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Gauge invariance in quantum hadrodynamics

Gary Prézeau
Department of Physics, College of William and Mary, Williamsburg, Virginia 23187-8795

~Received 2 December 1998!

This paper describes the derivation of a new representation of an SU(2)L3SU(2)R locally invariant model
of the strong interactions called quantum hadrodynamics 3~QHD-III !. QHD-III is a gauge-invariant theory
based on the linears model, the gauge bosons being ther and thea1. The new representation considerably
simplifies the Lagrangian. To derive the new representation, the gauge invariance of the model is exploited.
The role of the gauge boson masses in gauge-invariant models of the strong interactions based on thes model
is also discussed, and it is shown that these masses are necessary if the pion is to survive as a physical field.
@S0556-2813~99!04104-7#

PACS number~s!: 24.10.Jv, 11.15.2q
ic
tin
as
a
e

gy
e
u
hi
h
i

th
od
y
t

th

se
)

e
r

da
d
e
try
ul
on
nt

ad

st to

rrent
am-

ng
the
les
-
of
the

D-
lize
ed

La-
ap-

-
the

he
B

c-

-

rced
sive
r of

t
, the
as in
the
i-
Hadronic models have had significant phenomenolog
success in describing the many-body strongly interac
system at low energies@1#. These models take hadrons
their effective degrees of freedom. The Lagrangians of h
ronic models are constructed in such a way that they refl
the symmetries of QCD, while incorporating low-ener
phenomenology. In particular, these models must give ris
conserved vector and partially conserved axial-vector c
rents, and they should include the exchange of mesons w
are known to carry the strong force at low energies. T
mesons should be introduced such that corrections com
from meson loops are consistently calculable within
model. Since there is a large number of mesons, any m
based on meson exchange must find a consistent wa
choose the relevant mesons; this can be achieved by in
ducing them as gauge bosons.

Briefly, quantum hydrodynamics 3~QHD-III ! @2# is a
gauge-invariant hadronic quantum field theory based on
gaugeds-v model with pions. Thes-v model is built from
the linears model with thev introduced as a massive U~1!
gauge boson ~see below!. When the global SU(2)L
3SU(2)R symmetry of thes-v model is made local and
parity conservation is imposed, ther and its chiral partner,
the a1, appear as the gauge bosons. Ther and thea1 are
made massive by the inclusion of a Higgs sector compo
of two complex doublets: one transforming under SU(2L
and the other under SU(2)R ; the doublets couple to th
gauge bosons through their covariant derivatives. This p
cedure for giving mass to ther and thea1 is very similar to
the one used to give mass to weak bosons in the stan
model, and preserves the gauge invariance of the mo
Keeping the gauge invariance allows the unambiguous d
vation of the strong conserved currents. A small symme
breaking term is included to yield massive pions. The res
ing Lagrangian has a minimal number of massive mes
which couple to conserved vector and axial-vector curre
in this model, thea1 naturally comes out heavier than ther.
The Lagrangian is also renormalizable@2#.

As shown below, the physical pion disappears in an h
ronic model based on the gaugeds model.1 To retain the

1This point has also been previously independently noted in@3#.
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pion, the gauge bosons must be given mass. In contra
QHD-III, the usual procedure@4–7# is to put in the same
massmr by hand for both ther and thea1. The spontaneous
symmetry breaking~SSB! that occurs in thes sector pro-
vides an extra contribution to the mass of thea1, making the
a1 massma larger than ther massmr . However, introduc-
ing mass terms for the gauge bosons by hand violates cu
conservation, and loops can no longer be calculated un
biguously. Furthermore, because of the SSB in thes sector,
the a1 and the gradient of the pion mix and the resulti
Lagrangian must be diagonalized. The diagonalization of
lagrangian is carried out by making a change of variab
involving thea1 and the gradient of the pion. The final La
grangian is complicated because of the introduction
momentum-dependent vertices due to the gradient of
pion.

In a gauge-invariant quantum field theory such as QH
III @2#, one can make a gauge transformation to diagona
the Lagrangian instead of making the above-mention
change of variables. The result is a considerably simpler
grangian where no new momentum-dependent vertices
pear. In particular, toO(gr

2), the diagonalization of the La
grangian is equivalent to the rescaling of the pion field by
ratio mr /ma . This work details the derivation of this new
representation of the QHD-III Lagrangian.

This paper begins by discussing the SU(2)L3SU(2)R lo-
cally invariants-v model with pions. The gauge bosons, t
a1 and ther, are originally massless. It is shown that SS
gives a mass to thea1. Working in an arbitraryj gauge, it is
shown that the field originally identified with the pion a
quires aj-dependent mass, which identifies it as afictitious
particle; what looks like a pion is labeled asp8 to distin-
guish it from the physical pion. By looking at nucleon
nucleon scattering, it is shown that thep8 exchange diagram
is alwayscanceledby the j-dependent part of thea1 ex-
change diagram. The disappearance of the real pion is fo
by gauge invariance and demonstrates the need for mas
gauge bosons with mass provided from outside this secto
the theory.

QHD-III is then reviewed. In this locally gauge-invarian
model, pions appear as physical Goldstone bosons. Here
vector meson masses are generated from a Higgs sector,
the s model. Gauge invariance is used to diagonalize
Lagrangian in an arbitraryj gauge so as to avoid the orig
2301 ©1999 The American Physical Society
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nal, momentum-dependent, diagonalization procedure u
in @2#. This new diagonalization scheme produces a con
erably simpler representation of QHD-III than the repres
tation given in@2#. It is shown how, toO(gr

2), the new di-
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agonalization procedure is equivalent to simply rescaling
pion field by the ratiomr /ma .

To demonstrate the need for massive vector mesons,
sider thes-v model with pions~QHD-II! @2#:
obal
Ls-v5c̄@ igm~]m1 igvVm!2gp~s1 ig5t•p!#c1
1

2
~]ms]ms1]mp•]mp!2

1

4
l~s21p22v2!2

2
1

4
FmnFmn1

1

2
mv

2VmVm1es. ~1!

In Eq. ~1!, Vm represents thev field, andes is the chiral-symmetry-violating term that gives a mass to the pion. The gl
SU(2)L3SU(2)R symmetry ofLs-v is now made local, and the scalar field is given a vacuum expectation value (s5s0
2s with s0[M /gp). This yields for the LagrangianLg of the gaugeds-v model with pions:

Lg5c̄H igmF]m1 igvVm1
i

2
grt•~rm1g5am!G2~M2gps!2 igpg5t•p8J c1

1

2
@~]mp81grsam1grp83rm!2

2mp8
2 p8•p8#1

1

2
@~]ms2grp8•am!22ms

2s2#2grs0am
•~]mp81grsam1grp83rm!1

ms
22mp8

2

2s0
s~s21p 82 !

2
ms

22mp8
2

8s0
2 ~s21p 82 !22

1

4
FmnFmn1

1

2
mv

2VmVm2
1

4
Rmn•Rmn2

1

4
Amn•Amn1

1

2
gr

2s0
2am•am. ~2!
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From Eq.~2!, we see that SSB in thes sector has given a
massM to the nucleon and a massgrs0 to the a1. The s
mass isms , and ther remains massless. We also note t
presence of a bilinear term2grs0am

•]mp8, and thus the
need for diagonalization. Most importantly, the pion has d
appeared and has been replaced by the auxiliary field,p8.
The fact thatp8 is an auxiliary field can be seen either b
counting the degrees of freedom before and after SSB o
making the change of variables

am→am1
1

grs0
]mp8. ~3!

This change of variables both diagonalizes the Lagrang
and forces a cancellation of the kinetic energy te
]mp8•]mp8, clearly identifyingp8 as an auxiliary field. The
initial pion was ‘‘eaten’’ by thea1 . Lg can also be diagonal
ized using a gauge-fixing function and working in aj gauge
@8#. For simplicity, take the chiral limit (mp850) and add to
the Lagrangian the gauge-fixing function2 1

2 G2, where

G5
1

Aj
~]mam1jgrs0p8!. ~4!

The gauge-fixed LagrangianL g
g f becomes

L g
gf5Lg2grs0p8•]mam2

1

2j
~]mam!22

1

2
jgr

2s0
2p 82.

~5!

It is noted that the second term in Eq.~5! cancels the
bilinear term in Eq.~2! after a partial integration, and that th
-

by

n

p8 has acquired a mass that depends on the gauge para
j. From Eq.~5!, the propagators in momentum space of t
am and thep8 are found to be, respectively,

Dmn
i j 5

2 id i j

q22ma
2Fgmn2

qmqn

ma
2 G2

id i j

q22jma
2

qmqn

ma
2

, ~6!

D i j 5
id i j

q22jma
2

. ~7!

Here, ma5grs0 and we have separated out th
j-dependent part of theam propagator in the last term of Eq
~6!. In the limit j→`, the p8 decouples from the problem
while the am propagator goes into the unitary gauge. In
arbitraryj gauge, thej-dependent part of theam propagator
always cancels the contribution coming fromp8 exchange.
This can be seen in nucleon-nucleon scattering at the
level in Fig. 1 @8#. The p8 exchange diagram is precise
canceled by thej-dependent part of thea1 propagator as is
easily verified. The fact that thep8 does not contribute to
physical processes and the fact that the gauge invarianc
preserved are visibly true because thep8 has the correct
mass:mp8

2
5jma

2 .2

To retain the physical pion in the model, the gauge bos
must develop a mass fromoutsidethe s sector. In QHD-III

2Since the nonlinears model is the limit of the linears model as
ms→`, the pion also disappears in the gauged nonlinears model.
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@2#, a Higgs sector composed of left and right complex do
blets is included to preserve the gauge invariance of
model:

LH5]mfR
†]mfR1]mfL

†]mfL1mH
2 ~fR

†fR1fL
†fL!

2
lH

4
@~fR

†fR!21~fL
†fL!2#. ~8!

As detailed in@2#, LH is then made locally invariant by
minimal substitution. After the SSB in the full theory and th
elimination of Goldstone bosons from the Higgs sector
going into the unitary gauge, the Higgs Lagrangian becom

LH5
1

2
~]mh]mh2mH

2 h2!1
1

2
~]mz]mz2mH

2 z2!

3
1

2Fgrmrh1
1

4
gr

2~h21z2!G~rm•rm1am•am!

1S grmrz1
1

2
gr

2hz Drm•am

2S 3mH
2 gr

4mr
h1

3mH
2 gr

2

16mr
2

h2D z22
mH

2 gr

4mr
h3

2
mH

2 gr
2

32mr
2 ~h41z4!1

1

2
mr

2rm•rm1
1

2
mr

2am•am, ~9!

where

mH
2 5

1

2
mH

2 , u25
8mH

2

lH
5

4mr
2

gr
2

, lH5
mH

2 gr
2

mr
2

. ~10!

In the equation above,u is twice the vacuum expectatio
value of the scalar fields in the Higgs sector. The Hig
fields h and z are, respectively, scalar and pseudosca
fields. The QHD-III LagrangianLIII is given by

LIII 5Lg1LH . ~11!

It is seen that thea1 obtains contributions to its massma
from both thes sector and from the Higgs sector. Thus, t
a1 comes out naturally more massive than ther with

ma
25mr

21gr
2s0

2.mr
2 . ~12!

The pion in QHD-III is nowreal andLIII must be diago-
nalized further to remove the term2grs0am

•]mp8 in Lg .
This is achieved by performing the change of variables

am→am1
grs0

ma
2

]mp8, p85
ma

mr
p, mp85

mr

ma
mp .

~13!

p is now the physical pion field. Since thea1 appears in
many places inLIII and the change of variables involves t

FIG. 1. a1 andp8 exchange diagrams inNN scattering.
-
e
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gradient of the pion, the diagonalized Lagrangian is qu
complicated with momentum-dependent vertices showing
everywhere.

In contrast, the gauge invariance of QHD-III allows a
other, simpler diagonalization procedure to work. Consi
Eq. ~9!: to obtainLH , the Goldstone bosons of the Higg
sector were eliminated from the theory by going into t
unitary gauge, as is done in the standard model. These G
stone bosons are fictitious since they can be removed b
gauge transformation. This can be seen by counting the
grees of freedom: initially, before SSB in the Higgs sect
there are two complex doublets~the Higgs fields!, which
yield eight degrees of freedom, and two massless isove
fields ~the r and thea1), which add 12 degrees of freedom
this yields a total of 20 degrees of freedom. After SSB, th
are two isoscalar Higgs fields~the h and thez) and two
massive isovector fields for a total 20 degrees of freedo
Thus, two isovector fields ‘‘disappeared’’ from the Higg
sector to become the longitudinal polarization states of thr
and thea1; these are the Goldstone bosons. If one does
work in the unitary gauge, the Goldstone bosons must
couple to the other fields to maintain gauge invariance. O
of the isovector fields must couple directly to ther and must
therefore be a scalar field because of parity conservat
while the other isovector field which we denote asx8 must
couple directly to thea1 and must be a pseudoscalar fiel
The scalar isovector field that was ‘‘eaten’’ by ther is not
needed for this discussion, and can be decoupled from
problem independently of the other Goldstone bosons. As
the pseudoscalar Goldstone bosons, the contributions toLH
stemming from working in an arbitrary gauge, and therefo
keeping thex8, are

LH8 5LH1]mx8•]mx81mram•]mx81DLH8 . ~14!

DLH8 represents terms given in the Appendix for com
pleteness. The presence of the bilinear term in Eq.~14! is
noted and is typically removed with a gauge-fixing functi
similar to the one given in Eq.~4!. Thex8 is then decoupled
by taking j to infinity as discussed in the case of thep8
below Eq.~7!. This is what was done in@2#.

Consider instead the following gauge-fixing function:

Ga5
1

Aj
~]mam2jmrx81jgrs0p8!. ~15!

Adding 2 1
2 Ga

2 toLIII 5LH8 1Lg cancels the bilinear term
2grs0am

•]mp8 and mram•]mx8. The propagator of thea1
is exactly as in Eq.~6! with ma now given by Eq.~12!. What
is left from the gauge-fixing function is

2
1

2
Ga

282
1

2
jmr

2x8•x82
1

2
jgr

2s0
2p8•p8

1jgrs0mrp8•x8. ~16!

Equation ~16! needs a further diagonalization to canc
the last term; this can be achieved by making the follow
change of variables:

x85ap1bx, p85cp1dx. ~17!
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The parameters$a,b,c,d% are constrained by the require
ments that all bilinear terms that couple thep and thex be
canceled and that the kinetic energies be normalized:

]mp8•]mp81]mx8•]mx85]mp•]mp1]mx•]mx.
~18!

These equations have the solution

a5
grs0

ma
, b5

mr

ma
, c5

mr

ma
, d52

grs0

ma
. ~19!

It is found that the masses of thex,p fields are, respec
tively,

mx
25j~mr

21gr
2s0

2!5jma
2 , mp5

mr

ma
mp8 . ~20!

The mass of thex is exactly the mass needed to cancel
j-dependent part of thea1 propagator given in Eq.~6!, as
discussed below Eq.~7!. Thex is the field that provided the
longitudinal polarization states of thea1 after SSB.

x can be decoupled by takingj→` and Eq.~17! becomes

x85
grs0

ma
p, p85

mr

ma
p. ~21!

It is thus seen that diagonalization is achieved by acon-
stant rescalingof the pion field. Because of the constrai
~18!, the pion kinetic energy is not rescaled. This complet
avoids the introduction of new momentum-dependent ve
ces.

Through the first equation of Eq.~21!, the pion couples
directly to the Higgs fields.3 The pion and Higgs vertice
generally involve a high power ofgr as seen in the Appen
dix. By inspection, it is seen that any amplitude that does
involve both a Higgs field and a gauge boson as external
will not contribute toO(gr

2). Hence, to orderO(gr
2), all

S-matrix elements that do not involve a Higgs field as eith
an incoming or an outgoing field can be calculated by ign
ing the Higgs sector and rescaling the pion field by the c
stant factormr /ma . In the chiral limit, whenmp50, this
new, simpler representation of the QHD-III Lagrangian
completely equivalent to the one given in@2#; whenmp50,
the two representations lead to exactly the same phys

3This was also the case in the change of variable~13! as is seen by
substituting Eq.~13! into Eq. ~9!.
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predictions. In particular, a calculation in QHD-III of an am
plitude such aspp scattering to one loop in the chiral limi
@9# is considerably simplified.

WhenmpÞ0, the two representations will differ slightly
in their physical predictions since the pion mass term v
lates chiral symmetry; i.e., the contribution of the chira
symmetry-breaking term is gauge dependent. Although
pion mass term is gauge dependent, the symmetry-brea
term in Eq.~1! is always chosen so as to result in the phy
cal pion mass once the gauge has been picked. This is w
was done in Eq.~20!.

In summary, it is shown that a quantum field model of t
strong interactions, based on an SU(2)L3SU(2)R locally in-
variant s model, is not realistic if the corresponding gau
bosons are massless before SSB; in such a model, the
disappears. We saw how putting masses in by hand viol
gauge invariance and forces a complicated diagonaliza
procedure on the model. QHD-III is reviewed, and the gau
invariance of the model is exploited to provide anew, con-
siderablysimpler representation of the model that makes
more accessible. The pion here appears as a physical de
of freedom.

The author would like to thank J.D. Walecka for his gui
ance and also C. Carlson for useful discussions. This w
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APPENDIX

When retaining the Goldstone bosonx8 in the model, the
following extra terms appear:

DLH8 5
gr

2
~ham•]mx81zrm•x82x8•am]mh2x8•rm]mz!

1
gr

2
x83rm•]mx82

grmH
2

4mr
hx 821

gr
2

8
x82~am

2 1rm
2 !

2
gr

2mH
2

16mr
2
x82~z21h2!2

gr
2mH

2

32mr
2
x84. ~A1!

When (grs0 /ma)p is substituted for thex8 in Eq. ~A1!,
it is seen that the interactions in Eq.~A1! are at least of order
gr

2 . In particular, the terms in parentheses of the first line
Eq. ~A1! are the only ones ofO(gr

2), and they all involve the
Higgs fields; the contributions of these terms can be m
mized by making the Higgs fields very heavy.
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