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New type of pion interferometry formula
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~Received 26 May 1998!

A new type of pion interferometry formula is derived, in which not only the correlator but also the pion
multiplicity is taken into consideration. The method to obtain information about the initial emission probability
of unsymmetrized bosons is given.@S0556-2813~99!03403-2#

PACS number~s!: 25.75.2q, 25.70.Pq
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Two-particle Bose-Einstein~BE! interferometry as a
method to obtain information on the space-time geome
and dynamics of high-energy collisions has recently recei
intensive theoretical and experimental attention@1#. How-
ever, the old, widely used, two-pion interferometry formu
has a shortcoming in that it does not take into account m
tipion BE symmetrization effects, which have aroused gr
interest among physicists in the fields of high-energy@2–19#
and statistical@20# physics. In this paper, we derive a ne
multipion interferometry formula which is determined n
only by the correlator, but also explicitly by the pion mult
plicity distribution. The main results are summarized as f
lows: ~1! If the bosons are emitted independently@19# and
only BE symmetrization effects are present, the stand
two-particle and higher-order interferometry formulas are
produced.~2! If the bosons are not emitted independen
~i.e., they are correlated even without BE symmetrizatio!,
then these initial correlations will lead to a new pion inte
ferometry formula which depends on the initial emissi
probability of the unsymmetrized boson explicitly.~3! One
can obtain information about the initial emission probabil
of the unsymmetrized boson through the study of two-p
interferometry.

The multipion state can be written as

uf&5 (
n50

`

anun&, ~1!

wherean is a parameter connected with the pion multiplic
distribution.un& is then-pion state which can be expressed

un&5

F E dpE j ~x!a†~p!exp~ ip•x!Gn

n!
u0&. ~2!

Herea†(p) is the pion-creation operator andj (x) is the pion
current which can be expressed as

j ~x!5E d4yd4p j~y,p!g~y!exp@2 ip~x2y!#, ~3!

where j (y,p) is the probability amplitude of finding a pio
with momentump, emitted by the emitter aty. Here g(y)
5exp@if(y)# is a random phase factor which has been
tracted fromj (y,p). All emitters are uncorrelated in coord
nate space when assuming@11#
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$g* ~x!g~y!%5d4~x2y!. ~4!

Here $•••% means phase average. Equation~4! corresponds
to the assumption that the source is totally chaotic. If
source is totally coherent, we have

f~x!50, g~x!51. ~5!

According to Eq.~1!, the normalized pion multiplicity
distribution can be expressed as

P~n!5
uanu2$^nun&%

(
n50

`

uanu2$^nun&%

~6!

and then pion inclusive distribution reads

Ni~p1 , . . . ,pi !5
1

s

ds

dp1dp2•••dpi

5
$^fua†~p1!•••a†~pi !a~pi !•••a~p1!uf&%

$^fuf&%
,

~7!

with

E )
k51

i

dpkNi~p1 , . . . ,pi !5^n~n21!•••~n2 i 11!&.

~8!

Ni(p1 , . . . ,pi) can be interpreted as the probability of fin
ing i pions with momentump1 , . . . ,pi in a given event.
Then thei pion correlation function reads@21,22#

Ci~p1 , . . . ,pi !5
Ni~p1 , . . . ,pi !

)
j 51

i

N1~pj !

. ~9!

In the following we study first multipion BE correlation ef
fects on the pion multiplicity distribution. Then we will de
rive a new typen-pion correlation formula which depend
not only on the correlator but also explicitly on the pio
multiplicity distribution. Finally we will study multipion BE
correlation effects on two-pion interferometry.
1646 ©1999 The American Physical Society
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If an51, nP(0,̀ ) in Eq. ~1! and the source is totally
coherent, then we have

$^nun&%5
n0

n

n!
, ~10!

with

n05E u j̃ ~p!u2dp, j̃ ~p!5E j ~x!exp~ ipx!d4x. ~11!

The normalized unsymmetrized pion multiplicity distributio
for the above source can be expressed as@using Eq.~6!#

P~n!5
n0

n

n!
exp~2n0!. ~12!

If an5n! 1/4, nP(0,̀ ), and the source is coherent, then w
have

P~n!5S (
n50

` n0
n

An!
D 21

n0
n

An!
. ~13!

If an5n! 21/8, nP(0,̀ ), and the source is coherent, the
we have

P~n!5S (
n50

` n0
n

n! 1.25D 21
n0

n

n! 1.25
. ~14!

In the following, the above three states~corresponding to
different choices ofan) will be denoted asD1, D2, andD3,
respectively. HereD1 corresponds to the case where t
pions are emitted independently whileD2 and D3 corre-
spond to the case in which the pions are not emitted in
pendently, even without BE symmetrization. In the followin
we will study multipion BE correlation effects on the pio
multiplicity distribution. Using the notationv(n)5$^nun&%
and assuming the source is totally chaotic, we find@5#

v~n!5
1

n (
i 51

n

v~n2 i !E dpGi~p,p!, ~15!

with

Gi~p,q!5E r~p,p1!dp1r~p1 ,p2!•••dpi 21r~pi 21 ,q!,

~16!

wherer(p,q) is the Fourier transformation of the source d
tribution g(x,K),

r~p,q!5E gS x,
p1q

2 Dexp@ i ~p2q!x#d4x. ~17!

We assume the source distribution as

g~r ,t,p!5n0S 1

pR2D 3/2

expS 2
r2

R2D d~ t !S 1

2pD2D 3/2

3expS 2
p2

2D2D . ~18!
e-

Here n0 is a parameter. Using this source distribution, w
can study multipion BE correlations effects on the pion m
tiplicity distribution, pion spectrum distribution, and two
pion interferometry sinceGi(p•q) can be calculated by re
currence relations@4,5# or analytically@9,10#. Multipion BE
correlation effects on the pion multiplicity distribution ar
shown in Fig. 1. One clearly sees that BE symmetrizat
shifts the pion multiplicity distributions ofD1, D2, andD3
to the right side. The unsymmetrized pion multiplicity distr
bution for D1, D2, andD3 are also shown in Fig. 1.

According to Eq.~7!, the one-pion inclusive distribution
reads

N1~p1!5
$^fua†~p1!a~p1!uf&%

$^fuf&%

5

(
n50

`

uanu2$^nua†~p1!a~p1!un&%

(
n50

`

uanu2vn

. ~19!

Similar to Ref.@5#, one can obtain the relation

$^nua†~p1!a~p1!un&%5(
i 51

n

v~n2 i !Gi~p1 ,p1!, ~20!

and the one-pion inclusive distribution can be expressed

N1~p!5

(
n51

`

uanu2(
i 51

n

v~n2 i !Gi~p,p!

(
n50

`

uanu2v~n!

. ~21!

FIG. 1. Multipion BE correlation effects on the pion multiplicit
distribution. The thin solid line, dashed line, and dotted line cor
spond to the unsymmetrized pion multiplicity distribution of stat
D1, D2, andD3, respectively. The input values ofn0 for D1, D2,
andD3, are 18, 4.183, and 37.38, which ensure the mean uns
metrized pion multiplicity^n&D15^n&D25^n&D3518. The wider
solid line, dashed line, and dotted line correspond to the BE s
metrization effects onD1, D2, and D3, respectively. The input
values ofR andD are 5.3 fm and 0.18 GeV, respectively.
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The two-pion inclusive distribution can be expressed as

N2~p1 ,p2!5
$^fua†~p1!a†~p2!a~p2!a~p1!uf&%

$^fuf&%

5

(
n50

`

uanu2$^nua†~p1!a†~p2!a~p2!a~p1!un&%

(
n50

`

uanu2vn

.

~22!
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Using the relationship@5#

$^nua†~p1!a†~p2!a~p2!a~p1!un&%

5(
i 52

n

(
m51

i 21

@Gm~p1 ,p1!Gi 2m~p2 ,p2!

1Gm~p1 ,p2!Gi 2m~p2 ,p1!#v~n2 i !, ~23!

the two-pion inclusive distribution reads
N2~p1 ,p2!5
1

(
n50

`

uanu2v~n!

(
n52

`

uanu2(
i 52

n

(
m51

i 21

@Gm~p1 ,p1!Gi 2m~p2 ,p2!1Gm~p1 ,p2!Gi 2m~p2 ,p1!#v~n2 i !. ~24!

It can be proved that thek-pion inclusive distribution can be expressed as

Nk~p1 , . . .pk!5
1

(
n50

`

uanu2v~n!

(
n5k

`

uanu2(
i 5k

n

(
m151

i 2~k21!

(
m251

i 2m12~k22!

••• (
mk2151

i 2m12m2•••2mk2221

(
s

Gm1
~p1 ,ps~1!!

3Gm2
~p2 ,ps~2!!•••Gmk21

~pk21 ,ps~k21!!Gi 2m1•••2mk21
~pk ,ps~k!!v~n2 i !

5

(
n5 i 5m11m2•••1mk

`

uanu2v~n2 i !

(
n50

`

uanu2v~n!

(
s

(
m151

`

Gm1
~p1 ,ps~1!!••• (

mk51

`

Gmk
~pk ,ps~k!!

5 (
n5 i 5m11m2•••1mk

`

P~n!
v~n2 i !

v~n! (
s

(
m151

`

Gm1
~p1 ,ps~1!!••• (

mk51

`

Gmk
~pk ,ps~k!!. ~25!
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Heres(k) denotes thekth element of a permutations of th
sequence$1,2, . . . ,k%, and the sum overs denotes the sum
over all k! permutations of this sequence. It is interesting
notice that ifan51 @P(n)5v(n)/(nv(n)# as assumed in
Ref. @12#, this newk pion inclusive distribution is very simi-
lar to the oldk pion inclusive distribution which does no
take account of higher-order BE correlation effects. T
similarity warrants the validity of the formula@12# used in
earlier studies@24,25#. But in the general situation, the pio
interferometry formula depends not only on the correla
r( i , j ) but also explicitly on the pion multiplicity distribution
P(n) as shown in Eq.~25!. Multipion BE correlation effects
on the single-pion inclusive distribution are shown in Fig.
HereP^n&(p) is defined as

P^n&~p!5
N1~p!

^n&
, ^n&5E N1~p!dp. ~26!

One clearly sees that multipion BE correlations cause pi
to concentrate at the lower momenta region. Similar beha
was observed in Ref.@9#. The above phenomenon is caus
by the nature of bosons: pions would like to be in the sa
s

r

.

s
or

e

state. As the probability of finding a biggern pion state,un&,
in D2 is bigger than the probability of finding the samen
pion state inD3, the multipion BE correlation effects onD2
are stronger than the BE correlation effects onD3.

According to the definition of then-pion correlation func-
tion @Eq. ~9!#, one can easily write out then-pion interferom-
etry formula by using Eq.~25!. Multipion BE correlations
effects on two-pion interferometry are shown in Fig. 3. It
clear that one can tell the difference among those three
ferent pion states through studies of the two-pion correlat
function. For theD1 state, the two-pion correlation func
tion’s interceptC2(q)q50 with q5up12p2u is 2 and the
value of the two-pion correlation function is 1 if the relativ
momentumq becomes very large, while for theD2 state one
sees thatC2(q)q5052.19.2 andC2(q)q→`51.07.1. For
the D3 state, we haveC2(q)q5051.97,2 and C2(q)q→`

50.987,1. So one can tell the difference among the thr
types of multipion states by studying the behaviors of tw
pion correlation functions at the smaller-q and larger-q re-
gions. Because of the resonance decay and resolution p
of the data, it is very difficult to determine the intercept



he
ul
irs
n
ly
s

o
x

-
s.
on
re

e

-
e

y
s
BE
ion

r,

m-
to

e
Dr.
r.
he
by

m
on
u

n
lin

-
ul-
n

y

PRC 59 1649NEW TYPE OF PION INTERFEROMETRY FORMULA
two-pion interferometry without further assumptions. On t
other hand, we can determine two-pion interferometry res
at the large-q region without any assumptions. As pion pa
at the large-q region are less affected by BE symmetrizatio
so the tail of two-pion interferometry is determined main
by the initial emission probability of unsymmetrized pion
According to Eqs. ~12!–~14!, one can determinê n(n
21)&/^n&2 as 1.0, 1.07, and 0.986 forD1, D2, and D3,
respectively. Those values are consistent with the results
tained from two-pion interferometry. Present heavy-ion e
perimental results indicate thatC2(q)q;300–400 MeVis around
1.01–1.03@23#. That means thatD1 is one of the best mod
els ~pion states! to be used to analyze experimental result

In this paper, multipion BE correlation effects on the pi
spectrum distribution and pion multiplicity distribution a
studied. As a result of multipion BE correlation effects, w

FIG. 2. Multipion correlation effects on the pion momentu
distribution. The solid line, dashed line, and dotted line corresp
to multipion BE correlation effects on the pion spectrum distrib
tion of pion statesD3, D1, andD2, respectively. The mean pio
multiplicity ^n&519 for the above three cases. The dash-dotted
corresponds to the input momentum distribution*g(x,p)d4x. The
input values ofR andD are 5 fm and 0.16 GeV, respectively.
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derive a new typen-pion correlation function which is deter
mined not only by the correlator but also explicitly by th
pion multiplicity distribution. This new pion interferometr
formula is sensitive to the multiplicity distribution as well a
to the space structure of the source with and without
symmetrization. We believe that one can obtain informat
about pion states by the pion interferometry method.
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FIG. 3. Multipion correlation effects on two-pion interferom
etry. The solid line, dashed line, and dotted line correspond to m
tipion BE correlation effects on two-pion interferometry for pio
statesD1, D2, andD3, respectively. The mean pion multiplicit
for the three cases is 17.7. The input values ofR andD are 5 fm
and 0.16 GeV.
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