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Time development of vacuum structure in chiral phase transitions

Masamichi Ishihara* and Fujio Takagi†

Department of Physics, Tohoku University, Aoba-ku, Sendai 980-8578, Japan
~Received 18 March 1998!

The conditions for the restoration of chiral symmetry and the subsequent formation of the disoriented chiral
condensates in ultrarelativistic nucleus-nucleus collisions are studied by using the linears model. A rapid
increase of temperature in the initial thermalization stage is parametrized so as to simulate the result of the
parton cascade model. The subsequent decrease of temperature in the cooling stage is described in terms of the
one- or three-dimensional scaling hydrodynamics. The effective potential at each temperature is calculated in
the massless free particle approximation. Those ingredients are used to solve numerically the equation of
motion for the chiral condensates. In general, solutions exhibit characteristic damped oscillations of which
patterns are very sensitive to the maximum temperatureTm and the time when the maximum temperature is
attained. In particular, it is found that the maximum temperature must be much higher than the critical
temperatureTc in order that the chiral symmetry is restored temporarily, e.g.,Tm>175 MeV forTc;123 MeV
with longitudinal expansion. Moreover, it is suggested that the disoriented chiral condensates will be formed
most easily in the2s direction.@S0556-2813~99!02404-8#

PACS number~s!: 25.75.2q, 11.30.Rd, 12.38.Mh
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I. INTRODUCTION

Quantum chromodynamics predicts that a hadronic s
tem will undergo a phase transition into quark gluon plas
~QGP! when the temperatureT is larger than a critical value
Tc . Ultrarelativistic nucleus-nucleus collisions have thus
tracted much attention because the colliding system m
evolve into a hot matter with the maximum temperatureTm
which is larger thanTc . However, the conditionTm>Tc
does not necessarily guarantee the occurrence of phase
sition in a time-dependent collision process because
change of the vacuum structure that characterizes the p
transition~e.g., melting of the chiral condensate! takes a fi-
nite relaxation time. The system cannot undergo a ph
transition instantaneously even ifT exceedsTc . It could hap-
pen that the system does not undergo the phase trans
even if the temperature becomes much higher thanTc if the
system expands and cools down very rapidly. In such a c
there might not be enough time for the vacuum to rearra
itself. Nevertheless, little attention has been given to the
havior of chiral condensates in the initial thermalizati
stage. It is thus necessary to study the time developmen
the vacuum structure under the environment which may
realized in the entire stage of ultrarelativistic heavy-ion c
lisions

It is expected that the chiral symmetry of the vacuum w
be restored in the QGP phase. It is signaled by the vanis
chiral condensates. If the vacuum stays near the origin of
chiral space for a while and then starts to roll down towar
point on the chiral circle regenerated due to the cooling,
location of the point will distribute at random event by eve
or domain by domain. The location of the regenerated c
densate will in general be different from that of the physi
vacuum atT50. Condensates at any point on the chi
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circle would be realized with equal probabilities if the effe
due to the explicit symmetry breaking is ignored. This h
been an explicit or an implicit assumption made often
previous works on the disoriented chiral condensates~DCC!
@1,2#. It is, however, very questionable if such a suppositi
is realistic. An initial condition for the rolldown which car
ries information on the earlier stage of the collision proce
may easily change the scenario of DCC formation. Again
is necessary to study the time development of the vacu
structure using a plausible equation of motion for the ch
condensates with plausible initial conditions appropriate
ultrarelativistic heavy-ion collisions.

The purpose of this paper@3# is to study the time devel-
opment of the chiral condensates in ultrarelativistic nucle
nucleus collisions by using the linears model and the effec-
tive potential evaluated within the massless free part
approximation@1#. The maximum temperature for which th
chiral symmetry is restored is estimated. The possibility
DCC formation subsequent to the chiral symmetry resto
tion is also discussed.

In Sec. II, an equation of motion for the chiral condens
is derived and is applied to the case where the system h
up with the time-dependent temperature which simulates
result of the parton-cascade model and then cools down
lowing the one- or three-dimensional scaling solution of re
tivistic hydrodynamics. Numerical results for some typic
choices of the initial conditions are given in Sec. III. Th
possibilities of the chiral symmetry restoration and of t
DCC formation are examined. Conclusions and discussi
are given in Sec. IV.

II. THE LINEAR s MODEL AND EQUATION
OF MOTION

The linears model Lagrangian is given by

L5
1

2
]mf]mf2

l

4
~f22v2!21Hs, ~1!
2221 ©1999 The American Physical Society
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where Hs is the explicit breaking term andf5(s,pW )
5(f0 ,f1 ,f2 ,f3). Since we are interested in the conden
tion of the field f, it is divided into the condensatio
part F5(F0 ,F1 ,F2 ,F3) and the fluctuation partf̃
5(f̃0 ,f̃1 ,f̃2 ,f̃3). The tilde fields have the property,^f̃m&
50, where the expectation values refer to the vacuum w
the condensationF. The normal ordered Lagrangian b
comes

:L:5:Lcl :1:Llinear:1:Lint
dep:1:Lint

indep:, ~2a!

where

:Lcl :5
1

2
]mF]mF2

l

4
~F22v2!21HF0 , ~2b!

:Llinear:5]mF]mf̃1Hs̃2l~F22v2!S (
i

F if̃ i D ,

~2c!

:L int
dep:52lH :S (

i
F if̃ i D 2

:1:S (
i

F if̃ i D f̃2:

1
1

2
F2:f̃2:J , ~2d!

:L int
indep:5:

1

2
]mf̃]mf̃2

l

4
$~f̃2!222v2f̃2%:. ~2e!

Here, the normal ordering is defined for the vacuum w
condensationF. Note that :Lint

indep: does not depend onF
explicitly.

Taking the thermal average forf̃, we have

^:Llinear:&50, ~3!

^:Lint
dep:&52lH(

i
F i

2^:f̃ i
2 :&1

1

2
F2(

i
^:f̃ i

2 :&J , ~4!

^:L int
indep:&5 K :

1

2
]mf̃]mf̃: L 2

l

4
$^:~f̃2!2:&22v2^:f̃2:&%.

~5!

The expectaion values of the cubic terms inf̃ vanish auto-
matically in the massless free particle approximation. T
approximation for the fluctuation fieldsf̃ j gives @1#

^:f̃ j
2 :&5Tr$exp~2H0 /T!:f̃ j

2 :%5
T2

12
, ~6!

whereT is the temperature andH0 is the free part of Hamil-
tonian. It should be noted thatF-dependent normal orderin
may affect the equation of motion throughF-dependent
mass. However, the effects can be neglected in the mas
free particle approximation. The term̂:L int

indep:& is indepen-
dent of F because of the above approximation. One c
write the effective potential as

Veff~F,F0!5
l

4
~F22v2!21

1

4
lT2F22HF0 . ~7!
-

h

s

ess

n

The equation of motion forFm becomes

hFm1~Acl1Ath,m!Fm2Hdm,050, ~8!

where

Acl~F!5l~F22v2!, ~9a!

Ath,m5l~^:f̃2:&12^:f̃m
2:&!5

1

2
lT2, f̃25 (

n50

3

f̃n
2.

~9b!

The suffix cl means the classical contribution and th i
plies the thermal contribution.1

The next task is to solve Eq.~8! in A-A collision cases. In
A-A collisions, the system expands initially along the col
sion axis and then the expansion along the transverse d
tion also becomes appreciable afterwards. We consider
the one-dimensional expansion. Convenient variables are
proper time t5(t22z2)1/2 and the rapidityh50.5 ln@(t
1z)/(t2z)#. For simplicity, the scaling case
(h-independent case! is considered here@4#. Then the equa-
tion of motion depends on only the variablet. The tempera-
ture T as a function oft is taken as follows.

The parametert th is introduced to represent the time d
pendence of the temperature. The temperature beco
maximum whent5t th ~thermalization time!. Then we use a
scaled proper timex5t/t th . The time dependence of th
temperature afterx51 is determined by scaling hydrody
namics. Since the system expands one dimensionally,T(x) is
proportional tox21/3 for x>1. The temperature may not b
well-defined for the nonequilibrium thermalization sta
where 0<x<1. Thermalization may be achieved atx5xt
where 0<xt<1. Nevertheless, we treat the system as if it
in a thermal equilibrium for 0<x<1 in order to parametrize
conveniently the time development of the quantityAth,m .
Some trial functions ofT(x) are considered to check th
sensitivity of the results on the choice ofT(x) for x,1.

First, we assume an exponential behavior for 0<x<1:

T~x!5Ti S Tm

Ti
D x

u~12x!1Tmx21/3u~x21!, ~10a!

whereu is the step function. This form for 0<x<1 is cho-
sen to simulate the result of the parton-cascade model@5#.
For comparison, we consider also two other choices fo
<x<1,

T~x!5~Tm2Ti !x1Ti , ~10b!

T~x!5
~Tm2Ti !

ln 2
ln~x11!1Ti , ~10c!

and Eq.~8! is now rewritten as

1The effects of back reaction are ignored in our calculation. Ho
ever, it is expected that the effects do not change the main re
because the energy of the environment is much larger than tha
the condensates in the thermalization stage and also in the co
stage before freeze-out.
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S ]2

]t2
1

1

t

]

]t
1Acl1AthD Fm2Hdm,050, ~11!

where

Acl5l~F22v2!2D tr , Ath5
1

2
lT2~t!.

The factor D tr comes from the derivatives]2/]x2 and
]2/]y2. However, we neglectD tr since we consider the cas
where the system is homogeneous along the transverse d
tion, that is, we neglect the effect of a finite transverse size
the colliding system.

For comparison, we consider also the three-dimensio
expansion@1#. The equation of motion is

S ]2

]t2
1

3

t

]

]t
1l~F22v2!1

1

2
lT2D Fm2Hdm,050,

~12!

FIG. 1. Finite-temperature effective potential without~a! and
with ~b! the explicit breaking term at various temperatures.
ec-
f

al

wheret5(t22x22y22z2)1/2. The time dependence of tem
perature is taken as

T~x!5TiS Tm

Ti
D x

u~12x!1
Tm

x
u~x21!. ~13!

III. NUMERICAL RESULTS

In this section, the results of numerical calculations a
presented. Equations of motion~11! and~12! are solved nu-
merically for given initial conditions. The linears model has
three parametersl, v, andH which are determined by the
pion mass, thes mass, and the pion decay constantf p

;92.5 MeV. The physical vacuum is located at the mi
mum of the potential, (F0 /v,FW /v)5( f p /v,0W ).

Pion ands meson masses are taken as 135 and 600 M
respectively. Then, one hasl520.0, v587.4 MeV, andH
5(119 MeV)3. These values ofl and v with H50 yield
the critical temperature for chiral symmetry restorationTc
;123 MeV @see Fig. 1~a!#. In the realistic case, the critica
temperature cannot be determined exactly sinceH is non-
zero. However, one can estimate the temperatureTc* at
which one~false! minimum disappears. It is given by

Tc* 5A2Fv22
3

22/3S H

l D 2/3G 1/2

. ~14!

This temperature is about 90 MeV@see Fig. 1~b!#, which is
considerably smaller thanTc .

The initial condition is taken to beF5( f p ,0W ) and
dF/dt.0. As an order of magnitude guess, we assume
(dFm /dt)2.(dFm /dt)2.^:(df̃m /dt)2:&:

FIG. 2. Time evolution of chiral condensate for various ma
mum temperatures witht th50.5 fm andTi51.0 MeV in the one-
dimensional expansion.
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S dF0

dt
,
dF1

dt
,
dF2

dt
,
dF3

dt D U
t50

5S 2
pTi

2

A30
,
pTi

2

A30
,
pTi

2

A30
,
pTi

2

A30
D .

~15!

Here, the sign is chosen arbitrarily.
The time dependence of the condensation for variousTm

in the one-dimensional expansion case is shown in Fig

FIG. 3. Time evolution of sigma and pion (p0) condensates in
one-dimensional expansion forTm5175 MeV, t th50.5 fm, and
Ti51 MeV.

FIG. 4. Time evolution of chiral condensate for various ma
mum temperatures witht th50.5 fm andTi51.0 MeV in three-
dimensional expansion.
2,

where we takeTi51 MeV andt th50.5 fm. The condensa
tion value gives us the information on chiral symmetry re
toration. Vanishing condensation implies chiral symme
restoration. It is found that the condensation ofs cannot
reach zero even whenTm5160 MeV.Tc . Temporal resto-
ration occurs forTm>175 MeV. It should be noted that th
condensation does not exactly follow the minimum of t
effective potential. This is due to a dynamical retardati
effect. In the case whenTm5175 MeV, the vacuum stays a

FIG. 5. Time development of the condensate for various th
malization functions witht th50.5 fm andTm5250 MeV.

FIG. 6. Time development of the condensate for various ini
temperatures witht th50.5 fm andTm5200 MeV.
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the minimum ~really a saddle point! Fm5(2 f p ,0W ) for a
while and then comes back to the true minimum. This
havior is distinctly different from the other cases. The lo
stay at the false minimum implies just DCC formation.

These behaviors of condensation are understood as
lows. One is the case with relatively lowTm>Tc ~the case
with Tm5150 MeV in Fig. 2!. In this case, condensatio
cannot reach zero since the system cools rapidly. The po
tial becomes a double-well type rapidly enough before c
densation goes through zero and hence the chiral symm
is not restored. It is restored ifTm is much higher. In this
case~the cases withTm5200 MeV and 250 MeV in Fig. 2!,
the condensation can go through zero and reach near
opposite side of the chiral circle. Afterwards, it comes ba
to zero again and finally stays at the true minimum of
potential. The last case is DCC formation case. In this c
~the case withTm5175 MeV in Fig. 2!, condensation canno
cross zero again because the system cools quickly.
vacuum stays at the other minimum of the potential fo
long time. It is just DCC. Of course, the vacuum mov
along the chiral circle and eventually comes back to the t
minimum as shown in Fig. 3. Thep0 condensation stay
almost zero and onlys condensation varies at an early stag
After the vacuum stays at the false minimum~really a saddle
point! for a while, both the pion and thes condensations
start to vary. The vacuum moves along the chiral circle a
makes a damped oscillation.

In the same way, the time development of vacuum c
densate was also investigated for the three-dimensiona
pansion. The result is shown in Fig. 4. Since the decreas
temperature is too rapid, there is not enough time for
chiral symmetry to be restored unlessTm is very high. The
chiral symmetry is restored only whenTm>300 MeV
@Tc;123 MeV. Hereafter, we focus on the on
dimensional expansion case which is more realistic at v
high energies.

We found that, in most cases, the time development of
condensation is insensitive to the choice ofT(x) for 0<x
<1. An example forF0 is shown in Fig. 5. We also found
that the result is insensitive toTi as shown in Fig. 6. Finally,
we study the dependence on the thermalization time. An
ample is shown in Fig. 7. Now the result is sensitive tot th .
The rapid thermalization~small t th) implies that the system
starts to cool at an early time. Therefore, a decreasingt th
with a fixedTm is effectively and approximately equivalen
to a decreasingTm with a fixed t th , as is seen in Fig. 7
~Compare it with Fig. 2.!

IV. CONCLUSIONS AND DISCUSSIONS

We have investigated the time development of the ch
condensates which may take place in ultrarelativis
nucleus-nucleus collisions. We have used the linears model
with the temperature-dependent effective potential a
framework to describe effectively the chiral phase transit
in both the thermalization and the cooling stages. The t
dependence of temperature in the thermalization stage
parametrized to simulate the result of the parton-casc
model and that in the cooling stage was described in term
the one- and three-dimensional hydrodynamical scaling
was found that~a! in general the condensates exhibit char
-
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teristic damped oscillations of which patterns are sensitive
both the maximum temperature and the time when the m
mum temperature is attained,~b! temporal restoration of chi-
ral symmetry can take place only whenTm is much larger
thanTc , and~c! a large domain of DCC may be formed mo
easily in the2s direction. The oscillations damp toward th
asymptotic values given by the physical vacuum at zero te
perature. The points~a! and ~b! thus imply that the conden
sates do not stay near the origin of the chiral space for a l
time even when the symmetry is restored. It is highly u
likely that the condensates are nearly at rest near the or
Therefore, it is not expected that the rolldown towards ev
direction takes place with equal probability. Our result su
gests that the rolldown toward the2s direction is most
probable. These phenomenon are caused by the initial
dition and the change of environment expected in ultrare
tivistic heavy-ion collisions.

In our model, the effective potential changes continuou
as time goes on while the condensates do not follow
minimum of the potential because the potential changes
idly. In this sense, our scenario is in between a quench
scenario and an annealing one.

We are aware that the massless free particle approxi
tion is not necessarily reliable at low temperature. The
fects of finite mass and the friction@6# have to be taken into
account in order to improve the theory. The finite volume
the colliding system may also give a considerable effe
However, we expect that the qualitative features of our
sults will be preserved even after such an improvement p
vided the friction is not very strong. A crucial point is tha
the time scale of the change of the condensates is compa
to that of the change of temperature. This is the reason w
our picture is in between quenching and annealing. We
pect that this feature will be retained in an improved theo
which is under investigation.

FIG. 7. Time development of the condensate for various th
malization times withTm5200 MeV andTi51 MeV.
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