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Influence of impact parameter on thermal description of relativistic heavy ion collisions
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Attention is drawn to the role played by the size of the system in the thermodynamic analysis of particle
yields in relativistic heavy ion collisions at SIS energies. This manifests itself in the nonlinear dependence of
K1 and K2 yields in AA collisions at (1 –2)A GeV on the number of participants. It is shown that this
dependence can be quantitatively well described in terms of a thermal model with a canonical strangeness
conservation. The measured particle multiplicity ratios (p1/p, p2/p1, d/p, K1/p1, and K1/K2 but not
h/p0) in central Au-Au and Ni-Ni collisions at (0.8–2.0)A GeV are also explained in the context of a thermal
model with a common freeze-out temperature and chemical potential. Including the concept of collective flow
a consistent picture of particle energy distributions is derived with the flow velocity being strongly impact-
parameter dependent.@S0556-2813~99!01003-1#

PACS number~s!: 25.75.Dw, 12.38.Mh, 24.10.Nz, 25.75.Gz
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I. INTRODUCTION

It was pointed out by Hagedorn@1# some thirty years ago
that thermal models overestimate the production of anti-H3

in proton-proton collisions by seven orders of magnitu
when the grand canonical ensemble is used in its stan
form @2#. The reason for this is that when the number
particles as well as the interaction volume are small one
to take into account the fact that the production of anti-H3

must be accompanied by the production of another th
nucleons with energyEN in order to conserve the baryo
number. Thus, the abundance will not be proportional to
standard Boltzmann factor given by

nHe3̄;expS 2
mHe3̄

T D ~1.1!

but to

nHe3̄;expS 2
mHe3̄

T D FVE d3p

~2p!3 expS 2
EN

T D G3

~1.2!

since three additional nucleons must be produced in orde
conserve the baryon number. This suppresses the rate
introduces a cubic volume dependence. The original pre
tation of Hagedorn has been considerably developed and
panded in Refs.@3–11#.

Recently it has become clear that a similar treatm
should be followed for strangeness production in the G
SIS energy range@12#. This is not only due to the fact tha
the size of the system is small but mainly because the t
perature is very low and particle numbers are small. T
abundance ofK1 mesons is then given by
PRC 590556-2813/99/59~3!/1663~11!/$15.00
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nK1;expS 2
mK1

T D FgK̄VE d3p

~2p!3 expS 2
EK̄

T D
1gLVE d3p

~2p!3 expS 2
EL

T D G ~1.3!

since the strangeness must be balanced either by an ant
or by a hyperon.gi are the degeneracy factors andEi the
particle energies. This leads to a linear dependence of theK1

density on the size of the system. Such a dependence
indeed been observed by the KaoS Collaboration forK1

mesons@13,14#.
In this paper we would like to explore this idea in deta

This volume dependence can now be tested for the first t
by considering the data on impact parameter depende
which are now becoming available.

In Sec. II we review the thermal model with special em
phasis on the canonical corrections due to the exact con
vation of quantum numbers. In Sec. III we present a co
parison with the experimental data from SIS. One part
devoted to a systematic study of central collisions of vario
systems, another part to a detailed investigation of
impact-parameter dependence. The last section is devote
a discussion of our results.

II. CONCEPTS AND PREDICTIONS

The exact treatment of quantum numbers in statistical m
chanics has been well established for some time now@6#. It is
in general obtained by projecting the partition function on
the desired values of the conserved charges by using
group theoretical methods~for a review see e.g.@7#!. For our
purpose we shall only consider the conservation laws rela
to the Abelian U~1! symmetry group. In this case the forma
ism is particularly simple and leads to the following form
the canonical partition function for a fixed value of the co
served chargeQ:
1663 ©1999 The American Physical Society
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ZQ5
1

2pE0

2p

dfe2 iQfZ̃~T,V,f!, ~2.1!

whereZ̃ is obtained from the grand canonical~GC! partition
function replacing the fugacity parameterlQ by the factor
eif,

Z̃~T,V,f![ZGC~T,V,lQ→eif!. ~2.2!

The particular form of the generating functionZ̃ in the above
equation is model dependent. Having in mind the appli
tions of the statistical description to particle production
heavy ion collisions we calculateZ̃ in the ideal gas approxi
mation, however, including all particles and resonan
listed in @15#. This is not an essential restriction, becau
describing the freeze-out conditions, we are dealing wit
dilute system where the interactions should not influe
particle production anymore. We neglect any medium effe
on particle properties. In general, however, already in
low-density limit, the modifications of resonance width
particle dispersion relation, in this particular forD and p
@16,17#, cannot be excluded. For the sake of simplicity, w
use classical statistics, i.e., we assume temperature and
sity regime so that all particles can be treated using Bo
mann statistics.

In nucleus-nucleus collisions the absolute values
baryon number, electric charge, and strangeness are fixe
the initial conditions. Modeling particle production in stati
tical thermodynamics would, in general, require the cano
cal formulation of all these quantum numbers. From the p
vious analysis@12#, however, it is clear that only strangene
should be treated exactly, whereas the conservation of b
onic and electric charges can be described by the approp
chemical potentials in the grand canonical ensemble.

Within the approximations described above and negle
ing the contributions from multistrange baryons, the gen
ating function in Eq.~2.1! has the following form for a gas
having zero total strangeness,S50:

ZS~T,V,mQ ,mB ,f!5exp~Ns501Ns51eif1Ns521e2 if!,
~2.3!

whereNs50,61 is defined as the sum over all particles a
resonances having strangeness 0,61,

Ns50,615(
k

Zk
1 ~2.4!

andZk
1 is the one-particle partition function defined as

Zk
1[

Vgk

2p2mk
2TK2~mk /T!exp~bkmB1qkmQ! ~2.5!

with the massmk , spin-isospin degeneracy factorgk , the
particle baryon numberbk, and electric chargeqk . The vol-
ume of the system isV and the chemical potentials relate
with the charge and the baryon number are determined
mQ andmB, respectively.

With the particular form of the generating function equ
tions ~2.3!, ~2.4!, and~2.5! thef-integration in Eq.~2.1! can
-
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be done analytically giving the canonical partition functio
for a gas with total strangenessS in the following compact
form @10#:

ZS~T,V,mB ,mQ!5Z0~T,V,mB ,mQ!I S~x!, ~2.6!

whereZ05exp(NS50) is the partition function of all particles
having zero strangeness and the argument of the Bessel
tion

x[2AS1S21 ~2.7!

with S61[Ns561 .
The calculation of the particle densitynk in the canonical

formulation is straightforward. It amounts to the replacem

Zk
1°lkZk

1 ~2.8!

of the corresponding one-particle partition function in E
~2.4! and taking the derivative of the canonical~C! partition
function equation~2.1! with respect to the particle fugacit
lk

nk
C[lk

]

]lk
ln ZQ~lk!U

lk51

. ~2.9!

As an example, we quote the result for the density
thermal kaons in the canonical formulation assuming the
tal strangeness of the systemS50,

nK
C5

ZK
1

V

S1

AS1S21

I 1~x!

I 0~x!
. ~2.10!

Comparing the above formula with the result for therm
kaons density in the grand canonical ensemble,nK

GC

5(ZK
1 /V)exp(mS/T), one can see that the canonical result c

be obtained from the grand canonical one replacing
strangeness fugacitylS[exp(mS/T) in the following way:

nK
C5nK

GCS lS°
S1

AS1S21

I 1~x!

I 0~x!D . ~2.11!

In the thermodynamic limit both the canonical and the gra
canonical formulation are equivalent. For a small syste
however, the differences are large. This can be seen in
most transparent way when comparing two limiting situ
tions: the large and small volume limit of Eq.~2.10!. In the
thermodynamic limitV→` the argument of the Bessel func
tion x→`, thus

lim
x→`

I 1~x!

I 0~x!
→1 ~2.12!

and the kaon density is independent of the volume of
system as expected in the grand canonical ensemble. O
other hand in the limit of a small volume we have

lim
x→0

I 1~x!

I 0~x!
→

x

2
~2.13!
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and the particle density is linearly dependent on the volu
It is thus clear that the major difference between the can
cal and the grand canonical treatment of the conserva
laws appears through different volume dependence
strange particle densities. The relevant parameter,FS , which
measures the deviations of particle multiplicities from th
grand canonical result is determined by the ratio of
Bessel functions

FS[
I 1~x!

I 0~x!
~2.14!

with the argumentx defined in Eq.~2.7!. In Fig. 1 we show
the canonical suppression factorFS as a function of the ar-
gumentx. To relate the initial volume of the system to th
number of participants we use the approximate relationV
;1.9pApart. The corresponding values ofx at SIS, AGS,
and SPS energies are calculated with the baryochemica
tential and temperature extracted from the measured par
multiplicity ratios. The results in Fig. 1 show the importan
of the canonical treatment of strangeness conservation a
energies. Here, the canonical suppression factor can be
larger than an order of magnitude. For central Au-Au co
sions at AGS or SPS energies this suppression is not rele
any more and the~GC! formalism is adequate. In genera
one expects that the statistical interpretation of particle p
duction in heavy ion collisions requires the canonical tre
ment of strangeness conservation if the CMS collation
ergy As,223 GeV. This is mainly because at the
energies the freeze-out temperature is still too low to ma
tain large-argument expansion of the Bessel functions in
~2.12!.

At low temperatures one needs to take into account
width of resonances. This is because the number of p
coming from, e.g., the decay of aD resonance is increase
by the width of theD. The approximation of the width by a
delta function is therefore not justified since an apprecia
number of particles comes from the decay of resonances

FIG. 1. Canonical strangeness suppression factor~see text!.
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low the resonance mass. One therefore replaces the
particle partition function in Eqs.~2.4! and ~2.5! by

ZR
15N

VdR

2p2 T exp~bkmB1qkmQ!

3E
smin

smax
ds sK2~As/T!

1

p

mRGR

~s2mR
2 !21mR

2GR
2 ,

~2.15!

wheresmin is chosen to be the threshold value for resona
decay andAsmax;mR1GR . The normalization constantN is
adjusted so that the integral over the Breit-Wigner fac
gives one.

Within the above model, the particle densities depend
four parameters: the chemical potentials,mQ andmB , related
with the ~GC! description of charge and baryon number co
servation, the temperatureT and the initial volume of the
system appearing through the canonical treatment of stra
ness conservation. Constraints on these variables arise
the isospin asymmetry measured by the baryon number
vided by twice the charge,B/2Q. For an isospin symmetric
system this ratio is simply 1, for Ni1Ni it is 1.04, while for
Au1Au this ratio is 1.25.

We are thus left with three independent parameters.
simplicity, the volumeV will be identified with the volume
of the system created initially inAA collisions estimated
from the atomic number of colliding nuclei and from th
impact parameter by using geometric arguments. In part
lar we use the relation of the volume parameter and the n
ber of participating nucleons as it was indicated in Fig. 1

In the following section we will discuss to what extent th
thermal model can be used to understand particle produc
in nucleus-nucleus collisions at SIS energies.

III. COMPARISON WITH EXPERIMENTAL RESULTS

This section is divided into three parts. In the first one
discuss the general trends found in thermal models. In p
ticular we illustrate the sensitivity of particle ratios on th
temperature,T, and on the baryon chemical potential,mB . In
the second part we discuss particle ratios measured in ce
collisions and compare experimental results obtained at
with the expectations of the thermal model. This avoids
problem that different particle species might originate fro
different impact parameter regimes as it is the case with
clusive studies. The impact parameter dependence is stu
in the third part of this section.

A. General trends

From Eqs.~2.10!, ~2.12!, and~2.13! one sees that at fixed
temperature and chemical potentials the volume depend
of kaon multiplicity in the canonical and the grand canonic
ensemble is as follows

^NK&;H V: V°` ~GC!

V2: V°0 ~C!.
~3.1!

This effect is shown explicitly in Fig. 2 where the differen
particle ratios are calculated as a function of the radius of
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system. In order to make the analysis more complete
needs, in addition, to take into account the contribution
resonance decays to particle production. We use all
known branching ratios as given in@15# to calculate the par-
ticle multiplicities shown in Fig. 2.

The ratioK1/p1 involves one strange particle, and a
cording to Eq.~2.10! should show substantial dependence
volume. Indeed, it increases smoothly from zero up to
value given by the grand canonical ensemble. The increa
faster for higher temperature because the value of the a
mentx of the Bessel functions in Eq.~2.10! increases. In the
K1/K2 ratio two strange particles are involved and the v
ume effect cancels out exactly. However, for very small v
ues of the volume, there are a few nonstrange resonance
decay into kaon pairs or into a kaon and a hyperon, this le
to the sharp rise in the value of this ratio for increasi
volumes before it flattens off and becomes volume indep
dent. The ratiof/p1 involves only nonstrange particles an
therefore is independent of the size of the system. The s
behavior is expected forh mesons which is treated as no
strange particle, too.

Figure 3 evidences the locations of the freeze-out te
peratureTf and of the freeze-outmB

f yielding the various
particle ratios. This figure shows also the sensitivity wh
varying their values within the limits occurring in the expe
mental results. Discussing these trends requires diffe
treatment of strange and nonstrange particles.

The interesting feature of the deuteron to proton ra
d/p, and the pion to proton ratio,p1/p, is that they allow a
good determination of the range of the thermal paramet
The p1/p curve in the (T2mB) plane shows a temperatur
saturation for largemB which establishes the upper limit o
the freeze-out temperatureTf . On the other hand, thed/p
ratio fixes the range of the freeze-outmB

f as it shows a steep
dependence on the temperature. In addition, as seen in F
the variations of 20–30 % on the value of thed/p ratio give
a very similar range in the (T2mB) plane, making this ob-
servable particularly useful for the extraction of the free
out parameters.

FIG. 2. Dependence of various particle ratios on the radius
rameterR.
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In the SIS-energy range one expects, in the therm
model, a different dependence of the strange and nonstra
particle yields on the volume of the system. Consequen
the ratio of strange to nonstrange particle leads to a str
variation of thermal parameters with the system size. In F
4 we show theK1/p1 ratio for different volumes. As ex-
pected, changing the volume implies a substantial modifi
tion of the curve in the (T2mB) plane corresponding to a
fixed value of theK1/p1 yields. Thus, calculating the
strange to nonstrange particle ratio requires additional car
the system size. In our approach, however, the volume is
treated as an additional parameter but is rather related
the number of participating nucleons inAA collisions. For a
given system size theK1/p1 ratio clearly determines the
lower limit of the freeze-out temperature. The curves in F
3 are calculated forR54 fm. The K1/K2 in Fig. 3 yield
exhibits similar behavior asd/p, i.e., showing a very strong
dependence on the temperature but a rather weak depend
on the baryon chemical potential,mB . These lines do not
depend on the volume.

An analysis of particle production in heavy ion collision
within a thermal fireball model requires two experimenta
measured ratios to fix the freeze-out parameters,Tf ,mB

f , and
knowledge of the number of participating nucleons,Apart to
establish the size of the fireball. The knowledge of mo
particle ratios allows to test the concept of a unique free
out time. In the following section we compare the pred
tions of the thermal model with experimental results for ce
tral AA collisions at SIS energies.

B. Central collisions

In central collisions, the number of participating nucleo
is maximal. However, experimental results for zero imp
parameter,b50, are not directly measured. However, f
many experiments good-quality impact-parameter results
available and an extrapolation tob50 can be performed
The results of this extrapolation are summarized in Tabl
We discuss below the different entries in this table.

The results in Table I for pions are obtained from@18–
20#. For the ratiop1/p we used results from inclusive mea
surements since it was established that the pion multipli
divided by the number of participants,Mp /Apart, does not
vary with Apart @18–21#. At Ni-Ni at 0.8A GeV p2 data are
not available andp15p2/1.2 has been used to account f
the isospin asymmetry. TheK1 results for Ni1Ni are from
@14# which are in very good agreement with@22#. The K1

yield rises strongly with centrality as shown in@14#. At 1.0
and 1.8A GeV theK1/p1 ratio was obtained by extrapola
ing to b50. At 0.8A GeV we scaled with the inclusive
K1/p1 ratio between 1.0 and 0.8A GeV. The impact-
parameter dependence forK2 and K1 is nearly identical
@14# and we used therefore theK1/K2 ratio of the inclusive
measurements. The multiplicity ofK1 divided by the num-
ber of participants,MK1 /Apart, in Au1Au increases strongly
with impact-parameter as shown in@13,23#. Thep2/p1 ra-
tios show—if at all—only a very slight increase with centra
ity @20,24# and Table I summarizes the results for inclusi
studies. These values in@20,24# agree very well with the
isobar model. The ratios ofd/p obtained in Ni1Ni are from
@25# and those for Au1Au have been taken from@26#. The

a-
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FIG. 3. General trends forp1/p, d/p, K1/p1, and K1/K2 freeze-out curve calculated withR54.0 fm and isospin asymmetry
corresponding toA/2Z51.04.
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ratios h/p0 for Ni1Ni are from @27,28#. At
1A GeV Ni1Ni has not been measured, yet Ar1Ca and
Kr1Zr yield the equal ratios taking then also for Ni1Ni, at
0.8A GeV only Ar1Ca has been studied and this value
given in Table I. The value at 1.8A GeV has been obtaine
by interpolation between 1.0 and 1.93A GeV. For Au1Au
the results from@27# have been corrected for the increa
with centrality according to@29#.

Figure 5 shows the lines in the (T2mB) plane corre-
sponding to the measured particle ratios in Au-Au collisio
at 1A GeV. The experimental errors are for simplicity n
shown in the figure. All lines, except the one forh/p0, have
a common crossing point aroundT;50 and mB
;822 MeV. A value ofR;6.2 fm is needed to describ
the measuredK1/p1 ratio with the freeze-out paramete
extracted forp1/p, p1/p2, and d/p. This radius corre-
s

sponds toApart;330 participating nucleons and is compa
ible with the one expected for central Au-Au collision.

The strangeness suppression due to the canonical t
ment of the conservation laws is very clear in the compari
of the thermal model with the Au-Au 1A GeV data. Using
the grand canonicalformulation of the strangeness conse
vation one would get the valueK1/p1;0.04 which overes-
timates the data by more than an order of magnitude. T
shows that the conditions for thermal particle phase spac
SIS energies are far from the grand canonical limit.

In Fig. 6 we show the corresponding results in theT
2mB) plane for Ni-Ni collisions at three different inciden
energies: 1.8A, 1.0A, and 0.8A GeV. As for the Au-Au data
we see in Fig. 5 that all particle ratios, besidesh/p0 can be
described by the same values of the freeze-out parame
We notice the smaller radius of;4 fm which is compatible
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with the smaller size of Ni. The measuredK1/K2 ratio leads
to a band in the (T2mB) plane which barely misses th
common crossing point for the mean values ofp1/p, d/p,
andK1/p1. However, taking into account the experimen
errors on the above particle ratios leads to a common, nar
(T2mB) band which contains also the line corresponding
the upper experimental limit forK1/K2;30. Allowing for a
drop in theK2 mass as proposed in model calculations@30–
32# leads to a shift of theK1/K2 band towards the left in
Fig. 6, thus leading to a better agreement with the other d
New experimental results on theK1/K2 ratio also for other
collision systems are needed to clarify this open questio

The values for the ofd/p ratio shown in Fig. 6 for Ni-Ni
collisions at 0.8A GeV were obtained by extrapolating th
experimental measurements atE/A51.06, 1.45, 1.93 sum
marized in Table I using a linear and a polynomial fit givin
the valued/p50.4, 0.43. As one can see the 10% deviat
on d/p ratio does not modify substantially the freeze-out li
in the (T2mB) plane.

The results of Figs. 5 and 6 show that for central Au-A
and Ni-Ni collisions the particle ratios
p1/p, K1/p1, p1/p2, K1/K2, andd/p, lead to a com-
mon crossing point in the (T2mB) plane. The appearance o
the common freeze-out for all these particles is strong s
port for chemical equilibrium of these particles in the the
mal model.

FIG. 4. Dependence ofK1/p1 freeze-out line with the radiusR.
l
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In Fig. 7 we show the results for the freeze-out tempe
ture and chemical potential corresponding to different in
dent energies. It can be seen that the freeze-out temper
Tf increases withE/A whereasmB

f shows the opposite trend
In the energy range considered this dependence can be
proximated by a straight line. The freeze-out parameters
also seen in Fig. 7 to be different in Ni-Ni and Au-Au coll
sions even for the same incident energy. It is interesting
remark that at a given incident energy the extracted value
Tf are smaller for central Au-Au collisions than for centr
Ni-Ni ones.

Using the freeze-out parameters relevant for SIS ener
we can compare the results with the previous findings
AGS @33,34# and SPS@35–38# energies. The chemica
freeze-out points in the (T2mB) plane for relativistic heavy
ion collisions are shown in Fig. 8 together with the pred
tions for e1e2 and p-p collisions @39#. Connecting these
points leads to a unique freeze-out curve in the (T2mB)
plane @40,41#. It has been shown@42# that the energy per
hadron along the freeze-out curve~before the final decay o
the hadron! is approximately 1 GeV.

It is a common feature of Figs. 5 and 6 that the freeze-
line for h production does not cross the common chemi
freeze-out extracted for all the other particle species. T
deviation does not arise from the selection of central co

FIG. 5. Freeze-out lines corresponding to different particle
tios measured in Au1Au collisions at 1A GeV.
TABLE I. Experimental results for different particle ratios in centralAA collisions. Values in italics are
for inclusive measurements. The errors are estimated to~20–30!%.

Reaction E p1/p K1/p1 p2/p1 d/p K1/K2a h/p0

A GeV

Ni1Ni 0.8 0.05 0.0003 0.004
Ni1Ni 1.0 0.08 0.001 1.2 0.37 0.013
Ni1Ni 1.8 0.17 0.0084 1.05 0.28 2169 0.03
Au1Au 1.0 0.052 0.003 2.05(1.94) 0.03/0.014
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FIG. 6. T versusmB for central Ni1Ni collisions from 0.8 to
1.8 A GeV.
sions. Only for Au-Au collisions we have chosen theh/p0

ratio of central collisions. In the Ni-Ni system—due to th
lack of experimental results—inclusive values are given. F
central Ni-Ni collisions the discrepancy would therefore i
crease. The results in@29# show that theh yield rises more
than linearly withApart. This disagrees also with the expe
tations from the thermal concept discussed along with Fig

The problem ofh abundance in the thermal model cou
have several origins. One possibility would be due to
sequential freeze-out for different particle species. Hereh
could be produced earlier with higher temperature, roug
corresponding to the value obtained from the transverse
mentum slope parameter of 80 MeV. In this case, as see
Fig. 6, the large value of theh/p0 ratio can be understood
In recent works@24,43,44# experimental evidence is give
that high-energy pions are emitted earlier than those w
lower energies. This points towards a span in freeze-
times but does not affect the particle ratios which are do
nated by low-energy pions. The concept of sequential free

FIG. 7. Freeze-outTf andmB
f as a function of incident energy a

extracted from the common crossing in Figs. 5, 6—neglecting
results fromh/p0.
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out, however, might lead to a problem with the interpretat
of all other particle ratios which are otherwise well describ
by the model. We stress that the same thermal model w
applied to AGS and SPS energies explains particle prod
tions there with a single set of freeze-out parameters for
particles includingh at SPS energies. It seems rather dif
cult to argue the appearance of a sequential freeze-out a
and its absence at AGS and SPS energies.

The discrepancy of the thermal model on the level ofh
production could possibly be related to the hidden stran
ness content of theh meson. The crucial difference in th
thermal model interpretation of particle production at SP
AGS, and SIS energies is due to the canonical strange
suppression. In our formalism theh is considered as a non
strange particle. It is conceivable that due to hidden stran
ness there should be corrections to theh yield from the
canonical strangeness conservation. We do not know,
however, how these corrections could be included in a c
sistent way. The same arguments would apply also for
production off. Yet, f/K2 ~inclusive! seems to fit into the
common crossing shown for Ni-Ni at 1.8A GeV. The large
h yield could well be of dynamical origin whicha priori
cannot be explained by the thermal freeze-out model app
in this work. Thus, we leave the discrepancy ofh production
as an unsolved puzzle in the thermal model.

Concluding this part, we find that the thermal model giv
a consistent description of both strange and nonstrange
ticle production in central nucleus-nucleus collisions at S
energies with the exception of theh/p0 ratio. There is a
serious problem with the understanding of this ratio in ter
of the thermal model. Theory and experiment deviate b
factor of 2 to 8, depending on the incident energy. The sa
problem has been indicated recently in the context of
namical model for pion andh production@16#. We would
like to point out that recent transport-model calculations
produce the measuredh andp0 spectra@45#. We would also
like to draw attention to the systematics introduced by Me
in which pions andh ’s exhibit a common trend while
K1, K2, andf show lower yields@46#.

FIG. 8. Freeze-out parametersTf andmB
f for SPS, AGS, and SIS

energies.
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To check further the consistency of the model with t
experimental data the impact parameter dependence of
ticle production and particle spectra are discussed in the
section.

C. Impact parameter dependence

As already mentioned, the multiplicity ofK1 divided by
the number of participants,K1/Apart, increases strongly with
the centrality while the corresponding ratio for pion
K1/Apart, is constant@14#. Consequently, the pion yield i
proportional to the number of nucleons in the initially cr
ated fireball while the multiplicity ofK1 scale withApart like
K1;Apart

a with a.1. The experimental results onK1/p1

FIG. 9. MeasuredK1/p1 and K1 multiplicity per Apart as a
function of Apart for Au1Au at 1A GeV together with two calcu-
lations ~see text!.
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and K1/Apart ratios in Au-Au collisions from Ref.@23# are
shown in Fig. 9. The canonical treatment of strangeness
servation predicts the yield of strange particles to incre
quadratically with the number of participants@see Eq.
~2.14!#. An additional complication is due to the possib
variation of the freeze-out parameters with centrality.

In Fig. 9 the dashed-line describes the results of the th
mal model under the assumption that bothTf and mB

f are
Apart independent. One sees that already under this sim
approximation the agreement of the model and the exp
mental data is very satisfactory. The small deviations
tween the model and the data can be accounted for by

FIG. 10. Freeze-out parametersT andmB for different Apart.

FIG. 11. Variation of freeze-out parametersT andmB as a func-
tion of Apart.
n-
e

r-

le
ri-
-

he

variation of the freeze-out parameters withApart.
We have calculated the possible change ofTf and mB

f

with Apart from the experimental data onK1/p1 and d/p
ratios measured for two different values ofApart ~see Fig.
10!. The resulting freeze-out parameters are shown in F
11. One can see that the variation ofTf andmB

f with Apart are
small. It is interesting to note that peripheral collisions yie
higher temperatures than central collisions. The results fr
central Ni-Ni collisions fit perfectly into the trend withApart.

In Fig. 9 the dashed-dotted lines were obtained para
trizing the Tf and mB

f dependence onApart using the small
variation in freeze-out parameters obtained from Fig. 11. T
shape of the experimental data is now well reproduced.

The rather small variation of the freeze-out temperat
with impact parameter shown in Fig. 11 comes as a surp

FIG. 12. Apparent temperatures forp,p1,K1 ~data from@23#!
and calculated flow velocities as a function ofApart for Au1Au at
1A GeV.



lo
c

lu

c
ia-
ou
e
-o
r

ct
o

e
th
e

es

th

-
, a

de

n

in
tita-
nd
r-
is is
ctra

bly
SI/

les,
f
ur-

7,
rved
tion
i-
the

in
in

ity

6
he

r-

1672 PRC 59CLEYMANS, OESCHLER, AND REDLICH
since the experimental results on the apparent inverse s
parameterTapp of particle yields shows a strong dependen
on Apart. The freeze-out temperature of;50 MeV derived
from our analysis is also substantially lower than the va
previously obtained from the particle spectra@18–
20,25,44,47,48#.

We now turn our attention to the differential cross se
tions for particle production. In Fig. 12 we show the var
tion of the inverse slope parameters observed for vari
particle species@18,25#. Yet, adopting our result, that ther
exists a common, impact-parameter independent, freeze
temperature for all particles one needs to show that the va
tion in slope results from radial flow varying with impa
parameter. We extract the values of the corresponding fl
parametersb using the Siemens-Rasmussen formula@49#.
The resulting values for the flow velocity,b, are summa-
rized in Fig. 12. With the freeze-out temperatureTf
;50 MeV the spectra ofp, K1, and p1 are, within the
experimental uncertainty, well explained with the sameb as
shown in Fig. 12. The variation ofb with impact parameter
turns out to be very large.

The Apart dependence of various particle yields (Y
;Apart

a ) has been discussed in@18# and the exponenta has
been suggested to be related with the difference in total
ergy needed for the production of the studied particle and
one available inNN collisions. In the presented concept th
exponenta is only due to volume-dependent strangen
suppression. In this picture the exponent forK1 and forK2

production is predicted to be equal while in the frame of
energy argument@18# a should be higher forK2 than forK1

due to different production thresholds~neglecting in-medium
mass modifications!. It is clear that any nonisotropic emis
sion pattern is beyond the scope of this model. However
naively expected, the slopes ofK1 and ofK2 do not have to
be equal as different resonance decays contribute.

The results of this section show that the thermal mo
gives a consistent picture for particle production inAA col-
lisions at SIS energies. In addition to the correct predictio
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for particle yields the model can also explain theApart depen-
dence ofK1 cross section. Assuming radial flow as an orig
of the shape of particle spectra one can understand quan
tively the inverse slopes with a common temperature a
radial flow velocity for all particles. The chemical and the
mal freeze-out seem to be very close at SIS energies. Th
because the particle multiplicities and momentum spe
can be explained with the same temperature.

IV. SUMMARY

In summary, the thermal model provides a remarka
consistent description of the experimental data in the G
SIS energy range. The abundances of partic
K1, K2, p, d, p1, andp2 ~with the notable exception o
h ’s! seem to come from a common hot source with a s
prisingly well defined temperature,T'50,54,70 MeV, and
baryon chemical potentialmB'825,805,750 MeV for cen-
tral Ni-Ni at 0.8A, 1.0A, 1.8A GeV and correspondingly
T'52 MeV and mB'822 MeV for central Au-Au colli-
sions at 1.0A GeV, as can be seen clearly from Figs. 5,
and 8. These temperatures are lower than the ones obse
in the particle spectra but here again a common explana
is possible in terms of hydrodynamic flow. Flow different
ates between heavy and light particles since they acquire
same boost in velocity but of course very different kicks
momenta. This is clearly seen in the GSI/SIS data shown
Fig. 12 which also summarize the transverse flow veloc
for pions, kaons, and protons.

The common crossing points exhibited in Figs. 5 and
are a very strong argument for chemical equilibrium. T
deviations found for the production ofh mesons clearly ask
for an explanation.
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