasions, interesting physics has been obta
from detailed studies of momentum distributions fro
nuclear reactions. Excitement once arose from the un
pected width ofb-decay spectra, which led Pauli to postula
the existence of the neutrino. In most cases, however, inte
has focused on details of the distributions, such as an
hancement or a suppression at a certain missing mas
skewness, or other irregularities. These deviations fr
phase space mark the discoveries of new particles and r
nances, an increased propensity for a particular partial w
or some other peculiarity. Regardless of the problem at ha
further investigations often proved fruitful and well wor
the effort. A particularly interesting problem of this kind
the striking phenomenon observed in several experiment
the pn→dX @1–3#, pd→3HeX @4,2,5#, and dd→aX @6,7#
reactions. In all three cases there is a peak just above
two-pion threshold with a missing massMX
'300–320 MeV/c2. Since its position and width vary with
kinematical conditions, it could not be a new particle or re
nance. The only alternative is some sort of kinematical
hancement in double-pion production. The experiments
veal that the effect only occurs in the isospinI X50 channels
of the two first reactions; thedd→aX reaction leads to a
pure I X50 state, which is probably the reason for the mo
pronounced peaks in this case. In association with the pe
at low pp mass there are also broad bumps at maxim
missing masses. These are most clearly seen in thepn
→dX and dd→aX reactions, which could be due to mo
symmetric kinematics. These characteristics are collectiv
known as the Abashian-Booth-Crowe~ABC! effect @4#. The
suggestion of the original authors that the peaks are due
large pp s-wave scattering length was soon ruled out
separate experiments@8# and theoretical calculations@9#. In
addition the central bump~unknown at the time! cannot be
explained in this way, since it would mean that parallel a
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antiparallel pions are simultaneously favored by thepp in-
teraction, which is very unlikely. The mass of the cent
bump is also changing monotonically with beam energy. I
thus impossible to explain the ABC enhancement in terms
some peculiarity of thepp interaction and one has to in
clude effects resulting from the presence of other particle
the reactions and consider the structure of the single-p
production mechanism itself. In all three reactions there
indications that the ABC effect disappears at low beam
ergies@10–13#, suggesting that the subprocesses in any
planation should be strongly energy and angular depen
in order to reproduce the quite different dynamics obser
in the different energy regions.

For thepn→dX reaction, on which theoretical investiga
tions have mainly focused, the most promising approach
the DD model @14#. Here two independent pion production
are achieved through the excitation of both incident nucle
into D isobars via meson exchange, with the deuteron t
being formed through a final state interaction of the rec
nucleons arising from theD decay. By using the energy an
angular dependences ofD excitation and decay, the autho
could reproduce the shape quite well, but underestimate
cross section at larger angles@3#. A double-nucleon ex-
change model, also proposed in the 1970s@15# and using
separate diagrams for the three different peaks, showe
much poorer angular distribution@3# and the authors were
incapable of obtaining an absolute normalization. In his s
vey of all ABC experiments and models, Barry@16# tried to
improve the originalDD model and to extend it topd
→3HeX but with little success; his model has, in particula
problems in reproducing the spectra away from the AB
peaks. Better results were achieved in a chiral bag mo
@17#, taking into account 80 diagrams to fourth order in t
pNN coupling constant, but this model still failed in th
details. A model based on excitation of theN* (1440)
~Roper! resonance has recently been proposed for the lo
energies@18#. The calculations are in good agreement w
data@10#, but the contribution fromDD excitations is negli-
gible. The situation at low energies is thus improving a
might form a basis for a renewed investigation of the AB
effect in thepn→dX reaction.

Despite these efforts, there is as yet no completely sa
2608 ©1999 The American Physical Society
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PRC 59 2609STRUCTURE IN TWO-PION PRODUCTION IN THE . . .
factory implementation of a model for the ABC enhanc
ment in either thepn→dX or pd→3HeX reactions. On the
other hand, thedd→aX reaction has not been subjected
any theoretical investigation because of its perceived c
plexity. In a preliminary study@19# we were able to repro
duce very well the angular dependence measured aTd
51.25 GeV@6# using a version of aDD model where inde-
pendent single-pion productions arise from twoNN→dp
reactions occurring in parallel. In this work, only the dom
nantNN→dp input amplitude was kept and we now lift th
restriction by including a complete set of amplitudes. T
makes it possible to reproduce all the major features
served in thedd→aX reaction throughout theD region,
including also the recent measurement of deuteron analy
powers@7#. The main idea behind the model is explained
Sec. II. The general description is then given a precise
mulation in Sec. III, to be followed by some remarks abo
the numerical calculations in Sec. IV. Our predictions a
compared with data in Sec. V, and conclusions and outl
are given in Sec. VI. Some formulas for theNN→dp reac-
tion, in particular the relations between the partial wave a
spin amplitudes, are collected in an appendix.

II. MODEL FOR dd˜app

Our model for thedd→app reaction is based on
simple, semiclassical picture and illustrated as a Feynm
diagram in Fig. 1. The two-pion production in thedd colli-
sion is viewed as two free, parallel, and independentNN
→dp reactions taking place between separate pairs of nu
ons from the two deuterons. Thea particle is then formed by
fusing the two final deuterons.

An intuitive motivation for this model can be obtained b
looking at the possible configurations of final particles. If t
deuteron anda-particle binding energies are neglected, t
local NN→dp c.m. frames obviously coincide with th
overall c.m.~here called CM! so that the two deuterons hav
the same energy, though not necessarily the same direct
However, because of the strongp-wave dependence of th
NN→dp reaction, the deuterons and pions are preferenti
emitted at small angles to the beam direction. When deu
ons are emitted parallel to each other, they are easily bo
together into ana particle. Because of the kinematics, th
associated produced pions then have small relative mom
and hence small invariant mass. This corresponds to the
ation at the ABC peaks. In the second case of antipara
deuterons, the pions go back to back; their invariant mas

FIG. 1. Feynman diagram for thedd→aX reaction showing the
momenta in the overall c.m. system.
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maximal, and this is the reason for the central bump. Ho
ever, it then needs a lot of Fermi momentum in the init
deuterons and/or finala particle in order to get the deuteron
to stick together so that, despite the kinematical enhancem
of this configuration, it is suppressed compared to the pa
lel case.

Both the ABC effect and the central bump are simul
neously explained in our model by the strongp-wave domi-
nance in theNN→dp reaction, with the former being helpe
by favorable kinematics.

III. FORMAL DESCRIPTION

The considerations of the previous section are imme
ately transformed into the Feynman diagram of Fig. 1, wh
the momenta of the particles are defined in the CM. In
following paragraphs the different parts of the correspond
matrix element are established using a description in term
nonrelativistic wave functions. The derivation of phase sp
formulas is also given.

A. Relativistic phase space

The phase space calculations for thedd→ap1p2 reac-
tion are performed relativistically starting from the gene
expression@20#

ds5
1

uvinu
1

2E1

1

2E2
uMu2

d3k1d3k2d3ka

~2p!92v12v22va

~2p!4

3d4~p11p22k12k22ka!, ~1!

whereEi ,pi andv j ,k j are the energies and momenta of t
initial and final particles, respectively. Thea particle is de-
tected in the laboratory frame and thusuvinu5p/E and
d3ka /va5@ka

2dVadka /va# lab, so that

S d2s

dVadka
D

lab

5
1

32~2p!5mdp

ka lab
2

va lab
E d3k1

v1

d3k2

v2
uMu2

3d4~p11p22k12k22ka!. ~2!

The remaining integrand in Eq.~2! is relativistically in-
variant and the resultant integral is most easily evaluate
the pp rest frame, where the pions go back to back. Den
ing with an asterisk quantities evaluated in this frame
straightforward calculation gives

I5E d3k1*

v1*

d3k2*

v2*
uM* u2d3~k1* 1k2* !d~MX2v1* 2v2* !

5
k*

MX
E dV* uM* u2. ~3!

The missing massMX in the dd→aX reaction is, in our
model, the effective mass of the pion-pion systemmpp . In
terms of this andk* 5 1

2 (k1* 2k2* ), the differential cross sec
tion is
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S d2s

dVadka
D

lab

5
1

32~2p!5

ka lab
2 k*

mdMXpva lab

3E dV*
1

9 (
spin,pol.

uM* u2, ~4!

where the averaging over the initial spins and summing o
the final is now included.

The description has so far concentrated onp1p2 produc-
tion. Simple isospin arguments suggest thatp0p0 production
should be exactly half that of the charged pion but the n
rowness of the ABC peak and the significant pion mass
ferences make it necessary to evaluate the kinematics s
rately in the two cases.

In order to implement the phase space consideration
the previous section, the matrix element has to be expre
in the pp rest frame so that a Lorentz transformation
needed between the CM andpp systems. Since in genera
thea particle emerges at an arbitrary angleuCM with respect
to the beam direction, this involves a rotation. The rig
handed CM coordinate system is oriented with itsz axis in
the beam direction (p̂), thex axis in the plane spanned byp̂
and thea-particle momentum (ka), and they axis parallel to
p̂3 k̂a . A new coordinate system is introduced, by rotati
about they axis, such that the newz axis coincides with the
a-particle direction. A Lorentz boost is then applied in t
a-particle direction so that, in the new system, the pio
emerge back to back. Explicitly this gives

1

2
~v12v2!52

kakz8
*

mpp
, ~5!

1

2
~k1

x2k2
x!5kx8

* cosuCM1gpkz8
* sinuCM , ~6!

1

2
~k1

y2k2
y!5ky8

* , ~7!

1

2
~k1

z2k2
z!52kx8

* sinuCM1gpkz8
* cosuCM , ~8!

wherexyz refer to the CM andx8y8z8 to the pp systems,
andgp5(v11v2)/mpp is the Lorentz boost factor betwee
the two. The transverse and longitudinal components of
pion momentum difference become

1
2 uk1

b2k2
bu5@~kx8

* cosuCM1gpkz8
* sinuCM!21~ky8

* !2#1/2,
~9!

1
2 ~k1

z2k2
z!52kx8

* sinuCM ,1gpkz8
* cosuCM , ~10!

whereb indicates directions perpendicular to the beam.

B. Vertex parametrizations

1. Split-up vertices

Since large Fermi momenta are not required in our mo
we shall only retain the dominantS-state parts of the nuclea
r

r-
f-
pa-

of
ed

-

s

e

l,

wave functions. In a nonrelativistic pole model thed:pn
vertices may be parametrized as

Mdi
5S 21

A2
s•ei D ~2p!3/2

A2md

m
~qi

21ad
2!w~qi8!, ~11!

wherew(q) is the deuteronS-state wave function in momen
tum space,qi8[(qi

b ,qi
z/g) the relative momentum of the

nucleons, boosted in thez direction to take the relativistic
motion into account, andei the deuteron polarization vecto
The parameterad5AmBd, wherem is the nucleon mass an
Bd the deuteron binding energy.

The dd:a vertex is parametrized in a similar manner b

Ma5S 21

A3
e•e8D ~2p!3/22A2ma~qa

21a2!c†~qa!,

~12!

wheree ande8 are the deuteron polarization vectors,c(qa)
is thea:dd S-state wave function in momentum space,qa
5q12q22 1

2 (k12k2) is the relative momentum of the deu
terons, anda25mdBa , with Ba being thea-particle binding
energy. As a result of the large mass of thea particle and the
relatively low pion momenta, there is no need to conside
Lorentz contraction factor in this case.

2. Pion production vertices

The matrix element for the freeNN→dp reaction is ex-
pressed in terms of the partial-wave amplitudes given in
Appendix:

Mp i
5Ki6s•Qi , ~13!

whereKi is the sum over all initial spin-singlet amplitude
and s•Qi is the sum over all triplet amplitudes. Note tha
since we are now usingNN→dp rather thanpd→NN, the
deuteron polarization vectors should be charge conjuga
compared to those in the Appendix and the triplet ter
should change sign. The6 signs for the triplet terms, refer
ring to the upper and lower vertices of Fig. 1, arise from t
inversion of the direction of the incident nucleon momenta
the two cases. The values of the amplitudes were calcul
from the SAID database@21# using the normalization dis
cussed in the Appendix. As seen in Fig. 2, the nine am
tudes retained in the Appendix reproduce theSAID predic-
tions for thep1d→pp differential cross section to within a
few percent. For comparison the cross section calcula
purely with the1D2p amplitude, renormalized to fill the for
ward cross section, is also shown. This single amplitu
which was used in our preliminary study@19#, shows the
manifest pionp-wave dominance which is the main origi
for the ABC enhancement in our model.

In addition to considering far more input amplitudes,
the present analysis we retain also the explicit energy dep
dence prescribed by the database~see Sec. IV!; in the earlier
work we extracted the thresholdk factor and then assumed
constant reduced amplitude. The energy dependence o
1D2p amplitude is hence different in the two analyses.
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C. Matrix element

The matrix element deduced from the Feynman diagr
of Fig. 1 involves integration over two Fermi momenta

M5E d4q1

~2p!4

d4q2

~2p!4
M tot , ~14!

whereM tot is composed of the nonrelativistic reduced vert
functions and the propagators stripped of their spin struct
In an order suggested by the diagram,

M tot5 (
int. spins

MaPdPd8Tr~Md2
P2

cMp1
P4Md1

P3
cMp2

P1!,

~15!

wherePi are the propagators,Mx the matrix elements repre
senting the vertices, and the sum is over the spins and p
izations of the internal particles. Moreover,c denotes charge
conjugation.

The denominators of the nucleon propagators are fac
ized to make the pole structure explicit:

P1,45
i2m

~q20,101p02 i e!@q20,102~ad
21q2,1

2 6p•q2,1!/p01 i e#
,

~16!

P2,3
c 5

2 i2m

~q20,102p01 i e!@q20,101~ad
21q2,1

2 7p•q2,1!/p02 i e#
.

~17!

Since the Fermi momenta (qi) are generally quite smal
compared to the incident deuteron momenta, only the p
closest to the origin atq10,205(1/p0)(ad

21q1,2
2 7p•q1,2)

FIG. 2. Differential cross section for thep1d→pp reaction at
Tp5181 MeV, calculated with nine amplitudes~dashed line! com-
pared to the differential cross section obtained from theSAID data-
base~solid line!. The cross sections for1D2p ~uppermost dotted
line! and the singlet~dot-dashed line! and triplet~lowest dotted line!
amplitudes are also given.
m

e.

ar-

r-

es

yield significant contributions. The integrations overq20 and
q10 are then done by contour integration in the lower h
plane, yielding

E dq20dq10

~2p!2
P2

cP4P3
cP1→

2~2m!4

~2p0!2~q1
21ad

2!~q2
21ad

2!

;
2m2

g2~q1
21ad

2!~q2
21ad

2!
, ~18!

where the last step assumes thatp05Ed;2gm.
The deuteron propagators are

Pd,d85
i

Qd,d8
2

2md
21 i e

, ~19!

where Qd,d85@p06(q102q20)2v1,2,6(q12q2)2k1,2#.
Sinceqa

21a2;2 1
2 (Qd

22md
21Qd8

2
2md

2), the product of the
deuteron propagators and thedd:a vertex reduces to

MaPdPd85S 21

A3
e•e8D ~2p!3/2A2maS 1

Qd
22md

21 i e

1
1

Qd8
2

2md
21 i e

D ca
† . ~20!

The denominators in this expression can be expanded a

Qd,d8
2

2md
25@Ed2v1,26~q102q20!#

2

2@6~q12q2!2k1,22md
2#2

;72mdFvd•~q11q2!1
1

2
~v12v2!G . ~21!

In the last step, the relation

q102q2052
1

p0
@p•~q11q2!2q1

21q2
2#;2vd•~q11q2!

~22!

has been used, while quadratic terms were neglected. U
these linearized forms, the principal value terms cancel in
sum of propagators in Eq.~20! to leave only ad-function
term:

MaPdPd85S 21

A3
e•e8D ~2p!3/2A2maca

† 2 ip

mdvd

3dS q1
z1q2

z1
v12v2

2vd
D . ~23!

Assuming that Fermi momentum effects may be n
glected in the spin couplings, which is a good approximat
in the ABC peak regions, the matrix element is written as
product

M[2 i
ma

vd
WK, ~24!
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where the spin kernelK and dimensionless scalar form fact
W are given, respectively, by

K[ (
int. spins

21

A3
e•e8TrF S 2s•e2

A2
D ~K12s•Q1!S 2s•e1

A2
D

3~K21s•Q2!G ~25!

and

W[
1

Apma
E d3q1d3q2

g2
wd~q18!wd~q28!ca

†~qa!

3dS q1
z1q2

z1
v12v2

2vd
D . ~26!

D. Summing over spins and polarizations

The spin kernel of Eq.~25! can be simplified somewha
by expanding the product and taking the trace. This result
the spin-decoupled form

K5
21

A3
@A~e1•e2!2 i B̄•~e13e2!2e1• C̄̄•e2#, ~27!

where the spin-0, -1, and -2 amplitudes are

A[(
pol.

~e•e8!~K1K21 1
3 Q1•Q2!, ~28!

B̄[(
pol.

~e•e8!~K1Q21K2Q1!, ~29!

C̄̄[(
pol.

~e•e8!~Q1Q21Q2Q12 2
3 Q1•Q2!, ~30!

and the sums are over the polarizations of the internal d
terons.

The unpolarized matrix element squared is then

(
ext. pol.

uKu25 1
3 ~3uAu212uB̄u21u C̄̄u2!, ~31!

whereu C̄̄u2[( i , jCi jC i j
† and the sum is over the polarization

of the external deuterons. The deuteron vector and te
analyzing powersAy andAyy are obtained from the sums

(
i , j ,k
Ki j PjkK ik

† , ~32!

where Pi j are the spin projection operators in a Cartes
basis @22#. Since the dominant1D2p amplitude by itself
gives only a contribution to theA amplitude, this would lead
to Ay5Ayy50. The analyzing powers are therefore very se
sitive probes of the importance of nondominantNN→dp
input amplitudes.
in

u-

or

n

-

To avoid the tedious algebra associated with nine part
wave amplitudes occurring bilinearly in eachamplitude, the
above sums and contractions were in practice carried
numerically.

E. Form factor in configuration space

The form factor of Eq.~26! is most easily evaluated b
transforming to configuration space:

W5
1

A2ma
E d2b dz1dz2Fd~b,gz1!Fd~2b,gz2!Ca

†~xa!

3expF2
i

2
~k12k2!•xaGexpF2

i

4vd
~v12v2!

3~z11z2!G , ~33!

wherexa5„b,(z12z2)/2….
Since the wave functions have been taken to be sph

cally symmetric, the angular integration over theb variable
can be performed explicitly. Furthermore, only the ev
parts of the exponentials will contribute, so that

W5
2p

A2ma
E b db dz1dz2Fd~b,gz1!Fd~2b,gz2!

3Ca
† S b,

z12z2

2 D J0~ 1
2 uk1

b2k2
bub!cos@ 1

4 ~k1
z2k2

z!

3~z12z2!#cosF 1

4vd
~v12v2!~z11z2!G . ~34!

F. Reduction of cross sections due to flux damping

The fluxes of initial and final particles are reduced b
cause of multiple scattering. Any detailed microscopic e
mate of such effects would rest upon assumptions that
difficult to justify quantitatively. For example, in an
Glauber-like approximation, correlation effects would
very large for the light nuclei that we are considering. W
therefore limit our ambition, attempting a crude estima
through an overall scale factor. This should at least giv
hint of the magnitude and direction of the damping. Sin
our model is based upon twoNN→dp reactions, it is natural
to estimate the reduction in flux through the factor

D5
s tot~dd!

2@s tot~pn!1s tot~pp!# S s tot~pa!

2s tot~pd! D
2

, ~35!

where the last factor is squared since there are two emer
pions.

The assumption behind this formula is that in the init
state the flux reduction due to multiple scattering is the sa
in all dd reaction. A similar argument is valid in the fina
state, assuming thea particle to be add aggregate. The
values of total cross sections needed were taken from@23#
(NN), @24# (dd), @25# (pd), and @26# (pa). Interpolation
between different data sets was often needed and the va
used are collected in Table I, together with the calcula
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TABLE I. Distortion factorD calculated according to Eq.~35! for different dd energies. The total cros
section data are from Refs.@23–26#. The estimated reduction factor is compared to the scale factor need
fit our predictions to the data.

Td ~MeV! 787 940 1084 1250 1412 1938

sdd(mb) 118 122 128 137 145 152
1
2 (spn1spp)(mb) 28 33 36 39 42 44
spa(mb) 100 235 328 332 275 135
spd(mb) 42 96 176 229 185 71
D(estimate) 1.50 1.38 0.77 0.46 0.48 0.78
D(fit) 2.2 0.90 0.72 0.73 0.80 1.0
t
th
c
ta

dis

er

w
d

h
ac

e
e

ce
m
th

th
o

i

in
ra
es
ig

ex
t
t t
i.

ical
ork

cal-
at-

ave
the
tely,

erons
-
ave

ive

he

ion
r a

ted

ent
ian

d

f.
reductionD. The latter is compared to the factor needed
scale our model calculations to fit the data, as shown in
figures. While our simplistic estimate goes in the right dire
tion, it does not account for all the deviations from the da
There is, however, considerable uncertainty in the pion
tortion at the lower energies.

IV. NUMERICAL CALCULATION

The evaluation of cross sections and polarization obs
ables was done in two steps. The form factor of Eq.~34! was
first obtained using standard Gauss-Legendre routines
50 points in each of the three dimensions and tabulate
steps of the parameterska lab, w* , and cosu* . In the second
step the spin sums and contractions were done at eac
these points, followed by the integration over phase sp
including the tabulated form factor.

A. Wave functions

The S-state Paris@27# wave function is used to describ
the deuterons, whereas thea particle is represented by th
dd:a cluster function of Forestet al. @28#. It is shown in the
latter work that the nucleon-nucleon distributions in thea
particle and the deuteron are very similar for short distan
(r ,2 fm), with a constant scale factor of 4.7 between the
Since pion absorption on deuterons occurs mainly when
nucleons are close together, we need the numberNa of pairs
of such ‘‘small’’ deuterons in thea particle. Assuming the
neutron-proton distributions inside the two deuterons of
a particle to be independent of each other, we therefore n
malize the wave function toNa52.3.

Since the shape of thea:dd function is similar to a
Gaussian, exp(2b2r2), it is easy to test our dependence on
by varying the parameterb. The result of this test~using the
constant amplitudes of next section! at Td51250 MeV and
ua50.3° is shown in Fig. 3. While the ABC peaks rema
largely unaffected, there is large sensitivity in the cent
region. Calculations at 11.0° and also at 787 MeV show l
variation. Hence this uncertainty is associated with h
missing masses.

B. Partial-wave amplitudes

The values of the partial-wave amplitudes can be
tracted from theSAID database@21# in several ways. The firs
and simplest is to use constant amplitudes evaluated a
kinematics corresponding to the edges of the spectra,
o
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e
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l
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e.,

close to the ABC peaks, where the two pions have ident
momenta. The single amplitude used in our previous w
was extracted in this way@19#.

Energy-dependent input — where the amplitudes are
culated separately for each point of integration — is an
tempt to take the Fermi motion in thea particle into account.
There is no unambiguous way to do this and so we h
adopted two slightly different methods. One, based on
previous technique, but calculated at each point separa
will be called the E1 prescription. The second approach~E2!
uses the same pion momenta but now assumes the deut
to have half thea-particle momentum. The two clearly co
incide at the edges of the missing mass spectra, but h
different characteristics in the central region. Their relat
merits will be discussed in the next section.

V. RESULTS

The predictions of our model are compared with t
Saclay unpolarized cross section data of Ref.@6# in Figs. 4
and 5. Shown are the raw results from the E2 prescript
and also those obtained by smearing E1 and E2 ove
Gaussian experimental resolution in thea-particle momen-
tum with a relative standard deviations(ka)/ka50.5% @6#.
The calculations are scaled to fit the data with factors lis

FIG. 3. Comparison of cross sections calculated with differ
a-particle wave functions. Solid lines correspond to the Gauss
wave function with the parameterb ~defined in the text! having the
values ~from bottom to top! 0.55, 0.64, 0.67, 0.70, 0.75, an
1.0 fm21. For comparison the calculation with the Forestet al.
@28# wave function~dashed line! is repeated. The data are from Re
@6#.
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FIG. 4. Angular distribu-
tion dd→aX at Td

51.25 GeV. The smeared E
~dashed line! and E2 ~solid
line! calculations are compare
to the data of Ref.@6#. For E2
the raw calculations~dotted
line! is also given. Our predic-
tions are fitted to the forward
~low ka) ABC peak with a
scale factor 0.71; cf. Sec. III F
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in Table I. This scaling is independent of the choice of a
plitudes. The agreement with data is remarkably good, b
in angular distribution and energy dependence. The dif
ences found between the scale factors and the flux dam
estimates could be attributed mainly to the crudeness of
estimate and the uncertainties in its input data.

The slight discrepancy at the central bump for sm
angles could be due to the production of three pions or to
simplified treatment of the Fermi momenta. A broads me-
son@23# would also enhance the cross section here. An e
mate of the possible contribution from production ofh me-
sons could be obtained from a measurement at 1.95 G
@29#. The cross section is, however, so lo
@;1 mb/(sr GeV/c)# that it should be invisible in all the
plots, except possibly for 1.94 GeV where one might se
hint of a peak. As illustrated in Fig. 3, the central region
also sensitive to the precise form assumed for thea-particle
wave function. Inclusion ofD states in the wave function
would give effects for large missing mass as well since
corresponds to large Fermi momenta.

Apart from a small change in the ABC peaks, the ma
difference between E1 and E2 is found in the central reg
The reason for this is the different kinematics used in the
cases — E1 tends to overstate thepd energy in the centra
bump and thus attains the maximalNN→dp cross section
already at 940 MeV, while E2 has its maximum at 12
MeV. This accounts for the E1 overestimating~compared to
E2! at low missing masses and underestimating at high m
mal missing mass. At 1250 MeV and 11.0° the missing m
is not high enough to be sensitive to the difference betw
-
th
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ng
e
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ur

ti-
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the two assumptions. Unfortunately the range of data in
SAID database@21# does not extend to the energies needed
E1 at 1412 MeV and for E2 at 1938 MeV. The close agre
ment between E2 and the calculation with constant am
tudes at 1412 MeV justifies the use of constant amplitude
the higher energies in Fig. 5.

The underestimate at 787 MeV is probably an indicat
of a more severe problem within our double-D model. There
are two measurements at even lower energies, one clos
threshold atTd5570 MeV @13# and another at 650 MeV
@12#. In both cases the data are structureless and consi
with pure phase space, with total cross sections ofs(570)
;43 nb ands(650);600 nb, respectively. In our model
pronounced ABC-like structure should be clearly visible
both energies. However, our predicted total cross sections
a factor of about 20 too low and it therefore seems that th
is some other mechanism which is mainly responsible for
smooth behavior near threshold. This extra contribut
might account already for our underestimate at 787 MeV

The deuteron analyzing powers measured by the SPE
spectrometer at Saturne@7# are seen in Fig. 6 together wit
our model predictions integrated over the spectrometer
ceptance. The slope of vector analyzing powerAy8 in the
forward direction is calculated according to the experimen
average procedure described in Ref.@7#. The differences be-
tween the E1 and E2 calculations are clearly seen forAy8 ,
while they are rather marginal forAyy . This greater sensitiv-
ity of Ay8 could be due to its dependence upon the relat
phase between singlet and triplet amplitudes and also
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FIG. 5. Predictions of the en
ergy dependence ofdd→aX at
ua50.3° compared to data from
Ref. @6#. The different curves are
defined as in Fig. 4. Since it is im
possible to use E1 at 1.4 GeV, an
neither E1 nor E2 at 1.9 GeV, th
calculations with constant ampli
tudes ~dot-dashed line! are given
at these energies. The calculation
are reduced by the scale facto
given in Sec. III F.
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the
importance of the strongly energy-dependent and domin
1D2p amplitude. The E1 predictions are shifted by an ar
trary 22 rad21 in the figure to show the close resemblan
to the data structures. Any small extra terms in the amplit
could cause such a shift. For both analyzing powers, th
are again discrepancies in the central region, presumably
the same reasons as for the unpolarized cross sections.

All calculations were done using the C500 solution
@21# but, in order to check the stability of the result, th
were repeated for the SP96 solution as well. The two set
results are very close and the small differences found
completely overshadowed by the larger uncertainties inh
ent in the procedures for extracting amplitudes.

VI. CONCLUSIONS

For the first time a quantitative model has been propo
for the ABC effect in thedd→aX reaction. Despite its sim
plicity, and without benefiting from any free parameters, it
able to reproduce all the main features of thea-particle mo-
mentum spectrum observed throughout the double-D region.
It is hence clear that, at least for this reaction, the ABC eff
is indeed a kinematical enhancement in the independent
duction of twop-wave pions when these emerge with par
lel momenta.

The analyzing power predictions are equally impress
and reproduce quite nicely the frequency and strength of
oscillations for bothAyy and Ay8 . Since these quantities ar
sensitive to the nondominant input amplitudes, and in p
ticular their relative phases, this more thorough examina
nt
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of the details of our model adds further strength to the c
clusion that it supplies the correct dynamics in the doubleD
region.

The low-energy data present, however, a more delic
situation to interpret. We do not think that it is possible
force the present model to reproduce pure phase space a
energies. Since thep-wave dominance ofNN→dp extends
almost down to threshold, thes-wave pions needed to furnis
isotropy could not be produced via that subprocess. T
analogous contribution of isovector nucleon-nucleon pa
in, for example,pp→ppp0, is known to be much smalle
than isoscalar pairs both near threshold and throughout thD
peak @30#. There must therefore be another producti
mechanism present, which is dominant at low energies
which assumes lesser importance at higher energies w
the ABC is seen clearly. In order to improve our understa
ing of the dynamics in this kinematical region, we sugg
that further experiments should be done at deuteron b
energiesTd,0.8 GeV. In addition to inclusive polarize
and unpolarized cross sections, exclusive reactions are
needed so that angular distributions of pairs of the final p
ticles can be constructed. Such data already exist forpd
→3Hep1p2 @11#. Since all such quantities can be calc
lated within our model, they provide extra confirmations a
tests of it.

Given its quantitative success, it is natural to ask if o
model could be extended to include other reactions as w
A simple extension would be to calculate the double-pho
productiondd→agg via two np→dg reactions. This could
be an important background in the measurement of
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charge-symmetry-breakingdd→ap0 reaction, observed a
Saturne in the double-D region@31#. We are currently inves-
tigating this possibility.
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FIG. 6. Predictions of forward analyzing powers compared
the SPESIII measurements@7#. Both the E1~dashed line! and E2
~solid line! calculations are given. The experimental acceptanc
incorporated in the theoretical results.~a! Average slope of vector
analyzing powerAy8 . The similarity in shape is more evident afte
shifting the E1 prediction by22 rad21 ~dotted line!. Data are
obtained for a range of energies 1.116,Td,1.127 GeV, while cal-
culations are done at 1.122 GeV.~b! Tensor analyzing powerAyy at
Td51.116 GeV.
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APPENDIX: PARTIAL-WAVE AMPLITUDES AND
CLEBSCH-GORDAN COEFFICIENTS EXPRESSED BY

SPIN AMPLITUDES

We find it simpler to estimate the double-D contribution
to the two-pion production using a spin-amplitude descr
tion of thep1d→pp reaction rather than employing partia
waves. We therefore give here expressions for the lower
tial waves in terms of the Pauli spin matrices (s), the deu-
teron polarization vectors (e), and the proton and pion mo
menta (p and k). The partial waves are denoted b
2Spp11(Lpp)Jl p , whereSpp andLpp are the spin and orbita
angular momenta of the proton-proton system in the fi
state,J is the total angular momentum, andl p is the pion
angular momentum in the initial state. The operatorsOi cor-
responding to particular partial-wave transitions are giv
below in the normalization*dV(eTruO i u25234p(2Ji
11).

1. Singlet amplitudes

The singlet amplitudes are

O~1S0p!52 k̂•e, ~A1!

O~1D2p!5A5

2
$3~ p̂• k̂!~ p̂•e!2 k̂•e%, ~A2!

O~1D2f !5
A15

2
$2~ p̂• k̂!~ p̂•e!2@5~ p̂• k̂!221# k̂•e%,

~A3!

O~1G4f !5
3

4
$35~ p̂• k̂!3~ p̂•e!13~ k̂•e!215@~ p̂• k̂!2~ k̂•e!

1~ p̂• k̂!~ p̂•e!#%. ~A4!

2. Triplet amplitudes

The triplet amplitudes are

O~3P1s!5A3

2
i e•~ p̂3s!, ~A5!

O~3P1d!52
A3

2
i $3~ k̂•e!k̂•~ p̂3s!2e•~ p̂3s!%,

~A6!

O~3P2d!52
A15

2
i $~ p̂• k̂!s•~ k̂3e!2~s• k̂!k̂•~ p̂3e!%,

~A7!

O~3F2d!5A5

2
i $5~ p̂• k̂!~ p̂•s!p̂•~ k̂3e!2@~ p̂• k̂!s•~ k̂3e!

1~s• k̂!p̂•~ k̂3e!#%, ~A8!

O~3F3d!5
A7

4
i $@5~ p̂• k̂!221#e•~ p̂3s!110~ p̂• k̂!

3~ p̂•e!k̂•~ p̂3s!22~ k̂•e!k̂•~ p̂3s!%. ~A9!
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3. Clebsch-Gordan coefficients

In the s-e expressions for Clebsch-Gordan coefficien
the nonrelativistic two-component spinorh and its charge
conjugatehc[2 is2h* are introduced:

K 1lU12 m1

1

2
m2L↔hc1

† S 21

A2
s•e~l!†D h2 , ~A10!

K 1

2
m1

1

2
m2U1l L↔h2

†S 21

A2
s•e~l!D h1c , ~A11!

K 1

2
m2U1l

1

2
m1L↔h2

†S 1

A3
s•e~l!D h1 , ~A12!

^00u1m11m2&↔
21

A3
e~m1!

•e~m2!, ~A13!

^1lu1m11m2&↔e~l!†
•S 2 i

A2
e~m1!3e~m2!D . ~A14!

4. Relation to the SAID formalism

The s-e formalism uses the normalization

ds̄

dV
~p1d→pp!5

m2

4~2p!2spd

p

k

1

3 (
spins

uMu2, ~A15!
e

an

tt.

M.

C

n,

G

.

,

whereAspd is the c.m. energy. The matrix element is then
the form

M5K ppU(
i
AiO iUp1dL , ~A16!

whereAi is the complex amplitude for a particular parti
wave.

In the formalism of theSAID database@21#,

ds̄

dV
~p1d→pp!5

1

6k2 (
i 51

6

uHi u2, ~A17!

where the helicity amplitudesHi are linear combinations o
partial wave amplitudesT. The relation between thes-e and
SAID partial-wave amplitudes is then

A5
2p

m
A2spd

pk
T, ~A18!

since all the spin-momentum structures and relative pha
are incorporated in thes-e formulas.
uc-
.

s
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