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Derivation of wave functions and matrix elements of the residual interaction in208Pb from
experimental data

M. Rejmund,* M. Schramm,† and K. H. Maier‡

Hahn-Meitner-Institut Berlin, Postfach 390128, D-14091 Berlin, Germany
~Received 22 December 1998!

Shell-model wave functions for many states of208Pb have been derived in a strictly empirical way from
measured spectroscopic factors and branching ratios ofg transitions. It was assumed that the lowestn states of
a givenI p can be described by an orthonormal superposition of then lowest one-particle one-hole configura-
tions for this I p. The often highly redundant data are well reproduced. The matrix elements of the residual
interaction were calculated from the wave functions by inverting the Schro¨dinger equation. The diagonal
matrix elements show clear and reasonable trends. The set of empiricalM1 andE2 single particle matrix
elements that has been used is presented.@S0556-2813~99!04905-5#

PACS number~s!: 21.30.Fe, 21.60.Cs, 23.20.Lv, 27.80.1w
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I. INTRODUCTION

The shell model describes many properties of dou
magic 208Pb and neighboring nuclei very well. Also man
properties of these nuclei can be measured as208Pb itself and
two of its neighbors are stable and can be used as targets
comparison,100,132Sn and also56Ni are less accessible fo
experiments, and16O and40Ca are light nuclei. In this article
we deduce wave functions of many levels below 5 M
excitation energy in208Pb, making use of the fact that th
level scheme is practically complete below 5 MeV and ma
properties of these states are known. The wave functions
restricted, to include only the lowest one particle one h
excitations; the results justify this simplification. In a ne
step then the matrix elements of the residual interaction
calculated from the deduced wave functions and meas
level energies by inverting the Schro¨dinger equation. Around
100 empirical matrix elements are derived in this way, th
might be used to check and adjust theoretical interaction
similar approach to deduce the interaction from measu
data has already been used by Heusler and von Brentano@1#.
Unfortunately they were misled by some wrong spin assi
ments at the time.

Several interactions have been rather successfully app
True, Ma, and Pinkston used a phenomenological sin
even plus quadrupole force to calculate the negative pa
one particle one hole levels of208Pb@2#. Kuo and Herling@3#
have deduced a realistic interaction from the Hama
Johnston potential between free nucleons following
method of Kuo and Brown@4#. They calculated wave func
tions for the two particle and two hole nuclei around208Pb,
but unfortunately no results on208Pb itself have been pub
lished. This realistic interaction has been found to expl
many data quite well, in particular after some small adju
ments@5#.

*Present address: Centre de Spectrometrie Nucleaire et de S
trometrie de Masse, bat. 104, 91405 Orsay Campus, France.

†Present address: Wesendonkstrasse 31, D-81925 Mu¨nchen, Ger-
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The measured energies of the states with the approp
I p in the nuclei with one nucleon more or less than208Pb are
taken as the single particle energies in the mentioned th
retical calculations and the following treatment. Figure
shows the single particle orbitals with these energies. P
of this work have been already presented at conferences@6,7#
and in a Ph.D. and diploma thesis@8,9#.

II. DERIVATION OF THE WAVE FUNCTIONS

A. The experimental data

The experimental data of Schrammet al. @10# are the ba-
sis of this analysis. They include sets of spectroscopic fac
for the proton pick up reaction209Bi( t,a)208Pb and the neu-
tron transfer reaction 207Pb(d,p)208Pb and many
g-branching ratios. Table V of this reference gives the e
perimental level scheme of208Pb, that is used here. Mor
recentg spectroscopy with the208Pb(n,n8)208Pb reaction by

ec-

FIG. 1. Single particle orbitals around208Pb and their energies
relative to 208Pb.
2520 ©1999 The American Physical Society
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PRC 59 2521DERIVATION OF WAVE FUNCTIONS AND MATRIX . . .
Yeh et al. @11,12# has essentially confirmed the results
Schrammet al. @10#. Also a new, very high resolution stud
of inelastic scattering and transfer reactions with the Q
spectrometer at the Munich tandem@13# agrees nearly al-
ways with the used data@10#. Only their results from the
investigation of the207Pb(d,p)208Pb reaction with polarized
deuterons show that there is some mixing between
n3d3/23p1/2

21 and n3d5/23p1/2
21 configurations, that had bee

excluded in the evaluation of spectroscopic factors
Schrammet al. @10#. This and a few new levels from Ye
et al. and Valnionet al. @11,13# have not been included in
the present analysis.

B. General procedure

A qualitative inspection of the experimental data sho
already that the wave functions of the excited states of208Pb
are well described by a superposition of few single partic
single hole configurations. The energies of the real state
close to the unperturbed particle-hole energies. Therefore
residual interaction is weak, and two particle–two hole ex
tations are unimportant; they are about 3 MeV higher
energy, while the mixing matrix elements are of the order
100 keV. Therefore we try in the following to reproduce t
measured properties of the real levels by simple wave fu
tions. The wave functionsc i of then lowest lying states of a
given spin and parityI p are described as

c i5ai1f11ai2f21•••1ainfn with i 51 . . .n.

The f i are then particle-hole configurations that ca
couple to the givenI p and are lowest in energy. The energi
of the proton configurations are lowered by 300 keV to
count for the Coulomb pairing energy. This means that
n2 amplitudesaik have to be determined. But, taking th
model seriously, the wave functions are orthonormal, wh
gives n(n11)/2 conditions and reduces the number of fr
parameters ton(n21)/2. The number of considered levelsn
is arbitrarily determined by the availability of experiment
data. Mixing with higher states should be considered.
some cases, as for 101 states, the next configuration is muc
higher in energy and can be neglected. In general, the w
function of the highest state included in the analysis ser
mainly to fulfill the orthonormality requirement for the lowe
states and is not very meaningful.

The number ofM1 transitions that can occur between t
n states of a givenI p is n(n21)/2. This would already
match the number of free parameters. But only branch
ratios have been measured, no lifetimes, and their numb
n(n23)/211. This leavesn21 free parameters. If configu
rations with either a hole in then3p1/2 orbital or a particle in
the p1h9/2 orbital are involved the measured spectrosco
factors give directly then aik

2 , and the system is alread
overdetermined. More information is available from oth
multipolarities and the transitions to and from levels w
different I p. But some amplitudes might be little sensitive
any measured data and therefore poorly determined, w
others are very well determined. The examples given be
will demonstrate this in some detail.

The wave functions have been determined by trial a
error. Usually the main component was clear from the sp
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troscopic factors; otherwise it could be guessed from the
ergy of the state. Spectroscopic factors often also fixed so
smaller amplitudes right away. This determined the first tr
wave functions, that contained no other admixtures.M1 and
E2 transition rates were then calculated for the trial wa
functions. These calculations gave also the individual con
butions to the transition rates from each involved configu
tion and the derivatives of the transition strengths relative
the amplitudes of the wave function. This allowed to judg
which amplitudes had to be modified in order to achie
better agreement between measured and calculated bran
ratios. The set of wave functions for a givenI p was also
orthonormalized repeatedly using the Schmidt procedu
The whole process was then repeated until either agreem
with experiment had been reached or we could not m
progress anymore. The optimization is fairly complicate
the requirement of orthonormalized wave functions conne
all amplitudes for a givenI p, and states of different spin
have also to be treated simultaneously, if there are conn
ing g transitions.

The calculation of theg-transition rates is straightfor
ward. The transition matrix element between the partic
hole configurations is calculated from the single particle a
hole elements by angular momentum coupling~see, e.g., Ref.
@14#!. The total transition element between two states res
then from adding the contributions of the various configu
tions in the initial and final state. This coherent superposit
is often very sensitive to small amplitudes and of course
the signs of the amplitudes. The single particleM1 andE2
matrix elements, that have been used are presented in
Appendix. These are effective matrix elements appropr
for our restriction to one particle–one hole configuration
They account for the particular core excitations that lead
the effective quadrupole charge and the deviations of
magnetic moments from the Schmidt values. By far the m
g transitions are of M1 multipolarity.E2 transitions can
compete in rare cases only, andE1, M2, andE3 transitions
are very scarce.

Approximate errors of the amplitudes in the wave fun
tions have also been determined@9#. This is still more diffi-
cult than the derivation of the amplitudes themselves.
looked for those pieces of the experimental data, that
mainly sensitive to just one amplitude and little influenc
by others and assigned the errors from them. A proper tr
ment would require an unwieldy error matrix. Meaningf
errors could be assigned to some amplitudes and are stat
Table I and in part discussed for individual levels below.

The collective 32 state at 2.615 MeV is too complicate
to be treated in this way. We took the 25 largest compone
of a wave function calculated by Warburton@15#. The g
transitions to this level are mostly not well reproduced a
have not been used in the analysis. Admixtures of the c
lective octupole to the particle-hole configurations have
been taken into account explicitly. Instead the single part
orbitals that we use are not really pure but include adm
tures of this type. For instance then1 j 15/2 orbital contains a
n2g9/2332 admixture.

The wave functions derived in this way are presented
Table I. This table contains also the square roots of the m
sured spectroscopic factors@10# in italic for comparison;
they should equal the absolute values of the deduced am
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TABLE I. Empirical wave functions in208Pb. Below the measured level energies the amplitudes of
indicated particle-hole configurations are presented. Errors of the amplitudes are given, if they co
determined. Absence of an error means usually that this amplitude is not well determined. Square r
spectroscopic factors are shown below the corresponding amplitudes initalic. See also the text.

02 states

Energy~keV! 5280.3 5599.4
Configuration Amplitude
n4s1/23p1/2

21 0.93 ~13! 0.37 ~23!

0.93 0.37
n3d5/22 f 5/2

21 20.37 ~25! 0.93 ~15!

12 states
Energy~keV! 4841.4 5292.0 5512.1
Configuration Amplitude
n4s1/23p1/2

21 0.03 ~3! 0.91 ~10! 0.40
0.10 0.96 0.25

n3d5/22 f 5/2
21 0.24 0.38 20.89

n2g9/22 f 7/2
21 0.96 20.13 0.20

22 states
Energy~keV! 4229.6 5037.5 5127.4
Configuration Amplitude
n2g9/22 f 5/2

21 0.94 0.33 20.02
n3d5/23p1/2

21 0.28 20.76 0.57
0.24 0.80 0.55

p2 f 7/22d3/2
21 20.17 0.54 0.81

32 states
Energy~keV! 2614.5 4051.2 4254.9 4698.4 4937.6
Configuration Amplitude
n2g9/22 f 5/2

21 20.95 20.20 0.00 0.00
p1h9/22d3/2

21 20.35 20.16 0.70 0.42 0.00
0.39 0.18 0.76 0.49

n2g9/23p3/2
21 20.30 20.70 0.53 0.00

n1i 11/22 f 5/2
21 0.00 0.00 20.50 0.45

p2 f 7/23s1/2
21 0.00 0.00 20.25 20.90

42 states
Energy~keV! 3475.1 3946.6 3995.6 4262.0 4358.8
Configuration Amplitude
n2g9/23p1/2

21 0.97 ~6! 20.10 ~5! 0.10 ~4! 0.10 ~6! 20.20 ~10!

0.99 0.05 0.11 0.05 0.10
p1h9/23s1/2

21 0.10 ~4! 0.92 ~6! 20.21 ~4! 20.30 ~4! 20.15 ~3!

0.07 0.92 0.22 0.27 0.16
n2g9/22 f 5/2

21 20.14 ~10! 0.20 ~7! 0.95 ~10! 0.03 20.18
p1h9/22d3/2

21 0.10 ~10! 0.34 ~5! 0.00 ~10! 0.79 ~6! 0.50 ~5!

0.00 0.38 0.00 0.76 0.51
n2g9/23p3/2

21 0.20 0.00 0.20 ~15! 20.52 0.81
52 states

Energy~keV! 3197.7 3708.5 3961.1 4125.4 4180.2 4296.7
Configuration Amplitude
n2g9/23p1/2

21 20.95 ~10! 0.26 ~5! 0.04 ~3! 0.04 ~4! 0.08 ~8! 20.07 ~5!

0.89 0.43 0.00 0.11 0.00 0.05
p1h9/23s1/2

21 0.25 ~2! 0.61 ~3! 0.62 ~5! 0.23 ~4! 0.26 ~15! 20.20 ~9!

0.26 0.59 0.67 0.19 0.11 0.29
n2g9/22 f 5/2

21 20.15 ~2! 20.63 ~6! 0.72 ~10! 0.13 ~7! 20.11 ~9! 0.11
n1i 11/23p1/2

21 0.00 ~3! 20.26 ~2! 0.04 20.56 ~10! 0.56 20.54
0.00 0.00 0.00 0.71 0.71 0.00

p1h9/22d3/2
21 0.00 ~5! 0.26 ~2! 0.26 ~4! 20.76 ~6! 20.18 ~2! 0.50 ~3!

0.00 0.28 0.29 0.70 0.18 0.48
n2g9/23p3/2

21 0.00 ~6! 0.08 ~18! 0.08 ~6! 20.17 ~10! 20.74 ~15! 20.62
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TABLE I. ~Continued!.

62 states
Energy~keV! 3919.9 4206.2 4383.2 4480.7 4761.8
Configuration Amplitude
n2g9/22 f 5/2

21 0.99 ~10! 20.02 ~2! 20.09 ~10! 0.02 0.00
n1i 11/23p1/2

21 0.00 ~10! 0.97 ~3! 20.18 ~2! 0.12 ~10! 0.02 ~10!

0.00 0.95 0.16 0.00 0.00
p1h9/22d3/2

21 0.10 ~4! 0.21 ~2! 0.93 ~3! 20.27 ~9! 20.05 ~10!

0.00 0.21 0.91 0.36 0.00
n2g9/23p3/2

21 0.03 ~2! 20.07 ~2! 0.29 ~5! 0.93 0.19
n1i 11/22 f 5/2

21 0.00 0.00 0.00 20.20 0.97
61 states

Energy~keV! 4423.6 5213.0
Configuration Amplitude
n2g9/21i 13/2

21 0.91 ~10! 20.42 ~10!

p1h9/21h11/2
21 0.42 ~4! 0.91 ~5!

0.48 0.88
72 states

Energy~keV! 4037.5 4680.3 5085.5 5543.0 5695.1
Configuration Amplitude
n2g9/22 f 5/2

21 0.99 ~10! 0.00 0.00 20.03 ~7! 20.09
n1i 11/22 f 5/2

21 0.00 1.00 ~15! 0.00 0.00 0.00
n1i 11/23p3/2

21 0.00 0.00 0.95 ~10! 20.29 ~9! 0.09
p1h9/22d5/2

21 0.03 ~10! 0.00 ~10! 0.31 ~2! 0.90 ~5! -0.28 ~3!

0.00 0.00 0.27 0.91 0.32
n2g9/22 f 7/2

21 0.10 ~5! 0.00 0.00 0.30 ~4! 0.94 ~16!

71 states
Energy~keV! 4867.8 5195.3
Configuration Amplitude
n1 j 15/23p1/2

21 0.92 20.30
1.00 0.00

n2g9/21i 13/2
21 0.40 0.50

p1h9/21h11/2
21 0.10 0.85

0.00 1.00
81 states

Energy~keV! 4610.8 4860.8 5093.1 5339.5 5826.2
Configuration Amplitude
n1 j 15/23p1/2

21 20.78 ~5! 0.62 ~5! 0.00 0.00 0.00
0.81 0.59 0.00 0.00 0.00

n2g9/21i 13/2
21 0.44 ~10! 0.55 ~30! 0.60 ~17! 0.35 ~18! 0.00

p1h9/21h11/2
21 20.42 ~3! 20.53 ~7! 0.59 ~10! 0.34 ~20! 0.25 ~8!

0.40 0.45 0.50 0.56 0.26
n1 j 15/22 f 5/2

21 0.00 0.00 20.50 0.86 0.00
n1 j 15/23p3/2

21 0.11 0.14 20.15 20.09 0.96 ~36!

91 states
Energy~keV! 5010.5 5162.1
Configuration Amplitude
n2g9/21i 13/2

21 0.98 ~15! 20.20 ~14!

p1h9/21h11/2
21 0.20 ~3! 0.98 ~5!

0.17 0.98
101 states

Energy~keV! 4895.3 5069.4 5536.6 5928.0
Configuration Amplitude
n2g9/21i 13/2

21 0.79 ~17! 0.38 ~17! 0.46 ~10! 20.13 ~20!

p1h9/21h11/2
21 20.57 ~5! 0.66 ~5! 0.36 ~5! 20.33 ~5!

0.58 0.58 0.41 0.40
n1 j 15/22 f 5/2

21 20.19 ~8! 20.51 0.81 0.21
n1i 11/21i 13/2

21 20.05 ~8! 0.41 ~25! 0.01 0.91
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2524 PRC 59M. REJMUND, M. SCHRAMM, AND K. H. MAIER
tudes. As the levels withI>11 have pure wave function
they are not listed in Table I. Table II compares the measu
g-branching ratios with those calculated from the wave fu
tions. A discussion follows in the next subsections.

C. The 02, 12, 22, and 32 states

The two 02 states are well separated in energy from
next state of this spin. The one free mixing paramete
determined by the spectroscopic factors for the configura
n4s1/23p1/2

21 . This mixing reproduces also theirg decay to
the first 12 and 22 state quantitatively. The three lowest 12

and 22 levels have been considered because they have
populated in (d,p). The next level is close in both cases, a
therefore the wave functions of the third state are wrong. T
12 states decay byE1 to the ground state; this gives n
information for the present analysis. Also the decay of
22 levels to the collective 32 state contains little informa
tion. The relative branching from the second 22 to the 42

and 22 levels is well reproduced, while the decays to the2

levels do not fit well due to the problems in describing t
32 states.

The wave functions of the 32 states have only bee
treated superficially. The collective state is of too comp
cated structure and the collectivity of the first 32 state pre-
vents also a strict orthogonalization for all other levels. Ne
ertheless the wave functions are approximately orthonor
and reproduce the spectroscopic factors of the proton pic
andg decays reasonably. But then3d5/23p1/2

21 configuration
is not included in the analysis, although it is populated in
(d,p) reaction.

D. The 42 and 52 states

Three sets of spectroscopic factors have been meas
for the 42 states and 4 for 52. But the distinction between
3s1/2 and 2d3/2 proton pickup and 2g9/2 and 1i 11/2 neutron
transfer relies on the angular distribution of the particles
redistribution of some strength from 2g9/2 to 1i 11/2 for the
3708.5 keV 52 level reproduces theg decays much better
Theg branching ratios are well but not perfectly reproduce
Often very small changes of the amplitudes~;0.03! influ-
ence theg decay strongly. Orthonormalizing the wave fun
tions gives changes of this magnitude that can destroy
previously achieved agreement with experiment. Small
mixtures are especially important if theg decay for the main
components is slow or completely forbidden; the calcula
half lives of Table II indicate this. Likely the data could b
better fitted with a more powerful mathematical procedu
But higher lying configurations might also have to be co
sidered; this is definitely the case for the highest states. T
are only 16 free parameters for the combined 42 and 52

states. They are 3 times overdetermined. The agreemen
tween measured and calculated properties is remarkable

The neutron components of the lowest 42 state have been
determined from the differential cross section of (p,p8)
through the 2g9/2 analog resonance by Bondorfet al. @16#.
They derived a(n2g9/23p1/2

21)50.94(2), a(n2g9/22 f 5/2
21)

50.07(16), anda(n2g9/23p3/2
21)520.24(3). Except for the

sign of the two small components this agrees very well w
the present result. Richardet al. @17# derived from the same
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(p,p8) data for the 3.708 MeV 52 state: a(n2g9/23p1/2
21)

50.41(2), a(n2g9/22 f 5/2
21)520.76(12), and

a(n2g9/23p3/2
21)50.10(18). The first amplitude is taken from

the spectroscopic factor of the (d,p) reaction. Our amplitude
is smaller, because theg-decay favors to ascribe part of th
(d,p) strength to 1i 11/2 transfer; otherwise the agreement
perfect.

E. The 62 and 72 states

The lowest four 62 states are definitely identified. Th
4761 keV level is identified as the fifth, because it decays
the 3198 keV 52 level, and the only state expected by th
shell model, that fits this energy and decay is 62. Therefore
these 5 states are described by a superposition of the 5 lo
configurations that giveI p562, namely n2g9/22 f 5/2

21 ,
n1i 11/23p1/2

21 , p1h9/22d3/2
21 , n2g9/23p3/2

21 , n1i 11/22 f 5/2
21 . The

configurationsn1i 11/23p1/2
21 and p1h9/22d3/2

21 are populated
in the transfer reactions and therefore 10 spectroscopic
tors are known.

The 61
2 state is discussed as an example in the followi

The dominant component of the 61
2 state isn2g9/22 f 5/2

21 . The
amplitudes of then1i 11/23p1/2

21 andp1h9/22d3/2
21 , vanish ac-

cording to the spectroscopic factors. The absence of ag tran-
sition from the 73

2 and the weak transition from 74
2 set also

limits on these amplitudes. The dominant configurations
these 72 states, namelyn1i 11/23p3/2

21 and p1h9/22d5/2
21 ,

would otherwise lead to strong transitions to 61
2 . Likewise

the adopted amplitudea(61
2 ,p1h9/22d3/2

21)50.1 gives al-
ready a somewhat too large branching from the predo
nantly p1h9/22d3/2

21 63
2 to 61

2 . All these transitions proceed
from the main components of the decaying states, that
well known, with strong transition matrix elements. Ther
fore they determine the amplitudes for the 61

2 with little
uncertainty from other possible contributions.

The small amplitudea(61
2 , n2g9/23p3/2

21)50.03 is well
determined by the branching ratio of the decay to 51

2 and
52

2 , because this configuration is connected by a strongM1
matrix element to the main configurationn2g9/23p1/2

21 of the
first 52 state. Table III shows the destructive interference
theM1 decay to 51

2 , that is needed to reproduce the branc
ing ratio. The 61

2 to 51
2 transition contains also anE2 com-

ponent~see Table III!. Also for this a destructive interferenc
between the two main amplitudesn2g9/22 f 5/2

21,62 to
n2g9/22 f 5/2

21,52 andn2g9/22 f 5/2
21,62 to n2g9/23p1/2

21,52 is re-
quired. As both components proceed from the same confi
ration in the 62 level, its sign drops out and the relative sig
of the two configurations of the 52 state is fixed. TheM1
component determines now the relative signs of
n2g9/22 f 5/2

21 andn2g9/23p3/2
21 configurations in the 62 state.

This is an example for the determination of signs.
The partial derivatives of the branch from 61

2 to 51
2 rela-

tive to all involved amplitudes are shown in Fig. 2. Fro
plots like this it is evident, which amplitudes matter for th
particular measured branching ratio and are therefore w
determined. In the presented case, then2g9/23p3/2

21 configu-
ration of the 62 state and then2g9/22 f 5/2

21 configuration of
the 51

2 state are dominant. The second mentioned amplit
cannot vary much, as otherwise for instance the we
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TABLE II. g-branching ratios calculated from the empirical wave functions in comparison with experiment. The columns show
and spin of the decaying and populated state, multipolarity,g energy, the theoretical branching ratio as calculated from the wave funct
and the measured branching ratio with its error. The measured branching ratios for mixedM1/E2 transitions give the combined intensity an
are to be compared with the sum of the theoretical branchings. Experimental decays by other thanM1 or E2 transitions are not included
therefore the summed strength of the branches might be<100%. All branches are included, for which the theoretical strength is>1% or a
transition has been measured. The total theoretical halflife for each decaying state is also given.

Init. Final L Eg bth bexp Err.

5280.5 02 4229.5 22 E2 1051.0 79.1 78.4 2.2
4841.7 12 M1 438.8 20.8 21.6 1.0

T1/250.14E210s
5598.0 02 4229.5 22 E2 1368.5 59.5 66.9 5.8

4841.7 12 M1 756.3 36.9 33.1 3.3
5037.4 22 E2 560.6 1.9
5512.5 12 M1 85.5 1.3

T1/250.21E211s
4229.5 22 2614.6 32 M1 1614.9 98.6 88.6 8.9

4051.3 32 M1 178.2 1.3
T1/250.33E212s
5037.4 22 2614.6 32 M1 2422.8 42.4 85.4 5.7

2614.6 32 E2 2422.8 1.9
3475.1 42 E2 1562.3 28.5 6.4 0.4
4051.3 32 M1 986.1 10.1 3.3 0.2
4229.5 22 M1 807.9 15.0 3.8 0.4
4698.5 32 M1 338.9 1.2

T1/250.12E212s
5127.3 22 2614.6 32 M1 2512.8 33.5 87.6 3.1

3475.1 42 E2 1652.2 14.9 5.8 0.7
4229.5 22 M1 897.8 49.8

T1/250.13E212s
4051.3 32 2614.6 32 M1 1436.7 95.6 84.5 4.7

3475.1 42 M1 576.1 3.4 15.5 1.5
T1/250.12E212s
4254.4 32 2614.6 32 M1 1639.9 91.8 75.0 9.6

3475.1 42 M1 779.3 7.8 25.0 4.8
T1/250.39E213s
4698.5 32 2614.6 32 M1 2083.9 5.9 11.2 1.2

3197.7 52 E2 1500.7 24.7 17.7 1.1
3475.1 42 M1 1223.4 48.5 40.9 2.0
3946.6 42 M1 751.8 3.6
3995.9 42 M1 702.5 0.2 1.7 0.2
4051.3 32 M1 647.2 5.1 1.7 0.3
4229.5 22 M1 469.0 0.1 4.1 0.4
4254.4 32 M1 444.1 10.0 16.8 0.8
4262.0 42 M1 436.5 0.1 3.6 0.3

T1/250.13E212s
4938.5 32 2614.6 32 M1 2323.9 98.7 93.6 24.6

2614.6 32 E2 2323.9 1.0
T1/250.11E213s
5317.0 31 4324.0 41 M1 993.0 95.1 79.9 8.0

4324.0 41 E2 993.0 4.0
T1/250.48E212s
3475.1 42 2614.6 32 M1 860.6 36.4 65.3 2.1

3197.7 52 M1 277.4 63.5 34.7 1.3
T1/250.43E211s
3946.6 42 2614.6 32 M1 1332.1 34.4

3197.7 52 M1 748.9 47.8 66.0 4.6
3475.1 42 M1 471.5 12.5 17.4 1.2
3708.4 52 M1 238.2 5.1 16.7 1.2
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TABLE II. ~Continued!.

Init. Final L Eg bth bexp Err.

T1/250.59E212s
3995.9 42 2614.6 32 M1 1381.4 58.4 81.9 20.2

3197.7 52 M1 798.2 33.9 18.1 4.3
3197.7 52 E2 798.2 1.2
3708.4 52 M1 287.5 5.5

T1/250.39E212s
4262.0 42 2614.6 32 M1 1647.4 1.1 48.5 3.9

2614.6 32 E2 1647.4 1.4
3197.7 52 M1 1064.2 0.0 2.1 0.3
3475.1 42 M1 786.9 34.1 27.0 2.2
3708.4 52 M1 553.6 57.7 22.4 1.8
3961.1 52 M1 300.9 3.7

T1/250.95E212s
4358.8 42 2614.6 32 M1 1744.3 29.4 11.7 1.7

2614.6 32 E2 1744.3 1.3
3197.7 52 M1 1161.1 11.9 23.8 3.6
3197.7 52 E2 1161.1 1.1
3475.1 42 M1 883.7 53.0 61.5 5.5
3961.1 52 M1 397.7 1.9
3995.9 42 M1 362.9 0.5 1.7 0.4
4180.4 52 M1 178.4 0.1 1.3 0.6

T1/250.10E212s
3197.7 52 2614.6 32 E2 583.2 100.0 100.0 3.1
T1/250.58E209s
3708.4 52 2614.6 32 E2 1093.9 0.4 3.0 0.8

3197.7 52 M1 510.7 97.5 95.2 4.8
3475.1 42 M1 233.3 2.1 1.8 0.6

T1/250.11E211s
3961.1 52 3197.7 52 M1 763.4 74.7 68.6 4.8

3475.1 42 M1 486.0 0.1 1.6 0.6
3708.4 52 M1 252.7 24.3 29.8 2.1

T1/250.24E212s
4125.5 52 2614.6 32 E2 1510.9 5.4

3197.7 52 M1 927.7 83.9 77.1 9.3
3475.1 42 M1 650.3 9.3 14.7 3.0
3708.4 52 M1 417.0 0.8 3.7 0.8
3946.6 42 M1 178.8 0.2 0.7 0.2
3961.1 52 M1 164.3 0.0 3.7 0.5

T1/250.43E212s
4180.4 52 2614.6 32 E2 1565.9 1.2

3197.7 52 M1 982.7 82.4 83.8 8.5
3475.1 42 M1 705.3 11.4 16.2 4.2
3708.4 52 M1 472.0 4.0

T1/250.87E213s
4296.7 52 3197.7 52 M1 1098.9 19.3 5.2 1.6

3475.1 42 M1 821.6 59.3 33.3 3.4
3708.4 52 M1 588.2 1.2 58.4 5.9
3919.9 62 M1 376.8 1.8
3946.6 42 M1 350.0 2.5
3961.1 52 M1 335.6 2.2
4125.5 52 M1 171.2 9.9 3.1 0.8
4180.4 52 M1 116.3 1.8

T1/250.57E212s
5193.3 51 4324.0 41 M1 869.3 50.0 45.0 4.5

4324.0 41 E2 869.3 2.7
4423.5 61 M1 769.8 44.5 45.2 12.6
4423.5 61 E2 769.8 2.8
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TABLE II. ~Continued!.

Init. Final L Eg bth bexp Err.

T1/250.51E212s
3919.9 62 3197.7 52 M1 722.2 48.6 55.2 6.2

3197.7 52 E2 722.2 13.2
3708.4 52 M1 211.5 37.3 44.8 4.1

T1/250.14E210s
4206.3 62 3197.7 52 M1 1008.6 79.4 82.2 5.7

3197.7 52 E2 1008.6 4.0
3708.4 52 M1 497.9 15.0 17.8 2.3
3919.9 62 M1 286.4 1.1

T1/250.56E211s
4383.3 62 3197.7 52 M1 1185.5 88.3 93.8 17.8

3197.7 52 E2 1185.5 1.1
3919.9 62 M1 463.4 7.9 4.8 0.7
4125.5 52 M1 257.8 0.6 0.6 0.2
4206.3 62 M1 176.9 0.7 0.8 0.2

T1/250.33E212s
4480.8 62 3197.7 52 M1 1283.0 94.2 94.0 8.5

3708.4 52 M1 772.3 4.1 6.0 2.5
T1/250.60E213s
4761.8 62 3197.7 52 M1 1564.1 85.0 100.0 30.0

3961.1 52 M1 800.7 3.8
4383.3 62 M1 378.5 4.0
4480.8 62 M1 281.0 2.3

T1/250.53E212s
4037.6 72 3197.7 52 E2 839.8 92.4 88.4 13.7

3919.9 62 M1 117.7 7.5 11.6 4.2
T1/250.19E210s
4680.2 72 3708.4 52 E2 971.8 3.6

3919.9 62 M1 760.3 88.5 100.0 30.0
4037.6 72 M1 642.6 3.7
4206.3 62 E2 473.9 1.8

T1/250.85E211s
5085.5 72 3197.7 52 E2 1887.8 1.0

3708.4 52 E2 1377.1 2.3
4206.3 62 M1 879.2 77.3 88.8 9.7
4383.3 62 M1 702.3 11.2 11.2 3.7
4480.8 62 M1 604.7 5.4

T1/250.15E212s
5543.0 72 3197.7 52 E2 2345.2 5.3

3708.4 52 E2 1834.6 5.0
3919.9 62 M1 1623.1 5.1 6.1 1.8
3961.1 52 E2 1581.9 2.1
4037.6 72 M1 1505.4 7.6 10.8 1.8
4206.3 62 M1 1336.7 17.0 18.3 2.0
4383.3 62 M1 1159.7 41.6 42.7 3.4
4480.8 62 M1 1062.2 2.9 6.9 1.0
5085.5 72 M1 457.5 10.9 12.3 1.4

T1/250.26E213s
5695.0 72 3919.9 62 M1 1775.1 89.0 100.0

4037.6 72 M1 1657.4 3.8
4206.3 62 M1 1488.6 1.1
4383.3 62 M1 1311.7 1.3
5085.5 72 M1 609.5 1.5

T1/250.15E213s
4867.8 71 4423.5 61 M1 444.3 31.3 29.5 5.9

4423.5 61 E2 444.3 1.1
4610.9 81 M1 256.9 67.7 30.8 4.6
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TABLE II. ~Continued!.

Init. Final L Eg bth bexp Err.

T1/250.12E210s
5195.4 71 4423.5 61 M1 771.8 76.2 76.3 10.7

4423.5 61 E2 771.8 7.2
4610.9 81 M1 584.4 0.1 0.0 0.0
4860.9 81 M1 334.4 3.1 2.0 0.7
4867.8 71 M1 327.6 13.0 14.3 1.7

T1/250.69E212s
610.9 81 4423.5 61 E2 187.4 100.0
T1/250.33E205s
4860.9 81 4610.9 81 M1 250.0 99.9 74.0 7.7
T1/250.28E211s
5093.2 81 4610.9 81 M1 482.3 82.7 93.5 8.3

4860.9 81 M1 232.3 17.2 6.5 2.4
T1/250.17E212s
5339.6 81 4610.9 81 M1 728.6 62.6 52.9 5.9

4860.9 81 M1 478.6 33.1 33.6 4.2
5093.2 81 M1 246.4 3.9

T1/250.11E212s
5826.2 81 4610.9 81 M1 1215.3 74.7 100.0

4860.9 81 M1 965.3 7.8
4867.8 71 M1 958.4 4.4
5093.2 81 M1 733.0 10.3
5339.6 81 M1 486.6 1.8

T1/250.17E213s
5010.7 91 4610.9 81 M1 399.7 80.6 96.4 6.7

4610.9 81 E2 399.7 5.2
4860.9 81 M1 149.7 6.6
4895.4 101 M1 115.3 7.4 3.6 1.0

T1/250.15E209s
5162.2 91 4610.9 81 M1 551.3 39.7 54.0 4.3

4610.9 81 E2 551.3 3.1
4860.9 81 M1 301.3 10.4 11.8 1.8
4895.4 101 M1 266.8 5.5 9.0 1.6
5010.7 91 M1 151.6 40.6 25.1 2.6

T1/250.32E211s
895.4 101 4610.9 81 E2 284.5 99.9 83.8 7.4

4860.9 81 E2 34.5 0.1 0.0 0.0
T1/250.14E205s
5069.5 101 4895.4 101 M1 174.1 100.0 100.0 0.0
T1/250.12E211s
5536.7 101 4895.4 101 M1 641.3 79.1 81.2 9.1

5069.5 101 M1 467.2 20.5 18.8 4.8
T1/250.51E213s
5928.3 101 4895.4 101 M1 1032.9 60.0 64.8 8.2

5069.5 101 M1 858.8 38.3 35.2 12.6
5536.7 101 M1 391.6 1.1

T1/250.16E213s
5235.6 111 4895.4 101 M1 340.2 91.3 100.0 0.0

4895.4 101 E2 340.2 5.9
5069.5 101 M1 166.0 2.7

T1/250.93E210s
5749.0 111 4895.4 101 M1 853.6 21.1 22.0 10.0

5069.5 101 M1 679.5 74.0 78.0 10.0
5069.5 101 E2 679.5 2.2
5235.6 111 M1 513.4 1.4

T1/250.37E211s
6100.9 121 5235.6 111 M1 865.4 74.0 80.0 5.0

5235.6 111 E2 865.4 1.2
5749.0 111 M1 351.9 23.3 20.0 5.0

T1/250.44E211s
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TABLE III. Transition amplitudes for the decay 61
2→51

2 . The columns labelledM1 andE2 give the
transition matrix elements for the configurations of column 1. The corresponding transition ampl
~labelled Amplitude! include the amplitudes of the configurations in the two states.

M1 Amplitude E2 Amplitude
Transition ~nm! ~nm! ~e fm2! (e fm2!

(ng9/2f 5/2
21; 62)→(ng9/2f 5/2

21; 52) 1.84 20.28 44.6 26.7
(ng9/2f 5/2

21; 62)→(ng9/2p1/2
21; 52) 0. 0 225.7 24.5

(ng9/2p3/2
21; 62)→(ng9/2p1/2

21; 52) 22.31 0.07 214.9 0.4
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branch from 43
2 to 51

2 would not be reproduced. In this way
the wave functions of the 62 and 42 states are indirectly
connected. This shows the interdependence of nearly all
plitudes of all states.

Finally little is known about then1i 11/22 f 5/2
21 component,

except that the absence of a transition from 65
2 limits its

amplitude squared to about 0.1. In general this configura
is only poorly determined, because it is not connected to
other configuration by a strong transition element.

The two main components of the second and third2

statesn1i 11/23p1/2
21 and p1h9/22d3/2

21 are determined by the
spectroscopic factors. This agrees also fully with the dec
from 73

2 and 74
2 ; these levels have as main compone

n i111/23p3/2
21 and p1h9/22d5/2

21 . The holes are the spin-orb
partners of the holes in the 62 states and consequently th
M1 matrix elements are strong and govern these dec
Again the n2g9/22 f 5/2

21 and n2g9/23p3/2
21 components of the

62 states influence the branching to the lower states stron
The main component of the fourth 62 level is

n2g9/23p3/2
21 leading to a dominant decay to 51

2 . But all ten
transition matrix elements, except one, interfere constr
tively to give a measurable branch to 52

2 . This makes the
smaller components of the wave function believable. T
transfer of an 1i 11/2 neutron is weak in (d,p) and cannot be

FIG. 2. Partial derivative of the relative strength of the transit
from the first 62-level to the first 52-level with respect to the
amplitudes of the indicated wave functions.
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n
y

ys
s

s.

ly.

c-

e

detected for the deduced spectroscopic factorS50.01. The
wave function of the fifth 62 level should not be taken too
seriously.

The spectroscopic factors andg branching ratios are wel
reproduced for the 5 lowest 72 states. The only shortcomin
are the predictedE2 branches from 74

2 to the two lowest 5-
levels. The 72 and 62 states are very little mixed and con
sequently perturbation theory should be adequate. It pred
ai ,k52ak,i for the nondiagonal amplitudes of the wav
functions. This is well satisfied in both cases~Table I!.

F. The positive parity states with odd spin

The 209Bi( t,ag)208Pb reaction populates only one sta
each with I p531,51,71; a second 91 level is populated
with 3% of the main proton state. Therefore these unnatu
parity states are practically purep1h9/21h11/2

21 . The tentative
spin assignment for the 31 level is based on its strength i
proton pick up and theg decay to 41 and 32. Theg branch-
ing from the 51 level to the lowest 41 and 61 states is very
well reproduced. It depends only on the amplitudes of
p1h9/21h11/2

21 configuration in these states. These are also
dependently measured by the spectroscopic factors. Th
fore this is a direct proof for the consistency of the inform
tion from the reaction cross sections and theg decay.

Two 71 levels have been identified. There is no eviden
for the third state of mainly the configurationn2g9/21i 13/2

21 ,
which is expected between the two others. As this preve
the orthonormalization of the wave functions the interpre
tion of the data is less strict. Theg branching of the lower 71

level is reasonably reproduced, considering that all tran
tions are weak. The very good agreement for the higher1

level requires a subtle interference from the three configu
tions. With just one free parameter the spectroscopic fac
and theg decay of the two 91 states are well reproduced.

There is no experimental evidence yet for the lowest1

and 51 and the second 71 state, that belong mainly to th
configurationn2g9/21i 13/2

21 . Evidently they mix so little with
the proton configuration, that they are not excited.

G. The positive parity states with even spin

The 01 and 21 states are not considered here. The1

levels decay primarily byE1 transitions. Therefore the onl
information on their structure is thep1h9/21h11/2

21 strength
from the spectroscopic factors, and wave functions canno
derived. The spin of the 5239.4 keV level is not determin
but, of the few expected and not yet assigned levels aro
this energy, the 41 member of the double octupole phono
excitation could explain the measured data. It would



co

h

t

tro
o

-
en

-

y

the
the

-

ne

is

g.
ure

m-
with
c-
(

uate
le-

in-

n-
d

ci-

s
are
es
mo-
by

u-

-
d in

si-
the
nge
the
ever

s
es

o
.
.

2530 PRC 59M. REJMUND, M. SCHRAMM, AND K. H. MAIER
strongly mixed with the nearly degeneratep1h9/21h11/2
21 41

level at 5216.5 keV. Yehet al. @12# favor the 5216.5 keV
state as double octupole. The next possible particle-hole
figuration for a 41 state n1i 11/21i 13/2

21 lies about 600 keV
higher.

Again just one mixing parameter for the two 61 levels
describes the strength of the 1h11/2 proton pick up and theg
branching into them from the 51 and 71 levels well.

Five 81 and four 101 levels have been identified. A sixt
81 level is expected close by; but the four 101 levels are
well separated from the next higher state. In both cases
p1h9/21h11/2

21 strength is distributed fairly uniformly. The
lowest 81 state shows a half-life ofT1/253.2(5) ns. This is
exactly reproduced for the decay from itsn1 j 15/23p1/2

21 com-
ponent (a520.78) to the puren2g9/23p1/2

21 51
2 state with

the known B(E3,n1 j 15/2→2g9/2)522W.u. The g decay
agrees therefore with the spectroscopic factor of the neu
transfer reaction. An analogousE3 transition proceeds als
from the weak (a520.19) n1 j 15/22 f 5/2

21 component of the
lowest 101 level to the practically puren2g9/22 f 5/2

21 71
2 level.

Figure 3 shows the wave functions of the 101
1 and 81,2

1 levels
and the transition-matrix elements of the connectingE2 tran-
sitions. The destructive interference of then2g9/21i 13/2

21 to
n2g9/21i 13/2

21 and n1 j 15/22 f 5/2
21 to n1 j 15/23p1/2

21 contributions
for the 81

1 state give rise to the long half-life (T1/25500 ns!
of the 101 state@18#. TheE2 transitions from the 101 level
determine the amplitudes of then2g9/21i 13/2

21 configuration in
the two lowest 81 levels, and together with the two mea
sured spectroscopic factors the three important compon
are fixed.

For the 101 states thep1h9/21h11/2
21 configuration is

known from the proton pick up. Then2g9/21i 13/2
21 and

n1 j 15/22 f 5/2
21 configurations for 101

1 have already been dis
cussed in connection with the decay to the 81 states.
n2g9/21i 13/2

21 is in addition sensitive to theM1 branchings

FIG. 3. The figure shows the amplitudes of the configurations
the 101

1 state on top and those of the two 81 states on the bottom
In the middle the correspondingE2-transition elements are shown
The different signs of then j 15/2p1/2

21 configuration in the 81 states
lead to destructive or constructive interference.
n-

he

n

ts

from the higher lying 101 levels. Finally the amplitude of
the n1i 11/21i 13/2

21 configuration is very sensitive to the deca
from 112

1 , as its wave function is puren1i 11/21i 13/2
21 . All 4

possible configurations are therefore well measured for
first 101 state. There is however no direct evidence on
amplitudes of then1 j 15/22 f 5/2

21 and n1i 11/21i 13/2
21 configura-

tions in the two highest 101 levels. They are only deter
mined from the orthonormality requirement.

H. States with spin 11 to 14

The highest spin that can be formed by one particle o
hole configurations is 142. The wave function of the 142

level is puren1 j 15/21i 13/2
21 , because no other configuration

possible. This holds also for the 132 state. The 121 level can
likewise only ben1i 11/21i 13/2

21 . Two 111 levels have been
found @19# with the pure configurationsn2g9/21i 13/2

21 and
n1i 11/21i 13/2

21 @19#. Primarily the absence of ag branch from
112

1 to 111
1 excludes appreciable configuration mixin

Therefore all the known states with spin above 10 have p
configurations.

I. General remarks on the wave functions

It has been possible to describe many levels of208Pb with
one particle–one hole wave functions. In particular the a
plitudes as measured by transfer reactions agree well
those determined from theg transitions. The measured spe
troscopic factors have been normalized such, that sumSi)
51 for a given transferredj andI p of final states. The wave
functions are orthonormal, as they should be for an adeq
model. Much qualitative information on the neutron partic
hole structure of many states has also been gained from
elastic proton scattering through analog states@20#. The de-
duced wave functions agree with this.

No need arose to include any two particle two hole co
figurations or ‘‘collective’’ contributions for the considere
states. On the other hand excited 01 states can only be
formed by two particle two hole excitations, and these ex
tations contribute significantly to the 21 and also 41, 61

levels.
The use of effectiveM1 andE2 matrix elements mean

however that special more complicated admixtures
present. It is well known, for example, that the differenc
between the Schmidt values and the measured magnetic
ments of the single particle orbitals are in part caused
magnetic core polarization. These are admixed 11 excita-
tions of the208Pb core, that are too weak to noticeably infl
ence any other properties butM1. It might well be, that the
Y5 collectivity of the lowest 52 level, that is evident in in-
elastic proton scattering@21#, is caused by other small ad
mixtures, which do not influence the properties considere
our analysis.

The g-transition rates result from the coherent superpo
tion of the transition amplitudes and determine therefore
signs of the amplitudes. But of course a simultaneous cha
of corresponding signs in the initial and final state gives
same transition strength. Because the signs are how
mostly also fixed by some otherg transition and by the or-
thonormality requirement, it is unlikely that individual sign
are wrong. But the signs of whole groups of amplitud

f
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TABLE IV. Matrix elements of the residual interaction, as calculated from level energies and wave func
The diagonal proton elements are corrected for Coulomb pairing by1300 keV. In addition to the table there are th
following diagonal elements:̂ n1i 11/21i 13/2

21 ;121uHun1i 11/21i 13/2
21 ;121&5258 keV; ^n1 j 15/21i 13/2

21 ;132uHun1 j 15/21i 13/2
21 ;132&5238 keV;

^n1 j 15/21i 13/2
21 ;142uHun1 j 15/21i 13/2

21 ;142&5257 keV.

02 states
Configuration n4s1/23p1/2

21 n3d5/22 f 5/2
21

n4s1/23p1/2
21 2139 110

n3d5/22 f 5/2
21 110 212

12 states
Configuration n4s1/23p1/2

21 n3d5/22 f 5/2
21 n2g9/22 f 7/2

21

n4s1/23p1/2
21 2136 -82 5

n3d5/22 f 5/2
21 283 2127 2147

n2g9/22 f 7/2
21 0 2143 2894

22 states
Configuration n2g9/22 f 5/2

21 n3d5/23p1/2
21 p2 f 7/22d3/2

21

n2g9/22 f 5/2
21 317 2218 133

n3d5/23p1/2
21 2215 5 82

p2 f 7/22d3/2
21 128 81 288

42 states
Configuration n2g9/23p1/2

21 p1h9/23s1/2
21 n2g9/22 f 5/2

21 p1h9/22d3/2
21 n2g9/23p3/2

21

n2g9/23p1/2
21 99 246 75 241 2171

p1h9/23s1/2
21 238 68 3 2109 211

n2g9/22 f 5/2
21 86 8 24 226 242

p1h9/22d3/2
21 276 2114 222 219 25

n2g9/23p3/2
21 2174 220 247 30 246

52 states
Configuration n2g9/23p1/2

21 p1h9/23s1/2
21 n2g9/22 f 5/2

21 n1i 11/23p1/2
21 p1h9/22d3/2

21 n2g9/23p3/2
21

n2g9/23p1/2
21 2182 148 276 33 238 23

p1h9/23s1/2
21 154 259 121 88 2113 221

n2g9/22 f 5/2
21 272 118 2151 287 48 5

n1i 11/23p1/2
21 38 92 289 244 225 45

p1h9/22d3/2
21 238 2116 49 227 2135 260

n2g9/23p3/2
21 25 217 5 43 258 2109

62 states
Configuration n2g9/22 f 5/2

21 n1i 11/23p1/2
21 p1h9/22d3/2

21 n2g9/23p3/2
21 n1i 11/22 f 5/2

21

n2g9/22 f 5/2
21 277 3 243 21 22

n1i 11/23p1/2
21 3 6 243 21 22

p1h9/22d3/2
21 245 240 132 226 214

n2g9/23p3/2
21 214 25 227 153 53

n1i 11/22 f 5/2
21 0 7 215 53 229

61 states
Configuration n2g9/21i 13/2

21 p1h9/21h11/2
21

n2g9/21i 13/2
21 2502 2300

p1h9/21h11/2
21 2300 2188

72 states
Configuration n2g9/22 f 5/2

21 n1i 11/22 f 5/2
21 n1i 11/23p3/2

21 p1h9/22d5/2
21 n2g9/22 f 7/2

21

n2g9/22 f 5/2
21 52 0 21 2 2156

n1i 11/22 f 5/2
21 0 2100 0 0 0

n1i 11/23p3/2
21 3 0 22 2137 13

p1h9/22d5/2
21 240 0 2139 285 245

n2g9/22 f 7/2
21 2163 0 14 242 2105

81 states
Configuration n1 j 15/23p1/2

21 n2g9/21i 13/2
21 p1h9/21h11/2

21 n1 j 15/22 f 5/2
21 n1 j 15/23p3/2

21

n1 j 15/23p1/2
21 2146 87 283 0 22

n2g9/21i 13/2
21 87 2106 189 75 249

p1h9/21h11/2
21 282 189 2280 73 78

n1 j 15/22 f 5/2
21 0 76 74 2146 219

n1 j 15/23p3/2
21 21 250 78 219 2490
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TABLE IV. ~Continued!.

91 states
Configuration n2g9/21i 13/2

21 p1h9/21h11/2
21

n2g9/21i 13/2
21 247 230

p1h9/21h11/2
21 230 2106

101 states
Configuration n2g9/21i 13/2

21 p1h9/21h11/2
21 n1 j 15/22 f 5/2

21 n1i 11/21i 13/2
21

n2g9/21i 13/2
21 8 194 179 293

p1h9/21h11/2
21 193 296 58 2262

n1 j 15/22 f 5/2
21 176 58 215 166

n1i 11/21i 13/2
21 293 2261 166 261

111 states
Configuration n2g9/21i 13/2

21 n1i 11/21i 13/2
21

n2g9/21i 13/2
21 171 0

n1i 11/21i 13/2
21 0 293
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could perhaps be changed. There is for instance nog transi-
tion between a neutron and a proton configuration, and th
fore the sign of all proton amplitudes in all states might
changed simultaneously. Theg transitions do not determin
the sign for thep1h9/21h11/2

21 configuration in the 101 levels
either. It is taken from inelastic electron scattering@22#.
There might be other not quite so evident cases, that hav
be checked if a serious doubt results from other data.

The agreement between our empirical wave functions
those calculated by Trueet al. @2# for negative parity states
with a phenomenological interaction is remarkably good
the lower states. There are however also significant dif
ences, that might perhaps be used to improve their force.
empirical wave functions are limited to the lowest config
rations. The calculated@2# wave functions include also
higher configurations. That these are really present, altho
small, is proven by the measurement of207Pb(d,p)208Pb
with polarized deuterons@13#. It shows mixing between
3d3/2 and 3d5/2 orbitals.

III. THE RESIDUAL INTERACTION

A. Derivation of the residual interaction

The Schro¨dinger equationHc5Ec is usually interpreted
as an eigenvalue equation; the Hamiltonian matrixH is
known and the energiesE and wave functionsc are to be
calculated. Here we regard it as a system of linear equat
to calculate the elements of the Hamiltonian from the m
sured level energies and the wave functions. The results
presented in Table IV. The diagonal matrix elements inclu
the residual interaction only, the single particle energies
given in Fig. 1 have been subtracted. Also the presen
diagonal elements for all proton configurations show the
rectly calculated values plus 300 keV. This compensates
the energies of the proton particle-hole configurations
lowered by a roughly constant amount of 300 keV due to
Coulomb pairing interaction. As presented, the residual
teraction for protons and neutrons is comparable.

B. Discussion of the residual interaction

1. Nondiagonal elements

The main discussion below is restricted to the diago
matrix elements, as they can be presented in a percep
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way. For the nondiagonal elements no meaningful repres
tation as a function of few parameters is known as they
pend on 4 orbitals and the spin of the state. There are
calculated and published nondiagonal matrix elements av
able either for a direct comparison. This is unfortunate as
nondiagonal elements are essentially new information; d
onal elements have been deduced and interpreted for ne
boring nuclei before, disregarding configuration mixing, s
e.g., Ref.@23#. A difficulty in the interpretation of all matrix
elements is, that the particle-particle formalism is norma
used in theory, while our analysis uses the particle-hole
malism, as dictated from the nature of the data. The Pan
transformation converts from on to the other scheme,
requires a complete set of matrix elements for all spins
which the participating orbitals can couple. Therefore t
transformation is often not possible. As mentioned abo
there is some uncertainty of the signs in the wave functio
that gives an uncertainty of the sign of the correspond
nondiagonal matrix elements. In a comprehensive treatm
these limited uncertainties can be resolved, and as soon
consistent and complete set of theoretical interactions
comes available, a comparison should be made. The o
agonal elements are usually small (;100 keV! and markedly
smaller for unnatural than for natural parity states.

2. Diagonal elements

The diagonal matrix elements can be graphically p
sented in a meaningful way as in Figs. 4~a!–4~c!. These fig-
ures show also approximate errors of the interaction en
gies, as derived from the errors of the amplitudes of the w
functions@9#. A classical angleQ between the spins of the
interacting particlej p and holej h in a stateI p is defined as

Q5arccosF I ~ I 11!2 j p~ j p11!2 j h~ j h11!

2Aj p~ j p11! j h~ j h11!
G .

For approximately parallel~maximal I! or antiparallel
~minimal I! spins the planes, in which the particle and ho
move, overlap well, and a large interaction energy is
pected for an interaction of short range. At intermedia
spins the overlap is small. Therefore the matrix eleme
should roughly lie on a parabola, if plotted againstQ. The
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advantage of this representation is that all matrix eleme
can be shown together irrespective of the detailed quan
numbers of the orbits. As Figs. 4~a!–4~c! show, the matrix
elements follow indeed the expected trend versus the a

FIG. 4. Diagonal matrix elements of the residual shell mo
interaction between particles and holes in208Pb as functions of the
classical angle between the angular momenta. The lines are to g
the eye only.~a! Levels of unnatural parity, ifj 5 l 11/2 for the
particle then j 5 l 21/2 for the hole or vice versa.~b! Levels of
natural parity, if j 5 l 11/2 for the particle thenj 5 l 21/2 for the
hole or vice versa.~c! j 5 l 11/2 or j 5 l 21/2 for both particle and
hole.
ts
m

le

Q. Two further distinctions are important. The empirical m
trix elements show a marked difference depending if
Nordheim numberj p1 j h1 l p1 l h is even or odd; in other
words there is a distinction between the two cases:~i! spin
and orbital angular momentum are either parallel or antip
allel for both particle and hole or~ii ! they are parallel for one
and antiparallel for the other. Also the classification betwe
naturalp5(21)I and unnaturalp52(21)I parity of the
state is important; the diagonal matrix elements are larger
natural parity states. This accords with the clearly larger n
diagonal elements for natural parity.

The interaction in the unnatural parity states of o
Nordheim number@Fig. 4~a!# is weak, between1100 and
2100 keV and shows no dependence on angle over
range from 50 to 180°. An exception is the 11 state. States
of similar nature have mostly the same interaction ener
examples are (n1i 11/21i 13/2

21 ;111) and (p1h9/21h11/2
21 ;91)

or (ng29/22 f 5/2
21;62) and (p1h9/22d5/2

21;62) or
(n2g9/23p1/2

21;42) and (p1h9/23s1/2
21;42).

For odd Nordheim number and natural parity@Fig. 4~b!#
only angles from 30 to 110° are covered. The interact
energy drops from about 0 keV at small angles to2200 keV
around 90°. This is the expected general dependence
angle. It is tempting to group the data into two groups
indicated by the lines in the figure. But we could not reco
nize any distinction between the structure of the states
these two groups. Three matrix elements are rather diffe
from all others.

The matrix elements for even Nordheim number@Fig.
4~c!# exhibit rather clearly a parabolic dependence on an
and there is a marked difference between natural and unn
ral parity. Again the interaction energies for the similar co
figurationsn2g9/23p3/2

21 andp1h9/22d3/2
21 are nearly equal for

spin 4, 5, and 6.
All matrix elements of the residual interaction are rath

small, only few exceed 200 keV. The fact, that reasona
trends can be seen at all, supports the validity of the p
sented analysis. The dependence on the classical a
means that the interaction is of short range. The radial w
functions are of little influence, although orbitals with b
tween 0 and 3 radial nodes are present; this indicates tha
interaction is concentrated in the surface, as the amplitu
of the wave functions at the surface of the nucleus cha
only little with radial quantum number.

Moinester, Schiffer, and Alford@23# analyzed the diago-
nal matrix elements of the interaction between protons
neutrons in 210Bi and protons and neutron holes in208Bi
from measured energies and assuming pure configurati
They used a multipole expansion of the interaction energ
The energy of a state is given as

EI~ j 1 j 2!5(
k

a j 1 j 2

k EI
k~ j 1 j 2!.

The quantitiesEI
k( j 1 j 2) depend only on angular moment

while the expansion coefficientsa j 1 j 2

k really determine the

interaction. They showed, that thea j 1 j 2

k /a j 1 j 2

0 are approxi-

mately independent of the individual orbitals. This mea
that the interaction is primarily determined by the angu
momenta. The same conclusion has been reached abov

l

ide
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TABLE V. ReducedM1 andE2 matrix elements in nm and e fm2, as used in the present analysis. This is an updated version of the
by Donahueet al. @31#; some signs have been corrected. The references for more recent values are indicated. See also the text.

from to M1 Ref. E2 Ref. from to M1 Ref. E2 Ref.

Proton particles Proton holes
1h9/2 1h9/2 6.97~15! 255.9~5! @32# 3s1/2

21 3s1/2
21 2.25~1! @33# 0.00

1h9/2 2 f 7/2 0.18 -15.50 2d3/2
21 3s1/2

21 0.30 @34# 33.50
2 f 7/2 2 f 7/2 8.08 @35# 253.50 @36# 2d5/2

21 3s1/2
21 0.00 37.10 @36#

1i 13/2 1i 13/2 15.71~30! 266~16! @32# 2d3/2
21 2d3/2

21 0.96 @34# 29.60 @36#

2d5/2
21 2d3/2

21 1.90 @34# 220.50 @36#

1h11/2
21 1h11/2

21 12.78~27! @37# 75~11! @38#

2d5/2
21 2d5/2

21 5.93 @34# 40.10 @36#

Neutron particles Neutron holes
2g9/2 2g9/2 22.42~12! @39# 239~2! @39# 3p1/2

21 3p1/2
21 0.71 0.00

2g9/2 1i 11/2 0.35 6.90 2 f 5/2
21 3p1/2

21 0.00 20.60
1i 11/2 1i 11/2 1.07 @34# 239.30 @36# 3p3/2

21 3p1/2
21 21.28 215.60

1 j 15/2 1 j 15/2 22.68~20! @34# 264.00 @36# 2 f 5/2
21 2 f 5/2

21 1.08~3! 25.90 @36#

2g9/2 3d5/2 0.00 232.90 3p3/2
21 2 f 5/2

21 0.44 211.20
3d5/2 3d5/2 21.90 218.10 @36# 2 f 7/2

21 2 f 5/2
21 21.98 211.70

3d5/2 4s1/2 0.00 217.70 3p3/2
21 3p3/2

21 21.60 16.90 @36#

4s1/2 4s1/2 21.47 @34# 0.00 2 f 7/2
21 3p3/2

21 0.00 27.70
3d5/2 3d3/2 21.63 9.40 1i 13/2

21 1i 13/2
21 21.96~5! @40# 48.6 @41#

4s1/2 3d3/2 0.00 @42# 14.10 2 f 7/2
21 2 f 7/2

21 22.01 48.50
3d3/2 3d3/2 1.12 @34# 214.10 @36#

2g9/2 2g7/2 21.96 @34# 11.70
1i 11/2 2g7/2 0.00 240.00
3d5/2 2g7/2 0.00 @42# 6.90
3d3/2 2g7/2 0.00 223.20
2g7/2 2g7/2 1.49 @34# 231.30 @36#
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the observation, that the matrix elements exhibit clear tre
as a function of the classical angle and roughly independ
of the radial quantum numbers. Moinesteret al. @23# also
found a marked influence of the Nordheim number, nam
that theak with odd k change sign according to the Nord
heim number. This multipole expansion connects also
particle-hole interaction with the particle-particle~or hole-
hole! interaction simply by a change of sign for theak with
evenk. A short trial, to see if also our208Pb data agree with
the general interaction of Ref.@23#, was inconclusive.

IV. CONCLUSIONS

Shell-model wave functions of many states in208Pb have
been derived from measured data empirically. This beca
possible by a reliable and sufficiently complete set of d
@10#. It would be very interesting to check if these wa
functions also reproduce other measured data, like inela
electron scattering@24#, that is sensitive to other aspects
the structure. Knowledge of the structure of the states
208Pb is also necessary to understand neighboring nucle
which few particles couple to the levels of208Pb.

The region around208Pb is so attractive, as it is beyon
48Ca the only stable doubly magic nucleus. As also
neighbors207Pb and209Bi are stable a large variety of reac
tions can be studied and a rather complete picture of
structure formed. Excellent experiments with radioact
beams and targets, like210mBi( t,a)209Pb, that are impossible
now, have been performed long ago@25#. Until recently in-
s
nt

ly

e

e
a

tic

f
in

e

e
e

formation on g decays had been scarce due to a lack
suitable reactions. But better detectors have overcome t
problems. Coincidences between charged particles ang
rays have been measured@10#, very goodg spectra obtained
with (n,n8) @11#, the (d,p) reaction below the Coulomb bar
rier @26,27#, and neutron capture@28#. Also previously inac-
cessible high spin states have now been discovered bg
spectroscopy with deep inelastic reactions@19,29,30#. The
combined experimental information makes a detailed an
sis possible, and the shell model is a well suited theoret
framework for this. The most basic and interesting point is
determine the interaction of the nucleons in the nucleus
to understand it.
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APPENDIX A: EFFECTIVE M1- AND E2- MATRIX
ELEMENTS AROUND 208PB

Table V summarizes the reducedM1 andE2 matrix ele-
ments^finiM1i init& and ^finiE2i init& that have been use
in the analysis of theg transitions in208Pb. Most values are
from Donahueet al. @31#, but a few signs have been co
rected. For the hole states really the signs for holes are gi
meaning that the signs of theE2 elements are the opposite o
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those for particles. An interchange of initial and final sta
gives

^finiOpi init&5^ initiOpifin&3~21! j init2 j fin.

Many values originate from the Migdal theory calculatio
of Ref. @34# for M1 and Ref.@36# for E2. These calculations
include admixtures of the collective octupole excitation; t
is appropriate for the present analysis, that also uses si
particle orbitals which include such admixtures, not rea
pure orbitals. The calculations of theM1 elements have bee
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proven to be correct in many instances. The calcula
^ph11/2

21 iM1iph11/2
21 &512.71 nm agrees with the later me

surement of 12.78~20! nm @37#. Likewise the calculation for
^ps1/2

21iM1ips1/2
21&52.32 nm agrees with the experiment

value 2.25~5! @33# and the theoretical̂ p f 7/2iM1ip f 7/2&
58.41 nm with 8.08~50! nm from experiment@35#. For the
case of theE2 matrix elements the agreement is also qu
good, the calculation of̂ p i 13/2iE2ip i 13/2&5290.7 e fm2

and ^n i 13/2
21 iE2in i 13/2

21 &554.2 e fm2 correspond to experi-
mental results of266~16! e fm2 and 48.6~2! e fm2, respec-
tively.
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