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Bremsstrahlung of a quark propagating through a nucleus
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The density of gluons produced in the central rapidity region of a heavy-ion collision is poorly known. We
investigate the influence of the effects of quantum coherence on the transverse momentum distribution of
photons and gluons radiated by a quark propagating through nuclear matter. We describe the case where the
radiation time substantially exceeds the nuclear radius~the relevant case for RHIC and LHC energies!, which
is different from what is known as the Landau-Pomeranchuk-Migdal effect corresponding to an infinite me-
dium. We findsuppressionof the radiation spectrum at small transverse photon~gluon! momentumkT , but
enhancementfor kT.1 GeV. Any nuclear effects vanish forkT>10 GeV. Our results also allow us to calcu-
late thekT-dependent nuclear effects in prompt photon, light, and heavy~Drell-Yan! dilepton and hadron
production.@S0556-2813~99!05003-7#

PACS number~s!: 24.85.1p, 12.38.Bx, 12.38.Aw, 25.75.2q
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I. INTRODUCTION

One of the major theoretical problems in relativis
heavy-ion physics is the reliable calculation of the glu
bremsstrahlung in the central rapidity region. It is one of
determining factors for the general dynamics of heavy-
collisions, the approach to thermodynamic equilibrium, a
the possible formation of a quark-gluon plasmalike sta
This problem has been approached by a variety of ways.
do not want to discuss the relative drawbacks and merit
the various approaches here and we will only cite th
which are directly related to ours.

In this paper we consider the bremsstrahlung of phot
and gluons resulting from the interaction of a project
quark with a nucleus for the case where the radiation tim
much longer than the time needed to cross the nucleus.
radiation or formation time was introduced in Ref.@1# and
can be presented as

t f5
coshy

kT
'

2v

kT
2 , ~1!

wherey, v, andkT are the rapidity, energy, and transver
momentum of the radiated quantum in the nuclear rest fra
Equation~1! assumes that the radiated energy is relativ
small, i.e.,v!Eq . It is easy to interpret the formation tim
~1! as the lifetime of a photon~gluon!-quark fluctuation@2# or
as the time needed to distinguish a radiated quantum f
the static field of the quark@3#.

The total time for the bremsstrahlung is proportional
the initial energy and can therefore substantially exceed
time of interaction with the target@4#. Radiation continues
even after the quark leaves the target. This part of radia
does not resolve multiple scattering processes. Only the
momentum transfer is important. This illuminating manife
tation of coherence is along the lines of the well know
Landau-Pomeranchuk-Migdal effect~LPM! for which long
formation times can be treated. Note that the LPM eff
PRC 590556-2813/99/59~3!/1609~11!/$15.00
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corresponds to the opposite energy limit, when the radia
time is much shorter that the time of propagation through
medium. It was first suggested by Landau and Pomer
chuk @1# and investigated by Migdal@5# and has attracted
much attention in recent years@3,6–9#. This regime applies
only for the problem of energy loss in a medium, which
not the problem we discuss here. Our treatment should a
to the real situation in heavy-ion collisions at high energi
The relationships between the cited papers are complex.
recent publication Baieret al. @10# have shown that their
diagrammatic approach is in fact equivalent to that of Z
kharov@8#. The latter is, however, physically far more intu
tive and therefore lends itself more easily to a generaliza
to the case where the nuclei are not infinitely extended
another recent paper, Kovchegov and Mueller@11# have un-
dertaken the first attempt to calculate an in-medium mod
cation of the transverse momentum distribution of gluon
diation. This paper also has elucidated the relation betw
the approaches of Refs.@7# and @9#. In the approach of Ref
@9# based on the use of the light-cone gauge the final s
interactions summed up in Ref.@7# ~in the covariant gauge!
are effectively included in the light-cone wave functio
These observations suggest that all three different
proaches might be equivalent when followed carefu
enough.

The main goal of this paper is to study the dependence
the effects of coherence on the transverse momentum o
radiated photon or gluon. We use the light-cone approach
radiation first suggested in Ref.@12# and developed in Refs
@13,8#. As it is based on an explicit treatment of the tran
verse coordinates it is easily adapted to our purpose. In
dition it seems to be by far the most direct and elegant
proach. We described this approach in Sec. II for both
photon and gluon bremsstrahlung. We establish a rela
between the strength of the coherence effects and the tr
verse size of the Fock state containing the radiated quan

The second main result of our paper is the extension
the light-cone approach to calculations for differential cro
1609 ©1999 The American Physical Society
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1610 PRC 59KOPELIOVICH, SCHÄFER, AND TARASOV
sections as functions of the transverse photon~gluon! mo-
mentumkWT . This is presented in Sec. III. As one might ha
expected, nuclear shadowing, i.e.,suppressionof radiation,
is most pronounced at smallkT . An unexpected result is
antishadowing, i.e., enhancementof radiation for kT
.1 GeV, which, however, vanishes for still largerkT .

The results and practical implications for the Drell-Ya
process, prompt photon production, and hadroproduction
discussed in the last section.

II. INTEGRATED RADIATION SPECTRA

We start with electromagnetic radiation. We cover bo
virtual photon radiation~dilepton production! and real pho-
ton radiation~so called prompt photons!.

The total radiation cross section for~virtual! photons, as
calculated from the diagrams shown in Fig. 1, has the
lowing factorized form in impact parameter representat
@12# ~see also Ref.@13#!:

dsN~q→gq!

d~ ln a!
5E d2r TuCgq~a,rWT!u2s q̄q~ar T!. ~2!

HereCgq(a,rWT) is the wave function of theg-q fluctuation
of the projectile quark which depends ona, the relative frac-
tion of the quark momentum carried by the photon, andr T ,
the transverse separation betweeng andq ~C is not normal-
ized!. s q̄q(r) is the total interaction cross section for aq̄q
pair with transverse separationr and a nucleon.s q̄q(r) de-
pends also parametrically on the total collision ene
squareds, a dependence we do not write out explicitly~see,
however, Sec. IV!. This becomes only important when fits
actual data are performed. Equation~2! contains a remark-
able observation which is crucial for this whole approa
@12#: although we regard only a single projectile quark, t
elastic amplitude of which is divergent, theradiation cross
section is equal to the total cross section of aq̄q pair, which
is finite.

This can be interpreted as follows. One should discrim
nate between the total interaction cross section and the
ing ~radiation! cross section of a fluctuation. The projecti
quark is represented in the light-cone approach as a su
different Fock components. If each of them interacts with
target with the same amplitude the coherence between
components is not disturbed, i.e., no bremsstrahlung is g
erated. Therefore, the production amplitude of a new stat~a
new combination of the Fock components! is proportional to
the difference between the elastic amplitudes of differ
fluctuations. Thus the universal divergent part of the ela
amplitudes cancels and the radiation amplitude is finite.

It is also easy to understand why theq̄q separation in Eq.
~2! is ar T . As is pointed out above one should take t

FIG. 1. Feynman graphs for electromagnetic bremsstrahlu
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difference between the amplitudes for a quark-photon fl
tuation and a single quark. The impact parameters of th
quarks are different. Indeed, the impact parameter of the
jectile quark serves as the center of gravity for theg-q fluc-
tuation in the transverse plane. The distance to the quar
the quark-gluon Fock-state is thenar T and that to the photon
is (12a)r T .

The wave function of thegq fluctuation in Eq.~2! for
transversely and longitudinally polarized photons rea
~compare with Ref.@14#!

Cg* q
T,L

~rWT ,a!5
Aaem

2p
x̄ f Ô

T,Lx iK0~«r T!. ~3!

Herex i , f are the spinors of the initial and final quarks.K0(x)
is the modified Bessel function. The operatorsÔT,L have the
form

ÔT5 imqa2eW* •~nW 3sW !1aeW* •~sW 3¹W !2 i ~22a!eW* •¹W ,
~4!

ÔL52mg* ~12a!, ~5!

where

«25a2mq
21~12a!mg*

2 . ~6!

eW is the polarization vector of the photon,nW is a unit vector
along the projectile momentum, and¹W acts onrWT . For ra-
diation of prompt photonsmg* 50.

Equation~2! can be used for nuclear targets as well. W
consider hereafter formation times given by the energy
nominator

t f5
2Eqa~12a!

e21mq
2 @RA , ~7!

which substantially exceed the nuclear radius. In this lim
the transverseg* -q separation in the fluctuation is ‘‘fro-
zen,’’ i.e., does not change during propagation through
nucleus. The recipe for the extension of Eq.~2! to a nuclear
target is quite simple@12,15#. One should just replace
s q̄q

N (ar T) by s q̄q
A (ar T):

dsA~q→gq!

d~ ln a!
52E d2bE d2r TuCgq~a,rWT!u2

3H 12expF2
1

2
s q̄q~ar T!T~b!G J , ~8!

where

T~b!5E
2`

`

dzrA~b,z!. ~9!

Here rA(b,z) is the nuclear density which depends on t
impact parameterb and the longitudinal coordinatez. One
can eikonalize Eq.~2! because a fluctuation with a ‘‘frozen’
transverse size is an eigenstate of interaction@15#.

Equation~8! shows how the interference effects work ve
suskT . At small r T the exponents q̄q(ar T)T(b)/2!1 since

.
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PRC 59 1611BREMSSTRAHLUNG OF A QUARK PROPAGATING . . .
s q̄q(ar T) is small. Therefore, one can expand the expon
tial and the cross section turns out to be proportional toA.
This is the Bethe-Heitler limit for the bremsstrahlung. In t
opposite limits q̄q(ar T)T(b)/2@1 one can neglect the expo
nential forb<RA and the cross section~8! is proportional to
A2/3. This is the limit of full coherence when the whole ro
of nucleons with the same impact parameter acts similar
single nucleon. As the gluon transverse momentum is rela
to the inverse ofr T , one could expect that the limit of max
mal coherence is reached for smallkT , and the Bethe-Heitler
limit for large kT . The situation is, however, more compl
cated as discussed in the next section.

Gluon radiation is described by the diagrams@16# shown
in Fig. 2. The radiation cross section for a nucleon target
the nuclear effects@12# look similar to those of Eqs.~2!–~8!,

dsA~q→gq!

d~ ln a!
52E d2bE d2r TuCgq~a,rWT!u2

3H 12expF2
1

2
sgq̄q~rW1 ,rW2!T~b!G J ,

~10!

whereCgq(a,rWT) is the wave function of a quark-gluon fluc
tuation which has the same form as Eq.~3!, but with the
replacementsg* ⇒g, aem⇒4as/3, andmg* ⇒mg . We keep
the gluon mass nonzero in order to simulate the poss
effects of confinement on gluon bremsstrahlung.sgq̄q is the
interaction cross section of a colorlessgq̄q system with a
nucleon@17#,

sgq̄q~rW1 ,rW2!5
9

8
$s q̄q~r 1!1s q̄q~r 2!%2

1

8
s q̄q~rW12rW2!,

~11!

where rW1 and rW2 are the transverse separations gluon-qu
and gluon-antiquark, respectively. In the case of gluon ra
tion, i.e., Eq.~10!, rW15rWT andrW25(12a)rWT . Although Eq.
~10! looks simple, it includes the effects of quark and glu
rescattering in the nucleus to all orders.

III. THE TRANSVERSE MOMENTUM DISTRIBUTION

A. Electromagnetic radiation

The transverse momentum distribution of photon brem
strahlung in quark-nucleon interactions integrated over
final quark transverse momentum reads~see Appendix A!

FIG. 2. Feynman graphs for gluon bremsstrahlung of an in
acting quark.
-
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d3sN~q→qg!

d~ ln a!d2kT
5

1

~2p!2 E d2r 1d2r 2

3exp@ ikWT~rW12rW2!#Cgq* ~a,rW1!

3Cgq~a,rW2!sg~rW1 ,rW2 ,a!, ~12!

where

sg~rW1 ,rW2 ,a!5
1

2
$s q̄q~ar 1!1s q̄q~ar 2!2s q̄q@a~rW12rW2!#%.

~13!

By integrating overkT one obviously recovers Eq.~2!, since
sg(rW,rW,a)5s q̄q(ar ).

For a!1 one can use the dipole approximation for t
cross section, i.e., one can sets q̄q(r)5Cr2. Moreover, this
approximation also works rather well at larger interqua
separations, even for hadronic sizes@18#. For the latter the
cross section is proportional to the mean radius squa
Therefore, we use the dipole approximation for all cases c
sidered. Then Eq.~13! simplifies to

sg~rW1 ,rW2 ,a!'Ca2rW1•rW2 , ~14!

and we can explicitly calculate thekT distribution ~12!,

d3sT
N~q→qg* !

d~ ln a!d2kT
5

aem

p2

Ca2

~kT
21e2!4 $2mq

2a4kT
2

1@11~12a!2#~kT
41e4!%, ~15!

d3sL
N~q→qg* !

d~ ln a!d2kT
5

4aemCa2~12a!2mg*
2 kT

2

p2~kT
21e2!4 . ~16!

Note that for smalla Eqs. ~15! and ~16! vanish as does
a2. This could have been expected since electromagn
bremsstrahlung is known to be located predominantly in
fragmentation regions of colliding particles rather than
midrapidity.

In the case of a nuclear target the transverse momen
distribution has to be modified by eikonalization of Eq.~12!
~see Appendix A!

d3sA~q→qg!

d~ ln a!d2kT
5

1

~2p!2 E d2r 1d2r 2

3exp@ ikWT~rW12rW2!#Cgq* ~a,rW1!

3Cgq~a,rW2!Sg~rW1 ,rW2 ,a!, ~17!

where

Sg~rW1 ,rW2 ,a!5E d2bH 11expF2
1

2
s q̄q@a~rW12rW2!#T~b!G

2expF2
1

2
s q̄q~ar 1!T~b!G

2expF2
1

2
s q̄q~ar 2!T~b!G J . ~18!

r-
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1612 PRC 59KOPELIOVICH, SCHÄFER, AND TARASOV
The fluctuation wave functions in Eq.~17! can be repre-
sented using Eq.~3! in the form

(
in, f

Cg* q
T

~rW1 ,a!CT*
g* q~rW2 ,a!

5
aem

2p2 H mq
2a4K0~«r 1!K0~«r 2!

1@11~12a!2#«2
rW 1rW2

r 1r 2
K1~«r 1!K1~«r 2!J , ~19!

(
in, f

Cg* q
L

~rW1 ,a!CL*
g* q~rW2 ,a!

5
2aem

p2 mg*
2

~12a!2K0~«r 1!K0~«r 2!, ~20!

where we average over the initial quark polarization and s
over the final polarizations of quark and photon.

At first glance, one could think that thekT distribution is
not modified by the nucleus in the caset f@RA , since the
fluctuation is formed long before the nucleus and the qu
interact. This is, however, not the case. Due to color filter
@19# the mean size ofq̄q dipoles surviving propagation
through the nucleus decreases withA. Correspondingly, the
transverse momentum of the photon increases. In o
words, a heavier nucleus provides a larger momentum tr
fer to the quark, hence it is able to break up smaller s
fluctuations and release photons with largerkT .

Note that one can also calculate the distribution with
spect to the transverse momentumpW T of the final quark in-
tegrating the differential cross section over the photon m
mentumkWT . The result turns out to be the same as Eqs.~12!
and ~17! with the replacementa⇒12a.

We also calculated the nuclear dependence of the dif
ential cross section~17!, ~18! using the dipole approximation
for s q̄q(r ). The details of the necessary integration can
found in Appendix B. As usual, we approximate the cro
section by anAn dependence. The powern is then defined by

n~kT ,a!5
d„ln$d3sA~q→qg!/@d~ ln a!d2kT#%…

d~ ln A!
. ~21!

This power can also beA dependent. We performed calcul
tions forA5200. To simplify these calculations, we used t
constant density distribution,rA(r )5r0Q(RA2r ) with r0
50.16 fm23.

First of all, we calculatedn(kT ,a) for Drell-Yan lepton
pair production atmg* 54 GeV. The results are shown i
Fig. 3 for transversely and longitudinally polarized virtu
photons~the two components can be extracted from the
gular distribution of the lepton pairs!. We see thatn,1 for
kT,1 GeV, i.e., the Drell-Yan pair production is shadow
by the nucleus. The shadowing is stronger for largera @12#.
Shadowing in the Drell-Yan process was first observed
the E772 Collaboration@20#. Their effect is, however, much
weaker which can easily be explained because for Ferm
energies the radiation time~1! is quite short compared to th
nuclear radius. This fact is taken into account in Ref.@12# by
m

k
g

er
s-
e

-

-

r-

e
s

-

y

b

means of a nuclear form factor. Then the data can be
scribed quite nicely~see also Ref.@21#!.

An interesting result contained in Fig. 3 is the appeara
of an antishadowing region forkT.1 GeV. This is the first
case in which the coherence effects enhance rather than
press the radiation spectrum. It originates from an interf
ence effect which is not noticeable for the integrated qua
ties.

Nuclear antishadowing is especially strong for longitu
nal photons andkT;1.522 GeV. Color filtering in nuclear
matter changes the angular distribution of Drell-Yan pa
and enhances the yield of longitudinally polarized dilepto
The nontrivial behavior ofn for longitudinal photons at smal
kT is due to the dip atkT50 in the differential cross section
for a nucleon, see Eq.~16!. This minimum is filled by mul-
tiple scattering of the quark in the nucleus leading to
increase ofn(kT50) and a strongA dependence ofn(kT
50). @Formally, for longitudinal photonsn(kT50) goes to
infinity for A51, because the proton cross section atkT50
is zero.#

Note that nuclear enhancement of Drell-Yan pair prod
tion at largekT was also observed experimentally@20#. How-
ever, as was mentioned, these data were taken in the k
matical region of the Bethe-Heitler regime, i.e.,t f!RA .
Therefore, they cannot be compared with our calculations
fact the observation was explained quite satisfactory in R
@21#.

ThekT dependence ofn is expected to be nearly the sam
for different dilepton masses, down to the mass range pro
in the CERES experiment at SPS CERN. However,
nuclear effects turn out to be quite different for real photo
Our results are shown in Fig. 4. In order to compare w
experimental dilepton cross sections and prompt photon

FIG. 3. The exponent~21! of the atomic number dependenc
parametrized asAn versuskT anda for transversely~left figure! and
longitudinally ~right figure! polarized virtual photons.

FIG. 4. The same as in Fig. 3, but for real photons.
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PRC 59 1613BREMSSTRAHLUNG OF A QUARK PROPAGATING . . .
duction rates our results have to be convoluted with
quark distribution function for the projectile proton. Sinc
the electromagnetic radiation steeply falls off with decre
ing a @proportional toa2, see Eqs.~15!, ~16!#, the convolu-
tion effectively picks out large values ofa where the nuclear
effects are in turn expected to be large. Detailed calculati
and comparisons with data are postponed to a later pub
tion.

B. Gluon radiation

Now we can discuss the bremsstrahlung in the n
Abelian case. Summing up the diagrams in Fig. 2 we ge
impact parameter representation

d3sN~q→qg!

d~ ln a!d2kT
5

1

~2p!2 E d2r 1d2r 2

3exp@ ikWT~rW12rW2!#Cgq* ~a,rW1!

3Cgq~a,rW2!sg~rW1 ,rW2 ,a!, ~22!

where~see Appendix A!

sg~rW1 ,rW2 ,a!5
1

2
$sgq̄q~rW1 ,rW12ar 2!1sgq̄q~rW2 ,rW22ar 1!

2s q̄q@a~rW12rW2!#2sgg~rW12rW2!%. ~23!

Here sgg(r )5 9
4 s q̄q(r ) is the total cross section of a colo

lessgg dipole with a nucleon.
Note that Eq.~23! reproduces several simple limitin

cases.
~1! sg(rW1 ,rW2 ,a) vanishes if either ofr 1 or r 2 goes to

zero, which expresses the fact that a pointlike quark-glu
fluctuation cannot be resolved by any interaction. To sh
this limiting behavior one simply has to insert, e.g., forrW2

50, the two relationssgq̄q(rW1 ,rW1)5sgg(rW1) and sgq̄q(0W ,
2arW1)5s q̄q(2arW1)5s q̄q(arW1). ~Quark and antiquark a
the same point in space act similar to a gluon.!

~2! For a→1 the quark-gluon separation tends to ze
and Eq.~23! transforms into Eq.~13!. On the other hand, a
a→0 the quark-antiquark separation vanishes and Eq.~23!
takes again the same form as Eq.~13!, except that theq̄q pair
is replaced by a gluon-gluon dipole:

sg~rW1 ,rW2 ,a!ua!15
1

2
$sgg~r 1!1sgg~r 2!2sgg@~rW12rW2!#%

5
9

4
sg* ~rW1 ,rW2 ,a!ua51 . ~24!

We use the dipole approximations q̄q(r T)'CrT
2, which is

well justified in this case since the mean transverse qu
gluon separation is small at smalla. In this case Eqs.~23!
and ~11! lead to

sg~rW1 ,rW2 ,a!'Fa21
9

4
~12a!GCrW1•rW2 . ~25!
e

-

s
a-

-
n

n
w

k-

This expression coincides with Eq.~14! up to the factor@1
19(12a)/(4a2)#. Therefore, we can use the results~15!,
~16! obtained for the photon bremsstrahlung which fora
→0 lead to

d3sT
N~q→qg!

d~ ln a!d2kT
U

a!1

'
6Cas

p2

kT
41mg

4

~kT
21mg

2!4 , ~26!

d3sL
N~q→gq!

d~ ln a!d2kT
U

a!1

'
12Casmg

2kT
2

p2~kT
21mg

2!4 . ~27!

In contrast to the photon bremsstrahlung these cross sec
do not vanish fora→0. This is a consequence of the no
Abelian nature of QCD@16#. The radiating color curren
propagates through the whole rapidity interval between
projectile and the target providing a constant gluon den
~26!, ~27! with respect to rapidity.

Eikonalization of the cross section~22! results in

d3sA~q→qg!

d~ ln a!d2kT
5

1

~2p!2 E d2r 1d2r 2

3exp@ ikWT~rW12rW2!#Cgq* ~a,rW1!

3Cgq~a,rW2!Sg~rW1 ,rW2 ,a!, ~28!

where

Sg~rW1 ,rW2 ,a!5E d2bH expF2
1

2
s q̄q@a~rW12rW2!#G

1expF2
1

2
sgg~rW12rW2!T~b!G

2expF2
1

2
sgq̄q~rW1 ,rW12ar 2!T~b!G

2expF2
1

2
sgq̄q~rW2 ,rW22ar 1!T~b!G J .

~29!

In the limit a!1, which is of practical interest at high
energy, Eq.~23! transforms to the form of Eq.~24! and Eq.
~29! simplifies to

Sg~rW1 ,rW2 ,a!ua!15E d2bH 11expF2
1

2
sgg~rW12rW2!T~b!G

2expF2
1

2
sgg~rW1!T~b!G

2expF2
1

2
sgg~rW2!T~b!G J . ~30!

Note that the transverse momentum distribution for glu
radiation was calculated previously by Kovchegov a
Mueller @11# in the limit a→0 andmq5mg50. Our results
~28!, ~30! agree with those in Ref.@11# in this limit and for
the dipole approximation.

In Eq. ~30! we make use of the fact that at zeroq̄q sepa-
ration a gq̄q system interacts similar to a pair of gluon
sgq̄q(rW,rW)5sgg(r )5(9/4)s q̄q(r ). Therefore, Eqs.~28!, ~29!



r

o

r
la
l

n-
ro
t

th
cu

rg
le
h
, a

es
ll

ce
le

ec

ec
itu
pa
ce

t
.

ion

ith
e is
r

ly-

ct-
col-
-

vy-

jus-

l

ted

-
rs
sen-
s in
e-
D
R

ity

if-
for
an

ion-

1614 PRC 59KOPELIOVICH, SCHÄFER, AND TARASOV
can be calculated in the same way as Eqs.~12!–~17! in the
electromagnetic case ata51 ~see Appendix B!, except that
the fluctuation wave functions must be taken ata50. We
assign an effective mass to the gluon, either of the orde
the inverse confinement radius,mg'0.15 GeV, or in accor-
dance with the results of lattice calculations for the range
gluon-gluon correlations@22# of size mg50.75 GeV. We
sum over the polarization of the emitted gluon. The nume
cal results are plotted in Fig. 5. They are qualitatively simi
to those for photon radiation~see Fig. 3!: shadowing at smal
and antishadowing at largekT . However, the effect of anti-
shadowing is more pronounced for light gluons.

Antishadowing of gluons results in antishadowing for i
clusive hadron production, which is well known as the C
nin effect@23#. Although it was qualitatively understood tha
the source of this enhancement is multiple interaction of
partons in the nucleus, to our knowledge no realistic cal
lation taking into account color screening has been done
far. We expect that the Cronin effect disappears at very la
kT , which would actually be in accordance with availab
data@24#. For an honest comparison with these data, one
to relate thekT of the gluon to that of the produced hadron
step which lies not within the scope of this paper.

IV. CONCLUSIONS AND DISCUSSION

The main results of the paper are the following.
The factorized light-cone approach@12# for the analysis of

radiation cross sections was extended to treat thekT depen-
dence, and was applied both to photon~real and virtual! and
gluon bremsstrahlung.

The effects of coherence which are known to suppr
radiation at long formation times, is only effective for sma
kT . At kT.1 GeV the interference instead actually enhan
the radiation spectrum. This was indeed observed for di
ton and inclusive hadron production off nuclei~Cronin ef-
fect!. The enhancement of radiation by the coherence eff
turns out to vanish at very large transverse momentakT
>10 GeV. This was also observed in hadroproduction.

Suppression and enhancement of radiation by the eff
of coherence are quite different for transversely and long
dinally polarized photons. Both contributions can be se
rated by measuring the angular distribution of the produ
dileptons.

Note that we use Born graphs shown in Figs. 1 and 2
derive expressions~2! and others having a factorized form

FIG. 5. The same as in Fig. 3, but for gluons ata50 for dif-
ferent effective gluon masses.
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As a result of Born approximation the dipole cross sect
s q̄q(r) is energy independent. It is well known@28# that the
higher order corrections lead to a cross section rising w
energy. HERA data suggest that this energy dependenc
correlated with the dipole sizer T . Therefore, the paramete
C(s) can be parametrized as

C~s!5C0S s

s0
D D~r T!

, ~31!

wheres05100 GeV2, C0'3. The powerD(r T) grows with
decreasingr T . This dependence is extracted from an ana
sis of HERA data in Ref.@25#

Our results obtained for the radiation by a quark intera
ing with a nucleus are easily adapted to proton-nucleus
lisions by convolution with the quark distribution in the pro
ton. We plan also to extend our analysis to relativistic hea
ion collisions. The condition we use,t f@RA , is poorly
satisfied at present fixed target accelerators, but are well
tified at RHIC or LHC. Indeed, ifsNN is the totalNN colli-
sion energy squared, for a gluon~photon! radiated at centra
rapidity

a5
3kT

AsNN

, ~32!

t f5
AsNN

mNkT
. ~33!

We conclude that at RHIC or LHC energiesa!1 and that
gluons with a few GeV transverse momentum are radia
far away from the nucleus, i.e.,t f@RA . Thus our calcula-
tions should be directly applicable.
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APPENDIX A

In this appendix we illustrate how to eikonalize the d
ferential cross section in the case of a nuclear target and
the example of the electromagnetic bremsstrahlung of
electron. The latter is described as propagating in a stat
ary field U(xW ), wherexW is a three-dimensional vector.

The differential cross section reads

d5s

d~ ln a!d2pTd2kT
5

aem

~2p!4 uM f i u2, ~A1!
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wherekWT and pW T are the transverse momenta of the pho
and the electron in the final state. The radiation amplitude
a transversely polarized massive photong* (v25k21mg*

2 )
has the form

M f i
T 5E d3xC2†~xW ,pW 2!aŴ •eW* e2 ikWxWC1~xW ,pW 1!, ~A2!

whereaŴ 5g0gW are the Dirac matrices and the wave functio
C(xW ,pW 1,2) of the initial and final electron are solutions of th
Dirac equation in the external potentialU(xW ),

@E1,22U~xW !2mb1 iaŴ ¹W #C~xW ,pW 1,2!50. ~A3!

The upper indices2 and1 in Eq. ~A2! indicate that for the
initial and final states the solutions contain in addition to
plane wave also an outgoing and incoming spherical wa
respectively. Using the Furry approximation@26# the solu-
tion of Eq. ~A3! can be represented as

C1~xW ,pW 1!5ei up1uzD̂1F1~xW ,pW 1!
u~pW 1!

A2E1

, ~A4!

C2~xW ,pW 2!5ei up2uzD̂2F2~xW ,pW 2!
u~pW 2!

A2E2

, ~A5!

whereu(pW 1,2) is the four-component spinor corresponding
a free electron with momentumpW 1,2

D̂1,2512 i
aŴ •¹W

2E1,2
2

aŴ •pW 1,2T

2E1,2
. ~A6!

The scalar functionsF(xW ,pW ) in Eqs. ~A4!, ~A5! are the
solutions of the two-dimensional Schro¨dinger equation

i
d

dz
F~xW ,pW !5F2

DT

2p
1U~xW !GF~xW ,pW !, ~A7!

where p5upW u. We define F6 in accordance with the
asymptotic behavior

F1~xW ,pW 1!uz→z252`→eipW 1TrW, ~A8!

F2~xW ,pW 2!uz→z151`→eipW 2TrW. ~A9!

Here we introduced new notations for transverse,rW[xWT , and
longitudinal,z[xL , coordinates.

It follows from Eqs.~A7!–~A9! that these functions ca
be represented in the form

F1~xW ,pW 1!5E d2r 1G~z,rW;z2 ,rW1upW 1!eipW 1TrW1, ~A10!

F2* ~xW ,pW 2!5E d2r 2G~z1 ,rW2 ;z,rWupW 2!e2 ipW 2TrW2, ~A11!

whereG(z2 ,rW2 ;z1 ,rW1upW ) is the retarded Green function co
responding to Eq.~A7!,
n
r

e
e,

F i
d

dz2
1

D2

2p
2U~z2 ,rW2!GG~z2 ,rW2 ;z1 ,rW1upW !

5 id~z22z1!d~rW22rW1! ~A12!

and satisfying the conditions

G~z2 ,rW2 ;z1 ,rW1upW !uz15z2
5d~rW22rW1!,

G~z2 ,rW2 ;z1 ,rW1upW !uz1.z2
50. ~A13!

It is convenient to choose the axisz along the momentum
of the radiated photon. Then

pW 1T52
kWT

a
,

pW 2T5pW T2
12a

a
kW T , ~A14!

wherekWT andpW T are the transverse components of the pho
and final electron momenta relative to the direction of t
initial electron;a is the fraction of the light-cone momentum
of the initial electron carried by the photon.

We arrive at the following expression for the radiatio
amplitude~A2!:

M f i
T 5

1

2p~12a!
E d2r 1d2r 2d2rdz

3exp~2 ipW 2TrW2!G~z1 ,r 2 ;z,r upW 2!

3exp~ iqminz!ĜG~z,r ;z2 ,r 1upW 1!exp~ ipW 1TrW1!,

~A15!

where

qmin5
am2

2~12a!E
1

mg*
2

2aE
, ~A16!

andE,m are the energy and the mass of the projectile el
tron. In the approximation considered in this paper when
fluctuation time substantially exceeds the interaction tim
qmin!1/RA and can be neglected.

The vertex function in Eq.~A15! reads

Ĝ5A12au* ~pW 2!D̂2* aŴ •eW* D̂1u~p1!

5x2
†@ ima~nW 3sW !•eW* 1a~sW 3¹W T!•eW*

2 i ~22a!¹W T•eW* #x1 . ~A17!

The operator¹W T5d/drW acts to the right.x1,2 are the two-
component spinors of the initial and final electrons.

In the case of a composite target the potential has to
summed over the constituents

U~rW,z!5(
i

U0~rW2rW i ,z2zi ! ~A18!

and the bremsstrahlung cross section should be aver
over the positions (rW i ,zi) of the scattering centers.

The averaged matrix element squared takes the form
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^uM f i
T u2&52 ReE

2`

`

dz1E
z1

`

dz2E d2r 1d2r 18d
2r 2d2r 28d

2rd2r 8d2rd2r8

3exp@ ipW 2T~rW282rW2!2 ipW 1T~rW182rW1!2 iqmin~z22z1!#

3^G~z1 ,rW2 ;z2 ,rW up2!G* ~z1 ,rW28 ;z2 ,rW8up2!&

3Ĝ8* ^G~z2 ,rW ;z1 ,rWup2!G* ~z2 ,rW8;z1 ,rW 8up1!&

3Ĝ^G~z1 ,rW;z2 ,rW1up1!G* ~z1 ,rW 8;z2 ,rW18up1!&, ~A19!
ta l

rts
whereĜ8 differs from Ĝ in Eq. ~A17! by the replacement

¹W 5
d

drW
⇒¹W 85

d

drW8
.

The following consideration is based on the represen
tion of the Green functionG in the form of a continuous
integral @27#:

G~z2 ,rW2 ;z1 ,rW1up!5E DrW~z!expH ip

2 E
z1

z2
dzS drW~z!

dz D 2

2 i E
z1

z2
dzU@rW~z!,z#J , ~A20!

where

rW~z1!5rW1 , rW~z2!5rW2 ,

and the relation
E

-

E
z1

z2
dz(

i
U0~rW~z!2rW i ,z2zi !

5(
i

x@rW~zi !2rW i #Q~z22zi !Q~zi2z1!, ~A21!

wherex(rW)5*2`
` dzU0(rW,z). The mean value of the eikona

exponential is

K expH i(
i

$x@rW~zi !#2x@rW8~zi !#%Q~z22zi !Q~zi2z1!J L
5expH 2

1

2 Ez1

z2
dzn~z,bW !s@rW~z!2rW8~z!#J , ~A22!

where

s~rW2rW8!52E d2r$12exp@ ix~rW2rW !2 ix~rW82rW !#%,

~A23!

andn(z,bW ) is the density of scattering centers.
Using these relations and performing integration by pa

in Eq. ~A19!,
dsT

d~ ln a!d2pTd2kT
5

aem

~2p!44p2~12a!2 2 ReE
2`

`

dz1E
z1

`

dz2E d2bd2r1d2r2

3expF iapW 2TrW 22 iapW 1TrW 12E
z2

0

dzV~z,rW 2!2E
2`

z1
dzV~z,rW 1!G

3ĝ2ĝ1* W~z2 ,rW 2 ;z1 ,rW 1ur!. ~A24!
The variables in this equation are related to those in
~A19! as

rW 15
rW182rW1

a
,

rW 25
rW282rW2

a
,

bW 5
1

2
~rW181rW1!.
q.Other variables in Eq.~A19! are integrated explicitly.
Matricesĝ are related toĜ in Eq. ~A17! by replacement

m⇒am andd/drW⇒d/drW .
Absorptive potentialV in Eq. ~A24! reads

V~z,rW !5n~z,bW !
s

2
~a•rW !

andW is the solution of either of the equations
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]

]z2
W~z2 ,rW 2 ;z1 ,rW 1up!5

i @D~rW 2!2«2#

2a~12a!p
W~z2 ,rW 2 ;z1 ,rW 1up!2V~rW 2 ,z2!W~z2 ,rW 2 ;z1 ,rW 1up!, ~A25!

2
]

]z1
W~z2 ,rW 2 ;z1 ,rW 1up!5

i @D~rW 1!2«2#

2a~12a!p
W~z2 ,rW 2 ;z1 ,rW 1up!2V~rW 1 ,z1!W~z2 ,rW 2 ;z1 ,rW 1up!, ~A26!

with the boundary condition

W~z2 ,rW 2 ;z1 ,rW 1up!uz25z1
5d~rW 22rW 1!. ~A27!

Using these equations and the relation

@D~rW !2«2#K0~«urW u!522pd~rW !, ~A28!

simple but cumbersome calculations lead to a new form for Eq.~A24!,

dsT

d~ ln a!d2pTd2kT
5

a2

~2p!4 H ReE
2`

`

dzE d2bd2r1d2r2d2r

3expF iapW 2TrW 22 iapW 1TrW 12E
z

`

dz8V~z8,rW 2!2E
2`

z

dz8V~z8,rW 1!G
3CT

†~rW 22rW !@2V~z,rW !2V~z,rW 1!2V~z,rW 2!#CT~rW 12rW !

22 ReE
2`

`

dz1E
z1

`

dz2E d2bd2r1d2r2d2r18d
2r28

3expF iapW 2TrW 22 iapW 1TrW 12E
z2

`

dzV~z,rW 2!2E
2`

z1
dzV~z,rW 1!GCT

†~rW 22rW 28!

3@V~z2 ,rW 2!2V~z2 ,rW 28!#W~z2 ,rW 28 ;z1 ,rW 18up!@V~z1 ,rW 1!2V~z1 ,rW 18!#CT~rW 12rW 18!J , ~A29!

where

CT~rW !5
Aaem

2p
ĜK0~er!. ~A30!

In the ultrarelativistic limit (p→`) we have

W~z2 ,rW 2 ;z1 ,rW 1u`!5d~rW 22rW 1!expF2E
z1

z2
dzV~z,rW 2!G . ~A31!

The integrations overz,z1 ,z2 in Eq. ~A29! can be performed analytically, and we arrive at the expression

dsT

d~ ln a!d2pTd2kT
5

a2

~2p!4 E d2r 1d2r 2d2r exp@ iarW~pW T1kWT!1 i ~rW12rW2!kWT#cT~rW1!cT* ~rW2!

3$S@a~rW1rW1!#1S@a~rW2rW2!#2S~arW !2S@a~rW1rW12rW2!#%, ~A32!

where

S~r!5E d2bH 12expF2
s~r!

2
T~b!G J . ~A33!

The derivation of the correspondent expressions for gluon bremsstrahlung was done analogously. It does not co
really new feature, and the expressions are too long to be displayed in detail.
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APPENDIX B

In order to calculate Eqs.~17!, ~18! in the dipole approxi-
mation sqq̄5Cr2, we need to evaluate integrals of tw
types:

I 15
1

~2p!2 E d2r 1d2r 2 exp@ ikWT~rW12rW2!#K0~«r 1!

3K0~«r 2!expH 2
1

4
~ f r 1

21hr2
222grW1rW2!J ~B1!

and

I 25
1

~2p!2 E d2r 1d2r 2 exp@ ikWT~rW12rW2!#

3
~rW1rW2!

r 1r 2
K1~«r 1!K1~«r 2!

3expH 2
1

4
~ f r 1

21hr2
222grW1rW2!J . ~B2!

Here we use the notation

s q̄q~r!

2
T~b!5

1

4
~ f r 1

21hr2
222grW1rW2!. ~B3!

We use the integral representation for the modified Be
functions, which reads

K0~«r !5
1

2 E0

` dt

t
expH 2t2

«2r 2

4t J , ~B4!

1

«r
K1~«r !5

1

4 E0

` dt

t2 expH 2t2
«2r 2

4t J . ~B5!

After substitution of Eqs.~B4! and ~B5! into ~B1! and
~B2! and making use of the following obvious relations:

I 35
1

4~2p!2 E d2r 1d2r 2 expH ikWT~rW12rW2!

2
1

4
~ar1

21cr2
222brW1rW2!J

5
1

~ac2b2!
expH 2

kT
2~a1c22b!

~ac2b2! J , ~B6!
i-

d-
n-
o

el

I 45
1

16~2p!2 E d2r 1d2r 2~rW1rW2!expH ikWT~rW12rW2!

2
1

4
~ar1

21cr2
222brW1rW2!J

5F b

~ac2b2!2 2
kT

2~a2b!~c2d!

~ac2b2!3 G
3expH 2

kT
2~a1c22b!

ac2b2 J ~B7!

one arrives at

I 15E dt

t

du

u
exp~2u2t !I 3 ,

I 25«2E dtdu

t2u2 exp~2u2t !I 4 , ~B8!

where

a5
«2

t
1 f , c5

«2

u
1h, b5g. ~B9!

Thus, for the general case in addition to the integration o
the impact parameter one has to evaluate numericaly a
dimensional integral overdt anddu.

The situation is simplified in the case of photon brem
strahlung, when integration for the three exponentials in
~17! corresponds to the following values of the paramete
respectively:

f 5g50, h52ca2T~b!,

h5g50, f 52ca2T~b!,

f 5h5g52ca2T~b!. ~B10!

In this case Eqs.~B8! are reduced to one-dimensional int
grals.
d
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@18# J. Hüfner and B. Povh, Phys. Rev. D46, 990 ~1992!.
@19# G. Bertsch, S. J. Brodsky, A. S. Goldhaber, and J. F. Gun

Phys. Rev. Lett.47, 297 ~1981!.
@20# D. M. Alde et al., Phys. Rev. Lett.64, 2479~1990!.
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