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Hyperfine anomaly of Be isotopes and anomalous large anomaly in11Be
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A new result of investigations of the hyperfine structure~hfs! anomaly in Be isotopes is presented. The hfs

constant for11Be is obtained by using the core plus neutron type wave functionu2s1/2&1u1d5/2321; 1
2

1&. A
large hfs anomaly of11Be is found, which is mainly due to the large radius of the halo single-particle state.
@S0556-2813~99!04701-9#

PACS number~s!: 21.10.Ky, 21.60.Cs, 27.20.1n, 32.10.Fn
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I. INTRODUCTION

Recently, much interest has been paid to the magn
hyperfine structure~hfs! for various nuclear isotopes@1–6#.
On the experimental side, there has been some progre
observing the transition of the hyperfine levels for atom
ground states. In fact, the accuracy of the measurement o
hfs splitting has improved a great deal, and even for ligh
nuclei, there is a good chance of observing the hfs anom
This becomes possible due to the ion trap method, which
isolate the atoms. This ion trap method@7,8# can measure the
hfs anomaly with an accuracy of the order of 1026.

The hyperfine structure has a sensitivity to the magnet
tion distribution in a nucleus. It can, therefore, presen
unique way to measure the neutron distribution in nucleus
particular, there is a strong evidence that11Li has a neutron
halo @9# which may extend quite far over the typical nucle
radius of neighboring light nuclei. Moreover,11Be has an
anomalous spin-parity state for the ground state@10#, and
there may be some chance that it also has a large neu
radius.

In this paper, we present a model calculation of the
anomaly for Be isotopes. For7Be and9Be nuclei, we can use
the Cohen-Kurath wave functions@11#. On the other hand
11Be has an anomalous spin-parity state, which is1

2
1 instead

of 1
2

2. A simpleminded shell model wave function does n
give a proper structure of the ground state.

Here we calculate the matrix element of the hfs opera
for the ground state of11Be using the core plus neutron typ

wave functionau2s1/2&1bu1d5/2321: 1
2

1&. It turns out that
the hfs anomalye for 11Be is quite large in magnitude com
pared to those of7Be and9Be. This is mainly related to the
fact that the ground state of11Be has a large radius compare
to those of ground states of other Be isotopes.

The paper is organized as follows. In the next section,
briefly explain the theory of the magnetic hyperfine struct
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in electronic atoms. Section III treats the core plus neut
type wave function. We evaluate the matrix elements of
hfs operator using this wave function. In Sec. IV, numeric
results of the isotope shifts of the hfs anomaly for Be is
topes are presented. A summary is given in Sec. V.

II. MAGNETIC HYPERFINE STRUCTURE

An atomic electron which is bound by a nucleus feels
magnetic interaction in addition to the static Coulomb forc
The magnetic interaction between the electron and
nucleus can be described as

H852E jN~r !•A~r !d3r , ~2.1!

where the nuclear currentjN(r ) can be written as

jN~r !5
e\

2Mc
(

i
gs

~ i !
“3sid~r2Ri !

1(
i

egl
~ i !

2M
@Pid~r2Ri !1d~r2Ri !Pi #. ~2.2!

A~r ! denotes the vector potential which is created by
atomic electron, and it can be written as

A~r !5E je~r 8!

ur2r 8u
d3r 8, ~2.3!

where je(r ) denotes the current density of an electron a
can be written as

je~r !52ead~r2re!, ~2.4!

wherea denotes the Dirac matrix.

A. hfs anomaly

The magnetic hyperfine splitting energyW can be written
as
210 ©1999 The American Physical Society
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W5^IJ:FFuH8uIJ:FF&

5
1

2
@F~F11!2I ~ I 11!2J~J11!#aI , ~2.5!

whereI, J, andF denote the spin of the nucleus, the spin
the atomic electron, and the total spin of the atomic syst
respectively.aI is called the hyperfine structure consta
Following Ref.@12#, we can write the expression for theaI
as

aI5aI
~0!~11e!, ~2.6!

whereaI
(0) is the hfs constant for the point charge and can

written as

aI
~0!52

2ekmN

IJ~J11!
mE

0

`

F ~kJ!G~kJ!dr, ~2.7!

wherem is the magnetic moment of the nucleus in units
the nuclear magnetonmN , andF (kJ) andG(kJ) are the large
and small components of the relativistic electron wave fu
tion for thekJ state.e is called the hfs anomaly and can b
written as

e52
0.62b~kJ!

m K II U(
i 51

A S Ri

R0
D 2

m iU II L
2

0.38b~kJ!

m K II U(
i 51

A S Ri

R0
D 2

gs
~ i !S i

~1!U II L , ~2.8!

wherem i is the single-particle operator of the magnetic m
ment, that is,m i5gs

( i )si1gl
( i )l i , andS i

(1) is defined as

S i
~1!5si1A2p@sY~2!# i

~1! . ~2.9!

R0 is a nuclear radius and can be given asR05r 0A1/3 with
r 051.2 fm. On the other hand,b(kJ) is a constant, which is
calculated in terms of relativistic electron wave functio
@13# and is given as

b~kJ!50.23k0
2R0g~120.2g2!Y E

0

`

F ~kJ!G~kJ!dr.

~2.10!

me denotes the electron mass,k0
2 is a normalization constant

andg5Za.
The isotope shift of the hfs anomalies of the two isotop

D12 is defined as

D125
aI 1

g2

aI 2
g1

21, ~2.11!

whereg1 andg2 are the total nuclearg factors for isotopes 1
and 2, respectively. Since the hfs anomalye is quite small,
D12 becomes

D12'e12e2 . ~2.12!

The hfs anomalye can be calculated once we know th
nuclear wave function. Here we employ simple-minded sh
f
,

.

e

f

-

-

s

ll

model wave functions with core polarization taken into a
count. We take the following approach which considers o
the D l 50 core polarization for theS i

(1) operator. In this
case, we can obtain the matrix element of theS i

(1) without
introducing any free parameters as discussed in Ref.@12#.

B. D l 50 core polarization

In this case, we can express the effect of the core po
ization on theS i

(1) operator in terms of the core polarizatio
of the magnetic moment. Following Ref.@12#, we can write
the expectation value of theS i

(1) as

K II U(
i 51

A

gs
~ i !S i

~1!U II L
56gs

~VN!
3~ I 1 1

2 !

4~ I 11!
1

3gs
~VN!

4~gs2gl !
~VN!

~m2msp2dmmes!,

~2.13!

for I 5 l 6 1
2 . Heregs

(VN) denotes theg factor of the valence
nucleon for the single-particle state we are considering.msp
is the single-particle value of the magnetic moment.dmmes

comes from the meson exchange current and can be g
approximately as

dmmes'0.1tel .

Therefore, we do not have any free parameters in the ev
ation of the expectation value of theS i

(1) . As the Be isotopes
have orbits with smalll, the exchange current effects are n
important and we can safely neglect the termdmmes.

III. CORE PLUS NEUTRON MODEL

Recently, Suzukiet al. @14# investigated the magnetic mo
ment of the ground state of11Be. They describe the groun
state of11Be as

U11BeS 11

2 D L 5aU10Be~01!3n2s1/2:
11

2 L
1bU10Be~21!3n2d5/2:

11

2 L . ~3.1!

In this case, the magnetic moment of the11Be ground state
can be expressed as

m5a2mn~2s1/2!1
7

15 b2mn~1d5/2!2
1
3 b2m~21! , ~3.2!

where mn(2s1/2)
, mn(1d5/2)

, and m (21) denote the magnetic

moment of the neutron 2s1/2, 1d5/2 states and the 21

(3.37 MeV) state of10Be, respectively. Here we evaluate th
hfs anomalye for the two-component wave function, Eq
~3.1!. The hfs anomaly of Eq.~2.8! can be written as
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e52
0.62b~1s!

m Fa2mn~2s1/2!K S R

R0
D 2L

2s

1
7

15
b2mn~1d5/2!K S R

R0
D 2L

1d

2
1

3
b2m~21!K S R

R0
D 2L

1p
G

2
0.38b~1s!

m Fa2Sn~2s1/2!K S R

R0
D 2L

2s

1
7

15
b2Sn~1d5/2!K S R

R0
D 2L

1d

2
1

3
b2S~21!K S R

R0
D 2L

1p
G , ~3.3!
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where

S j5K j j U(
i

gs
~ i !S i

~1!U j j L ~3.4!

and i runs over the nucleons in the state that has the t
angular momentum j. Here mn(2s1/2)

5mn(1d5/2)
5 1

2 gs
(n) ,

wheregs
(n)523.826 is the sping factor for the neutron, and

m (21)51.787 @14#. The values ofSn(2s1/2)
, Sn(1d5/2)

, and

S (21) are obtained asSn(2s1/2)
5 1

2 gs
(n) , Sn(1d5/2)

5 9
14 gs

(n) ,

and S (21)521.034, respectively. Them (21) and theS (21)
are obtained by using the Cohen-Kurath wave function, T
~8!–~16! @11,15#. Now, the recent measurement of the ma
netic moment of11Be gives@16#

m~11Be!521.682~3!mN . ~3.5!

This indicates that the value ofa2 is close to

a250.5 ~3.6!

from the comparison of the observation with Fig. 2a of R
@14#. In this way, we obtain the hfs anomalye for 11Be. For
the 7Be and9Be isotopes, we can calculate the hfs anom
using the Cohen-Kurath wave function@11#. The hfs
anomalye for this case is written similarly as

e52
0.62b~1s!

m
m@~3/2!2#K S R

R0
D 2L

1p

2
0.38b~1s!

m
S@~3/2!2#K S R

R0
D 2L

1p

. ~3.7!

We also consider the case in which the effectiveg factor
for the spin operator,gs

eff , is taken into account. As for th
halo orbit, we assume that the second-order effects are ra
small and result in little quenching of the spin operator. W
therefore takegs

eff51.0 for then2s(1/2)2 orbit. In this case,
mn(2s1/2)

5 1
2 gs

(n)521.913, mn(1d5/2)
5 1

2 gs
(n)gs

eff521.913gs
eff ,

m (21)51.07610.711gs
eff , and Sn(2s1/2)

5 1
2 gs

(n)521.913,

Sn(1d5/2)
5 9

14 gs
(n)gs

eff522.460gs
eff , S (21)521.034gs

eff , in

units of mN . The magnetic moment is, then, given by

m521.913a22~0.358511.1298gs
eff!b2. ~3.8!

In comparison with the experimental value of the ma
netic moment,21.682(3)mN , we obtaina2561%. When
the contributions from the meson exchange currents
taken into account,a2 is close to 65%. We give results of th
al
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hfs anomalye for 11Be also for the case with an effectiv
spin g factor. Numerical evaluations are carried out in S
IV.

IV. NUMERICAL RESULTS

Now we evaluate numerically the hfs anomalye for the
Be isotopes.

A. Core plus neutron type wave function

In order to evaluate Eq.~3.3!, we need to know the mag
netic momentm for the Be isotopes. The magnetic momen
of 9Be and11Be are observed, but the magnetic moment
7Be is not yet determined experimentally. We evaluate
magnetic moment of7Be empirically.

For 7Be, we can make use of the magnetic moment of7Li
since they are isospin doublet states. In this case, we pre
the magnetic moment for7Be:

mpred~7Be!521.377. ~4.1!

In Table I, we list the values of the quantities which a
necessary to calculate the hfs anomalye. The rms radii are
those for wave functions solved in a Woods-Saxon poten
with R051.2A1/3 and a50.60 fm. For the 2s1/2 and 1d5/2
neutron orbits in11Be, the wave functions are obtained
reproduce the separation energies, 0.50 and 3.87 MeV
spectively. The anomalye for 11Be is obtained from Eq.
~3.3! to be

e~11Be!520.120 15a220.023 26b2 ~%!. ~4.2!

It gives e520.0717% for a250.50 and b250.50. The
magnitude ofe gets as large as20.091%~20.101%! asa2

TABLE I. R0 , b(1s), rms radius, and magnetic moment. Th
values ofR0 , b(1s), rms radii for the 1p and 2s states, and the
magnetic moments for Be isotopes are shown. An asterisk indic
that the value of the magnetic moment is empirically extracted fr
those of other nuclear isotopes.

7Be 9Be 11Be

R0 @fm# 2.296 2.496 2.669
b(1s) @%# 0.0170 0.0185 0.0198

^r 2& (1p)
1/2 @fm# 2.553 2.569 2.588

^r 2& (2s)
1/2 @fm# 6.165

^r 2& (1d)
1/2 @fm# 3.551

mexp @nm# 21.377* 21.177 21.682
msp @nm# 21.913 21.913 21.913
dmCP @nm# 0.536* 0.736 0.231
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becomes 0.70~0.80!. The hfs anomalies for7Be and9Be are
obtained from Eq.~3.7! by using the Cohen-Kurath wav
functions@11,15#.

In Table II~a!, we present the calculated values of h
anomalye for the Be isotopes. Now it turns out that the h
anomaly for11Be has a very large value compared to oth
isotopes. This is mainly connected with the fact that the11Be
has a large neutron radius. The rms radius of the halo 2s1/2
orbit becomes as large as 6.4 fm in deformed Woods-Sa
models@17,18#. When we use a value of 6.37 fm for the rm
radius of the halo 2s1/2 orbit, which is obtained in the de
formed Woods-Saxon model@18,14#, the hfs anomaly is
given by

e520.128 27a220.023 26b2 ~%!. ~4.3!

Equation~4.3! leads toe520.0758% fora250.5, which is
close to the value obtained from Eq.~4.2!. The anomalye
becomes20.076 to20.097% fora250.5– 0.7. We finally
give numerical results for the case with the effective spig
factor. We takegs

eff51.0 for the halon2s1/2 orbit and gs
eff

50.85@19# for other normal orbits. The hfs anomaly is give
by

e520.120 15a220.020 14b2 ~%!. ~4.4!

Here the 2s1/2 orbit obtained in the spherical Woods-Sax
potential is used. The anomaly becomese520.0852% for
a250.65, whose magnitude is larger than the value obtai
from Eq. ~4.2! about by 0.01%. The anomalye becomes
20.070 to20.100% fora250.5– 0.7.

B. Single-particle model with core polarization

Next, we calculate the hfs anomalye for Be isotopes us-
ing the single-particle model with core polarization. Sin
the radius of the single-particle state can be different fr
that of the core polarization state, we modify the express
~2.8! in the same way as Eq.~3.3!:

TABLE II. ~a! hfs anomalye and isotope shiftD12. The calcu-
lated values of the hfs anomalye and the isotope shiftD12 for the
Be isotopes obtained from Eqs.~3.3! and ~3.7! are shown.a25b2

50.50 are used for11Be. ~b! hfs anomalye and isotope shiftD12.
The calculated values of the hfs anomalye and the isotope shiftD12

for the Be isotopes obtained from Eq.~4.5! are shown.

7Be 9Be 11Be

~a!

e @%# 20.0245 20.0249 20.0717
D7,A @%# 0 0.0004 0.0472

~b!

e @%# 20.024 20.023 20.118
D7,A @%# 0 20.001 0.094
r

on

d

n

e52
0.62b~1s!

m FmspK S R

R0
D 2L

sp

1dmCPK S R

R0
D 2L

CP
G

2
0.38b~1s!

m Fgs
~VN!SspK S R

R0
D 2L

sp

1
3

4
dmCPK S R

R0
D 2L

CP
G , ~4.5!

whereSsp denotes the expectation value of^II uS i 51
A S i

(1)uII &
with the single-particle state and can be written as

Ssp5
3~ I 1 1

2 !

4~ I 11!
for I 5 l 1

1

2
. ~4.6!

dmCP is the magnetic moment which arizes from the co
polarization@20#. Here^(R/R0)2&CP denotes the expectatio
values with the states involved in the core polarization. In
isotopes, they are 1p states. In Table II~b!, we list the calcu-
lated values of the hfs anomalye for the Be isotopes. In the
same way as the core plus neutron type calculation, the
anomaly for11Be has a very large value compared to oth
isotopes. This is due to the fact that the11Be has a large
neutron radius since it has an anomalous spin-parity sta

V. CONCLUSIONS

We have presented the numerical calculations of the m
netic hfs anomaly for the Be isotopes. First, we employ
wave function which has a component coupled to the1

core excitation. This gives a large hfs anomaly for11Be since
the neutron outside the shell is assumed to be 2s1/2 or 1d5/2
orbits. On the other hand, we find that the7Be and 9Be
isotopes have a small hfs anomaly. We also evaluate the
anomaly using a single-particle shell model with core pol
ization. We also predict a very large hfs anomaly for11Be.

It would be extremely interesting to learn whether t
very large hfs anomaly of11Be can be realized in nature o
not. Since this is related to the radius of the neutron h
nucleus, it may well help understand the structure of
neutron-rich nuclei. We hope that experimental observati
will clarify this point in near future.
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T. Kühl, D. Marx, R. Neumann, S. Schro¨der, P. Seeling, and L
Völker, Phys. Rev. Lett.73, 2425~1994!.

@2# M. Finkbeiner, B. Frick, and T. Ku¨hl, Phys. Lett. A176, 113
~1993!.

@3# S. M. Schneider, J. Schaffner, G. Soff, and W. Greiner,
Phys. B26, L581 ~1993!.

@4# T. Asaga, T. Fujita, and K. Ito, Z. Phys. A359, 237 ~1997!.
@5# T. Asaga, T. Fujita, and M. Hiramoto, Phys. Rev. A57, 4974

~1998!.
@6# T. Asaga, T. Fujita, and M. Hiramoto, ‘‘Hyperfine anomaly

hydrogen and hydrogen-like highZ atoms,’’ Nihon University
Report No. NUP-98-3, 1998.

@7# K. Enders, O. Becker, L. Brand, J. Dembczynski, G. Marx,
Revalde, P. B. Rao, and G. Werth, Phys. Rev. A52, 4434
~1995!.

@8# M. Wada, K. Okada, H. Wang, K. Enders, F. Kurth, T. Nak
mura, S. Fujitaka, J. Tanaka, H. Kawakami, S. Ohtani, an
Katayama, Nucl. Phys.A626, 365c~1997!.

@9# I. Tanihataet al., Phys. Lett.160B, 380 ~1985!; Phys. Lett. B
206, 592 ~1988!; I. Tanihata, Nucl. Phys.A478, 795c~1988!.

@10# N. Fukunishi, T. Otsuka, and I. Tanihata, Phys. Rev. C48,
.

.

I.

1648 ~1993!; P. G. Hansen, A. S. Jensen, and B. Johns
Annu. Rev. Nucl. Part. Sci.45, 591 ~1995!.

@11# S. Cohen and D. Kurath, Nucl. Phys.73, 1 ~1965!.
@12# T. Fujita and A. Arima, Nucl. Phys.A254, 513 ~1975!.
@13# A. Bohr and V. F. Weisskopf, Phys. Rev.77, 94 ~1950!.
@14# T. Suzuki, T. Otsuka, and A. Muta, Phys. Lett. B364, 69

~1995!.
@15# OXBASH, The Oxford, Buenos-Aires, Michigan State, She

Model Program, B. A. Brown, A. Etchegoyen, and W. D. Ra
MSU Cyclotron Laboratory Report No. 524, 1986.

@16# S. Kappertzet al., in ‘‘Proceedings of the 2nd Internationa
Conference on Exotic Nuclei and Atomic Mass
~ENAM98!,’’ Michigan, 1998.

@17# A. Dote, H. Horiuchi, and Y. Kanda-En’yo, ‘‘AMD1HF
model and its application to Be isotopes,’’ nucl-th/9705050

@18# A. Muta and T. Otsuka, RIKEN Report No. RIKEN-AF-NP
188, 1995; D. Ridikas and J. S. Vaagen, ECT* Report No.
ECT*-96-006, 1996.

@19# W.-T. Chou, E. K. Warburton, and B. A. Brown, Phys. Rev.
47, 163 ~1993!.

@20# H. Noya, A. Arima, and H. Horie, Prog. Theor. Phys. Suppl.8,
33 ~1958!.


