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Coalescence and flow in ultrarelativistic heavy ion collisions

Rüdiger Scheibl and Ulrich Heinz
Institut für Theoretische Physik, Universita¨t Regensburg, D-93040 Regensburg, Germany

~Received 1 October 1998!

Using a density matrix approach to describe the process of coalescence, we calculate the coalescence
probabilities and invariant momentum spectra for deuterons and antideuterons. We evaluate our expressions
with a hydrodynamically motivated parametrization for the source at freeze-out which implements rapid
collective expansion of the collision zone formed in heavy ion collisions. We find that the coalescence process
is governed by the samelengths of homogeneitywhich can be extracted from Hanbury Brown–Twiss~HBT!
interferometry. They appear in the absolute cluster yield via aneffective volumefactor as well as in a quantum-
mechanical correction factor which accounts for the internal structure of the deuteron cluster. Our analysis
provides a new interpretation for the parameters in the popular phenomenological coalescence model and for
the effective overlap volume in Hagedorn’s model for cluster production inpp collisions. Using source
parameters extracted from a recent HBT analysis of two-pion correlations, we successfully describe deuteron
and antideuteron production data from Pb1Pb collisions at the CERN SPS as measured by the NA44 and
NA52 Collaborations. We also confirm the recent finding by Polleriet al. that the different measured slopes of
nucleon and deuteron transverse mass spectra require a transverse density profile of the source which is closer
to a box than to a Gaussian shape.@S0556-2813~99!06102-6#

PACS number~s!: 25.75.Ld, 25.75.Dw, 25.75.Gz
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I. INTRODUCTION

Ultrarelativistic heavy ion collisions are used to study
the laboratory nuclear matter at extreme energy density
temperature. For such conditions lattice QCD predicts
transition from a hadron gas to a quark-gluon plasma. T
only observables of the hot, central reaction zone~fireball!
created in the heavy ion collision are the energies and
momenta of the produced particles. Most of these are h
rons which, due to their strong interactions, decouple o
late from the collision fireball and therefore carry direct i
formation only about this so-called ‘‘freeze-out stage.’’ D
rect signals from the earlier~presumably much hotter an
denser! stages of the collision are carried by electromagne
~photons, dileptons! and ‘‘hard’’ probes~jets, J/c) which
are, however, more difficult to study due to their mu
smaller cross sections. Developing a clear and unique pic
of the interesting early stages of ultrarelativistic heavy
collisions will thus require the combination of such dire
signatures with an extrapolation backwards in time of
information extracted from the spectra of the bulk of pr
duced hadrons. For such a back extrapolation to be us
the analysis of the measured hadron spectra should perm
more or less complete reconstruction of both the geom
and the dynamics of the source at the point of freeze-ou

For this reason the last few years have seen a grow
effort to understand the final state of heavy ion collisio
quantitatively from the measured hadron spectra. In
project a crucial role is played by two-particle momentu
correlations. Such correlations, whether due to final state
teractions or quantum statistics, are sensitive to thephase-
space distributionof the particles in the source at freeze-o
and thus carry information not only on the momentum-sp
structure of the source, but also on its size and shap
coordinate space. In particular, they are sensitive to corr
tions between the momenta and positions of the particle
PRC 590556-2813/99/59~3!/1585~18!/$15.00
nd
e
e

e
d-
y

c

re

e
-
ul,
it a
ry

g
s
is

n-

t
e
in
a-
at

freeze-out such as those which are generated by the co
tive expansion of the hot and dense collision zone. This
namical aspect is very important since, once identified a
quantitatively analyzed, it carries valuable information abo
the early equilibration processes and the resulting build-up
thermodynamical~isotropic! pressure in the reaction zone, a
well as on the time-integrated action of the equation of st
of the quark-gluon and/or hadronic matter during the exp
sion stage.

The production of deuterons, antideuterons, and lar
nuclear clusters via coalescence of~anti!nucleons at freeze
out can be viewed as a particular type of phase-space co
lation among the particles in the final state. The similarity
the physics of coalescence and of other types of final s
momentum correlations was stressed before by Mro´wczyński
@1# who pointed out that similar source information can
extracted from the analysis of both types of correlations.
the present paper we carry the analogy significantly fart
by extending the investigation to systems with strong coll
tive dynamics. We show in particular that the same ‘‘leng
of homogeneity in the source’’@2# which can be extracted
from two-particle Bose-Einstein correlations@Hanbury
Brown–Twiss~HBT! interferometry@3## determine the coa-
lescence probability in the cluster formation process. T
means that the effects of source expansion enter the ‘‘H
radii’’ and the cluster yields in a similar way. For this reas
nuclear cluster spectra provide an important and complem
tary check for the source reconstruction from single-parti
spectra and two-particle momentum correlations of elem
tary hadrons.

As a point in case we demonstrate that we can succ
fully reproduce the measured cluster yields and spectra
deuterons, antideuterons, tritons, and3He in Pb1Pb colli-
sions at the CERN SPS@4,6–8# with a source model whose
parameters were determined@9,10# from a combined analysis
of pion spectra and two-pion correlations. We further sh
1585 ©1999 The American Physical Society
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1586 PRC 59RÜDIGER SCHEIBL AND ULRICH HEINZ
that the shape~inverse slope! of the measured deuteron tran
verse mass spectra@7,8#, when compared with that of th
proton spectra, yields additional constraints on the shap
the transverse source distribution in space which remov
specific ambiguity left open by the analysis of pion spec
and correlations.

Historically, cluster formation has been characterized
terms of the ‘‘invariant coalescence factor’’BA , defined
through the invariant cluster momentum spectra via
equation

EA

dNA

d3PA

5BAS Ep

dNp

d3Pp
D ZS En

dNn

d3Pn
D U

Pp5Pn5PA /A

N

.

~1.1!

It relates the cluster spectrum to the invariant moment
spectra of the coalescing nucleons at the same velocity.
correct physical interpretation ofBA has been a long
standing problem@1,11–26#. The relative fragility of the
nuclear clusters implies that only nucleons with small re
tive momenta contribute to cluster formation; this led ea
researchers@11–13# to an interpretation ofBA in terms of a
momentum space coalescence volume, parametrized in terms
of a maximal relative momentump0 between the coalescin
nucleons. This interpretation appeared to be confirmed by
approximate constancy of theBA values observed in heav
ion collisions at the BEVALAC with beam momenta up
about 1 GeV/nucleon, independent of the beam energy
the size of the colliding nuclei. In the sudden approximat
@14# and the thermodynamic@15# models, on the other hand
BA;VA21 is inversely related to the fireball volume inco-
ordinate space. In such a picture the decrease of theBA
values with increasing beam energy, observed in nuclear
lisions with large ions at beam energies above 1 G
nucleon~for a recent compilation see Ref.@27#!, can be eas-
ily understood in terms of collective expansion of t
collision zone before break-up. Good reviews of these e
approaches can be found in Refs.@16,19,26#.

Later work began to stress more explicitly thephase-
spaceaspects of the coalescence process, starting fro
quantum-mechanical approach based on the density m
of the source or the equivalent Wigner function formalis
@17,18,20,22,23# and its classical phase-space analo
@21,24#. In this approach the size of the cluster itself enters
an additional dimensionful quantity into the calculation
BA , and it allows to address the problem of energ
momentum conservation in the coalescence process.

None of the existing model calculations accounts, ho
ever, properly fordynamical expansionof the source and the
resulting correlations between the momenta and position
the particles at freeze-out. These correlations can be inclu
numerically by applying a density matrix or Wigner functio
based ‘‘coalescence afterburner’’ to the output of class
microscopic phase-space simulations such as the intranu
cascade@18#, ARC @28#, or RQMD @26,29,30#. While such nu-
merical simulations may succeed or fail to reproduce
experimental data, in neither case they provide a clear c
ceptual understanding of the physics entering into the ca
lation of BA . In this paper we present an analytical approa
based on an explicit source parametrization, which provi
of
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such an understanding. As in the static model calculati
before, it is based on a quantum-mechanical density ma
~Wigner function! approach. It thus allows for a proper trea
ment of energy-momentum conservation and to exhibit
dependence ofBA on the phase-space structure of the sour
i.e., on its longitudinal and transverse size and collect
flow, and on the internal cluster structure.

The paper is organized as follows. In Sec. II we revie
shortly the classical thermal1flow model approach to cluste
production in which clusters are viewed as pointlike elem
tary particles without internal structure which are produc
by thermal emission from an expanding source. While poo
justified theoretically, this approach has enjoyed consid
able phenomenological success. The results of Sec. II
serve as a benchmark for the discussion of the quant
mechanical density matrix approach presented in the follo
ing sections. We will discover strong formal similaritie
which simultaneously provide a theoretical justification f
the phenomenological success of the thermal approach
yield an interpretation of the thermal model parameters
the cluster spectra in terms of the phase-space character
of the underlying nucleon source. This is described in Se
III and IV where we discuss the quantum-mechanics of
coalescence process and calculate a quantum-mecha
correction factor for the classical thermal cluster spectru
We show that the latter is given by a very simple express
involving only the size of the cluster and the ‘‘homogene
radii’’ of the source which can also be measured with HB
interferometry. In Sec. V we extend this discussion fro
two-nucleon clusters (d and d̄) to three-nucleon clusters,t
and 3He. In Sec. VI we express theB2 value in terms of the
HBT radii and show how cluster yields can be used for
analysis of thechemicalcomposition of the fireball at the
point of thermal nucleon freeze-out. This complements t
chemical analysis of elementary hadron yields which de
mines the~usually much earlier! point of chemical freeze-
out. A comparison of our results with heavy ion data is p
sented in Sec. VII, and our conclusions are presented in
VIII.

We will use natural units\5c5kB51. We denote bym,
mt , and pt the rest mass, transverse mass, and transv
momentum of a nucleon.M, Mt , andPt denote the respec
tive variables of a cluster. For a cluster ofA nucleons we
have in good approximationM5Am, P5Ap, Pt5Apt ,
and Mt5Amt . We denote byY5y2yc.m. the longitudinal
rapidity of a particle relative to c.m. frame of the fireball.

II. THERMAL CLUSTER SPECTRA

Clusters are no elementary hadrons. Their binding en
gies (B522.25 MeV for a deuteron! are small compared to
typical collision energies in the fireball created in a hea
ion collision, and this makes them very fragile objects. Wh
the spectra of elementary hadrons decoupling from a th
malized fireball along a freeze-out hypersurfaceS f(R) with
normal four-vector d3sm(R) can be described by th
Cooper-Frye formula@31#

E
d3Ni

d3P
5

2J11

~2p!3E
S f

P•d3s~R! f i~R,P!, ~2.1!
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PRC 59 1587COALESCENCE AND FLOW IN ULTRARELATIVISTIC . . .
where f i(R,P) is a local equilibrium distribution

f i~R,P!5FexpS P•u~R!2m i~R!

T~R! D61G21

~2.2!

with local temperatureT(R), local chemical potentia
m i(R), and local flow four-velocityum(R) ~normalized to
u•u51), a similar expression for nuclear clusters cannot
justified: clusters do not preexist as particles with therm
ized momentum distributions in the collision fireball, but a
only created by final state interactions among the nucle
during the freeze-out process.

The absence of preformed nuclear clusters in the collis
zone of a relativistic heavy ion collision at AGS or SP
energies is easily seen: Nuclear fragmentation of the ta
and projectile nuclei can be excluded as the origin of clus
production if clusters made from antinucleons~e.g.,d̄ or 3H̄)
are selected. For clusters with positive baryon number n
the midrapidity region it was estimated in Ref.@32# ~see also
Ref. @33#! that the probability for a nuclear fragment to a
sorb the necessary longitudinal momentum transfer of s
eral GeV to several 10 GeV per nucleon without getti
destroyed can be neglected. On the other hand, by appl
Levinson’s theorem@34# to the two-particle terms in the
virial expansion of the grand canonical potential, it w
shown in Refs.@35,36# that thermal cluster production insid
the fireball is exponentially suppressed when the binding
ergy of the cluster is much smaller than the fireball tempe
ture.

In a very simple-minded approach to cluster formation
nucleon freeze-out one may postulate that a cluster oA
5Z1N nucleons with total momentumP is emitted when-
ever Z protons andN neutrons of identical momentaP/A
happen to be at the same placeR. This results in a general
ized Cooper-Frye formula for clusters:

E
d3NA

d3P
5

2JA11

~2p!3 ES f

P•d3s~R! f p
Z~R,P/A! f n

N~R,P/A!,

~2.3!

wheref p,n are given by Eq.~2.2!. This formula agrees, up to
a quantum mechanical correction factor which will be d
cussed below, with the Hagedorn model for cluster prod
tion in high-energypp collisions@37#. In spite of its naivety
it has been quite successful@37,38#. It will be one of the
main points of the present paper to explain why this is
For this purpose we first analyze Eq.~2.3! for the specific
source model which will later form the basis of our quan
tative comparison with data.

A. Analytical model for an expanding fireball

There is mounting evidence from phenomenologi
analyses of existing data@39,3,9# as well as from micro-
scopic simulations of the collision dynamics@40# that during
the early stages of a relativistic heavy ion collision the re
tion zone approaches a state of local thermal equilibriu
The resulting thermal pressure causes a collective expan
of the system via hydrodynamic flow. It thus makes sens
parametrize the momentum distributions of the hadrons
before decoupling by Eq.~2.2!, with the local flow velocity
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four-vectoru(R) describing the average particle velocity
point R and T(R) parametrizing the random~‘‘thermal’’ !
local momentum fluctuations around their average valuepm

5mum(R). The local chemical potentialm i(R) and the local
fugacity l i(R)5exp@mi(R)/T(R)# parametrize the local den
sity of particle speciesi at pointR.

For heavy particles~nucleons and nuclear clusters! at
chemical potentialsm i!Mi ~see below! Eq. ~2.2! can be
very well approximated by a local Boltzmann distributio
For simplicity we will assume freeze-out at constant te
peratureTf(R)5T5const.~General arguments based on t
kinetics of the freeze-out process@41,42# show that this is
generally a good approximation.! The fugacityl i(R) is split
into a constant, particle-specific terml i5exp(mi /T), and a
common density profileH̄(R) for all particle species. This
implements the assumptions of local chemical equilibriu
among the various particle species at freeze-out and sim
neous freeze-out of all particle species which seem rea
able for nucleons and nuclear clusters.

While in Pb1Pb collisions in the initial state neutron
outnumber protons by a factor of 1.54, the ration/p or n̄/ p̄
in the fireball at freeze-out is unknown. Due to particle pr
duction an unknown fraction of the initial isospin asymme
in the nucleon sector may be transferred to other part
species. We introduce separate chemical potentialsmp and
mn for protons and neutrons and define the chemical po
tial of a cluster bymA5Zmp1Nmn . The values ofmp and
mn must be extracted from a fit to the data.

We consider only very central~impact parameterb'0)
collisions. The fireball is then azimutally symmetric with r
spect to the beam axis~‘‘longitudinal’’ or z axis!, and the
transverse coordinates are conveniently chosen asr
5Ax21y2 and the azimuthal anglef. Ultrarelativistic kine-
matics in the beam direction suggests the longitudinal pro
time t5At22z2 and the longitudinal space-time-rapidityh
5arth(z/t) as appropriate longitudinal and temporal coor
nates:

Rm5~t coshh,r cosf,r sinf,t sinhh!. ~2.4!

The particle momenta are parametrized by their rapidityY
5arth(Pz /E) along the beam direction and their transver
massMt5AM21Pt

2:

Pm5~Mt coshY,Pt cosF,Pt sinF,Mt sinhY!. ~2.5!

The flow four-velocity is conveniently parametrized in term
of longitudinal and transverse flow rapiditiesh l andh t , re-
spectively:

um~R!5~coshh l coshh t ,sinhh t cosf,sinhh t sinf,

sinhh l coshh t!, ~2.6!

where tanhh i5v i , i 5 l ,t, defines the corresponding flow
velocities. In the spirit of Bjorken@43# we assume a scaling
velocityprofile v l5z/t in the beam direction while taking a
power-lawrapidity profile in the transverse direction whic
is independent ofz and t:

h l~t,h,r!5h, h t~t,h,r!5h f S r

Dr D a

. ~2.7!
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1588 PRC 59RÜDIGER SCHEIBL AND ULRICH HEINZ
HereDr characterizes the transverse size of the fireball~see
below!, while h f represents the strength of the transve
flow; the powera of the transverse flow profile is general
chosen asa51, except for some tests witha50.5 anda
52 as noted in the text.

As the fireball expands the scattering rate of the partic
decreases until finally the thermalization of the syst
breaks down and the particles freeze out. Consistently w
the aboveansatzfor the expansion flow profile we assum
that this happens at a fixed longitudinal proper timet0 and
setH̄(R)5H(h,r)d(t2t0). For the longitudinal and trans
verse shape of the density profileH(R) we take Gaussian
with widths Dh andDr, respectively.

With these ingredients the distribution functions in E
~2.3! take the form

f i~R,P!5em i /Te2P•u~R!/TH~R!, i 5p,n, ~2.8a!

H~R!5H~h,r!5expS 2
r2

2~Dr!2
2

h2

2~Dh!2D .

~2.8b!

The density profile is normalized to a total covariant free
out volumeVcov:

Vcov5E d4R H̄~R!5~2p!3/2~Dr!2~Dh!t0 , ~2.9!

where d4R5t dt r dr dh df. For freeze-out at constan
longitudinal proper time, the integration measure in Eq.~2.3!
over the freeze-out hypersurface is given byP•d3s(R)
5t0 Mt r dr cosh(h2Y)dh df.

B. Nonzero emission duration

In Ref. @9#, instead of a Cooper-Frye integral over a thre
dim freeze-out hypersurface, invariant spectra are calcul
as a space-time integral*d4R Si(R,P) over an emission
function

Si~R,P!5
2Ji11

~2p!3
Mt cosh~h2Y!e[m i2P•u~R!]/TH̃~h,r!J~t!.

~2.10!
,
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@H̃(h,r)5A(2/p)H(h,r) differs from Eq.~2.8! only by
the normalization. The present choice is more convenient
us because it absorbs some constant terms in the cluster
tra below which would otherwise scale with the nucle
number. However, it affects the interpretation of the to
fireball volume (Ṽcov5A2/pVcov), and of the fugacity factor
exp(m/T). In the case of Ref.@9#, m/T is the fugacity aver-
aged over the fireball; in the present case it is the fugacit
R5(t0 ,R50).#

The functionJ(t) implements a smearing of the freez
out hypersurface aroundt0 ; the choice in Ref.@9# is

J~t!5
1

DtA2p
expS ~t2t0!2

2~Dt!2 D . ~2.11!

General conditions forJ(t) are *dt J(t)51, *dt t J(t)
5t0, andDt!t0 . The last one ensures that one can treaf i
andH ast-independent, and that freeze-out timest,0 play
no physical role.

For single-hadron spectraJ(t) can be immediately inte-
grated over, reducing the space-time integral over the em
sion function to the Cooper-Frye form Eq.~2.1! with Eq.
~2.8!. A nonzero duration of particle emission (Dt.0) has,
however, an effect on cluster formation and on other tw
particle correlations. In Ref.@9#, two-pion correlation data
from Pb1Pb collisions at the SPS were fitted withDt
51.5 fm/c, although with considerable uncertainty@44#.
This value appears to be small enough to be able to neg
the t dependence of the parameters inf i andH; since esti-
mates in Ref.@45# have shown that the effect ofDt.0 on
cluster formation should then be small, we will continue
use the simpler Cooper-Frye formalism~2.3! also for cluster
spectra.

C. Cluster spectra from the model source

Inserting the expressions from Sec. II A into Eq.~2.3! one
is led to the following integral:
E
dNA

d3P
5

2JA11

~2p!3 emA /Tt0MtE dh r dr df̃ cosh~h2Y!

3expS 2
Mt cosh~h2Y!coshh t~r!2Pt sinhh t~r!cosf̃

T
2

Ar2

2~Dr!22
Ah2

2~Dh!2D . ~2.12!
s in
The integration overf̃5f2F can be done analytically
yielding a modified Bessel function, but this is not very he
ful for further analytical progress. More useful is the follow
ing observation@2,46,47#: for fireball temperatures below th
deconfinement temperature of about 150 MeV, the ra
Mt /T*6A in the exponent is large, and the integral w
receive contributions only from narrow intervalsh and r.
-

o

We may thus expand the hyperbolic cosine and sine term
the exponent, keeping only the leading terms:

cosh~h2Y!coshh t'11 1
2 ~h2Y!21 1

2 h t
2 ; ~2.13a!

cosf̃ sinhh t'h f

x

Dr
. ~2.13b!
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PRC 59 1589COALESCENCE AND FLOW IN ULTRARELATIVISTIC . . .
This decouples the longitudinal and transverse flow, and
h integration can now be done analytically. Note that t
‘‘saddle point approximation’’~2.13! becomes unreliable fo
largePt and/orh f @48#. The remaining integrations are ea
and give

E
dNA

d3P
'

2JA11

~2p!3

VcovMt e~mA2Mt! /T

@~Mt /T!h f
21A#A~Mt /T!~Dh!21A

3coshS AY

~Mt /T!~Dh!21AD
3expS ~Dh!2/2

~Mt /T!~Dh!21AD
3expS Pt

2h f
2/~2T2!

~Mt /T!h f
21A

2
A Y2Mt /~2T!

~Mt /T!~Dh!21AD
~2.14a!

'
2JA11

~2p!3 e~mA2M !/TMtVeff~A,Mt!

3expS 2
Mt2M

T*
2

AY2

2~Dh!2D , ~2.14b!

with

Veff~A,Mt!5
~2p!3/2~Dr!2~Dh!t0

@~Mt /T!h f
21A#A~Mt /T!~Dh!21A

~2.15!

and

T* 5T1
M

A
h f

2 . ~2.16!

In going from Eqs.~2.14a! to ~2.14b! we replaced the term
in the second and third lines on Eq.~2.14a! by 1 and as-
sumed nonrelativistic transverse cluster velocitiesv t
5Pt /Mt!1. @Equation ~2.16! should thereforenot be ap-
plied to pions@49#.# Veff(A,Mt) is the effective volume con
tributing to the emission of clusters with mass numberA and
transverse massMt @47# ~see Sec. II E!. T* is the inverse
slope~‘‘effective temperature’’! of the transverse momentum
spectrum.

D. Slope of theM t spectrum

The relation~2.16! ~with M /A replaced by the hadron
massm) was suggested by Nu Xuet al. @50,51# as a basis for
a systematic separation of collective flow (h f) from thermal
motion ~T! using single-particle spectra. It has recently b
come very popular, especially since in heavy ion collisions
the AGS and SPS the measuredMt spectra of most hadroni
species seem to follow it quite nicely by showing, at su
ciently low Pt , inverse slope parameters which rise linea
with the hadron rest mass@5#. This has been interpreted a
strong evidence for the existence of transverse collec
flow @39,50,51#.

When applied to nuclear clusters, however, Eq.~2.16!
predicts exactly the same slope for all mass numbersA since
e
e

-
t

-

e

M;A. This is in contradiction with experiments both at th
AGS and the SPS which show considerably flatterMt slopes
for deuterons than for protons@52–54#. In order to under-
stand the possible origins of this discrepancy one must
member that Eq.~2.16! rests not only on nonrelativistic ki
nematics, but also on the Gaussian transverse density
linear transverse flow rapidity profiles. These were selec
in Refs.@2,3,9,44,47# for technical convenience, and we hav
kept them here for ease of comparability. It was pointed o
however, by Polleriet al. @55# that the Gaussian density pro
file gives too much weight to the center of the fireball whe
the transverse flow is weak. Since according to Eqs.~2.8a!
and~2.3! the profile functionH(r) enters the expression fo
nuclear cluster spectra with theAth power, the region of
weak transverse flow receives the more weight the hea
the cluster; for Gaussian profiles this divides the effect
strength of the transverse flow exactly by a factorA @55# and
thus causes theA independence of the cluster slopes.

As we will show in Sec. VII B this cannot be compen
sated by decreasing the powera in the transverse flow pro
file ~2.7! even though this does lead to a more rapid incre
of the transverse flow rapidity at small values ofr. Phenom-
enological consistency with the observedA dependence of
the clusterMt slopes can only be achieved by selecting de
sity profilesH(r) which, when taken to theAth power, do
not lose weight in the relevant region of large transve
flow. A transverse box profile~or a smooth version of it!
satisfies this requirement and is shown to work well in S
VII B.

The Gaussian transverse density profile is proble
atic also for a different reason: in combination with th
transverse flow profile~2.7! it leads to acausal behavior fo
heavy particles with large transverse velocitiesv t . Due to
the Boltzmann factor exp@2P•u(R)/T# in the integrand of
Eqs.~2.1! or ~2.3!, which gives strong weight to space-tim
points R with u(R)5P/M ~the more so the largerM /T),
such particles are emitted mostly from fluid cells at lar
transverse radiir, i.e., in the tail of the Gaussian densi
distribution. Such matter should not exist, however: a c
Pb nucleus with an rms radiusr rms55.5 fm @56#, corre-
sponding to a hard sphere radiusr05A5/3r rms, can expand
in time t0 at most to a maximum transverse radius ofrmax
5r01t0 ~even less, if the transverse expansion velocity
,c). Thus, no matter should exist at radiir.rmax. In our
case nucleons with transverse velocitiesv t.0.6c tend to be
emitted from causally forbidden regions.~For the lighter
pions the problem is much less severe due to the larger t
mal smearing.!

For the Gaussian density profile~2.8b! we will therefore
restrict our attention to nucleons and clusters withv t
<0.6c, i.e., 1.0<Mt /M<1.25. For a proper description o
clusters with larger velocities the Gaussian transverse den
profile must be modified, either by cutting it off by hand
by replacing it with a causally consistent box profile. Unfo
tunately, this forfeits the simple analytical expressio
~2.14!–~2.16! and the direct comparability with the publishe
results from HBT analyses of two-pion correlations@3,9,44#.

As for the longitudinal rapidity spectrum of clusters, w
expect from Eq.~2.14! for its width a decrease with 1/AA
compared to nucleons.
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E. Effective source volumeVeff and relation to HBT

The Boltzmann factor in Eq.~2.8a! couples the particle
momentum to the flow vectoru(R). This causes a correla
tion between the velocity and the spatial coordinates of
particle, with a ‘‘coupling constant’’M /T which increases
with the particle mass. Particles inside the fireball are t
sorted with respect to their velocities, and particles of giv
momentum are localized in regions of the fireball where
flow velocity is close to the particle velocity.

Thus only a fraction of the total fireball volumeVcov is
able to emit particles with given momentum. It is this ‘‘ho
mogeneity volume’’Vhom(mt) which is accessible throug
HBT measurements@3#. The HBT radiiRi(mt) andR'(mt)
which can be extracted from the two-particle correlati
function in the YKP parametrization@57# describe the corre
sponding longitudinal and transverselengths of homogeneit
in the source. They can be evaluated for the model~2.8! as
space-time variances of the source using the general ex
sions given in Ref.@57#. If these variances are evaluated
the saddle-point approximation~2.13! one finds@46,57#

R'~mt!5
Dr

A11~mt /T!h f
2

, ~2.17a!

Ri~mt!5
t0Dh

A11~mt /T!~Dh!2
. ~2.17b!

These are just the factors occurring in the effective volu
~2.15! for A51:

Veff~1,mt!5~2p!3/2Ri~mt!R'
2 ~mt![~2p!3/2Vhom~mt!.

~2.18!

Thus the effective volumeVeff in the cluster spectrum~2.14!
is very closely related to the homogeneity volume extrac
from HBT measurements with pairs of identical hadrons:

Veff~A,Mt!5
Veff~1,mt!

A3/2
5S 2p

A D 3/2

Vhom~mt!. ~2.19!

For deuterons this implies an effective volume which
about 1/3 that of the nucleons.

Since at AGS and SPS energiesDh*1 ~see Sec. II F!, the
longitudinal flow term;(mt /T)(Dh)2 inRi dominates over
the geometric term;1. In the transverse direction the flo
term ;(mt /T)h f

2 is much smaller, and the two terms com
pete with each other, depending on the value ofh f . Higher
temperature increases, larger transverse flow decrease
lengths of homogeneity. For fixedT,h f the homogeneity
lengths decrease with increasing transverse massmt . Ac-
cording to Eqs.~2.18! and ~2.19! this implies for fixed par-
ticle momenta a decrease ofVeff(mt) with the particle rest
mass roughly asM 23/2. Due to the non-negligible geometri
contribution in R' the decrease is actually somewh
weaker; for realistic parameters~see below! the combination
MtVeff in Eq. ~2.14b! turns out to be practically independe
of Mt : MtVeff(A,Mt)'MVeff(A,M ).

Equations~2.17!–~2.19! indicate perfectmt scaling of the
HBT radii and the effective volume. If true, the values ofVeff
to be used in Eq.~2.14b! for nuclear clusters could be d
e

s
n
e

es-

e

d

the

t

rectly extracted from two-pion HBT measurements at ve
high pt such that the transverse massMt would be the same
Unfortunately, this is an artifact of the saddle-point appro
mation ~2.13! @48#; a numerical evaluation shows thatmt

scaling of the HBT radii is broken by transverse flow, alb
weakly @57,3#. Appropriate care must thus be taken befo
using Eq. ~2.18! to compare the effective volumeVeff in
cluster formation with the homogeneity volumeVhom ex-
tracted from HBT measurements with pions or kaons.

F. Parameters for central Pb1Pb collisions

We close this section by specifying the model parame
to be used later in the calculation of cluster yields and sp
tra. In Pb1Pb collisions at 158 GeV per nucleon, midrapi
ity is at yc.m.52.91. For very central collisions~4–5 % of the
total inelastic cross sections tot

inel , corresponding to impac
parametersb<3.5 fm), the analysis of pion spectra an
two-pion correlations from NA49@10,58,59# led to the fol-
lowing estimates for the model parameters@9,44#: Dh
'1.3, Dr'7 fm, t0'9 fm/c, Dt'1.5 fm/c, h f'0.35,
andT'130 MeV. To estimate the effects of possible erro
in T andh f , we will additionally test the (T,h f) combina-
tions of ~100 MeV, 0.43! and ~168 MeV, 0.28!, which also
describe the slope of the single particlemt spectrum of
negatively charged hadrons~mainly pions!, but not the be-
havior of the transverse HBT radiusR'

p(mt). The effects
of uncertainties in the determination oft0 and Dr, which
may also be important, have not been studied. Fr
the above parameter values we calculate a total covar
fireball volume ~2.9! of Vcov'9000 fm3, homogeneity
lengths ofRi(1 GeV)'(3.260.4) fm andR'(1 GeV)
'(5.160.8) fm, and an effective volume for nucleons
Veff(1,m)'(0.1560.06)3Vcov.

III. THE QUANTUM-MECHANICS OF COALESCENCE

A. Reference frames

So far we have treated nuclear clusters as pointlike p
ticles without internal structure. This is not realistic: the de
teron, for example, has already an rms radius of almost 2
@60# which is not much smaller than the homogeneity ra
given above. A proper inclusion of finite size effects and t
internal cluster wave function in the description of the co
lescence process is therefore mandatory. This require
quantum-mechanical treatment. In this section we will co
centrate on the two-body problem, i.e., the coalescence
~anti!deuterons.

Due to its small binding energy, only nucleons with sm
relative momentum can form a deuteron. In the deuteron
frame (d frame! the relative motion of the two nucleons an
their coalescence into a bound state are thus describe
nonrelativistic quantum mechanics. A relativistic formul
tion is needed, on the other hand, to describe the motio
the deuterons~i.e., of the center of mass of the nucleon pa!
in the fireball rest frame (f frame!.

In the f frame, we denote the deuteron’s momentum a
c.m. space-time coordinates byPd5(Ed ,Pd) and Rd

5(Rd
0 ,Rd), and the momenta and space-time coordinates

its two nucleons byP6 andR65(R6
0 ,R6). In thed frame,
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the four-momentaq6 of the two nucleons are given in term
of their relative momentumq by

q6
m 5~Am21q2,6q!. ~3.1!

Their space-time coordinatesr 65(td ,r6) in thed frame can
be expressed in terms of thed-frame c.m. coordinatesr d
g

a-

a

eu
n
he
t

e
th
b

ic

o
e

5(td ,rd) and their relative distancer n5(0,r) as r 65r d

6 1
2 r . Note that in thed frame r has a vanishing zero com

ponent, consistent with the equal-time nature of nonrela
istic quantum mechanics. The deuteron’s four-velocity in
f frame we denote bybl5(b0,b)5Pd

l/md . The matrixL for
a boost from thef frame into thed frame is then given by
Lmn5S b0 bx by bz

2bx 212
bx

2

11b0
2

bxby

11b0
2

bxbz

11b0

2by 2
bxby

11b0
212

by
2

11b0
2

bybz

11b0

2bz 2
bxbz

11b0
2

bybz

11b0
212

bz
2

11b0

D . ~3.2!
fter
c-
for

be

en-
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The matrixL21 for the inverse boost follows by substitutin
bi↔2bi for i 5x,y,z.

We consider thef-frame coordinatesP6 andR6 as func-
tions of the f-frame c.m. coordinatesPd and Rd and the
d-frame relative coordinatesq and r:

R6
m 5~L21!mnr 6,n5Rd

m6 1
2 ~L21!mnr n , ~3.3a!

P6
m 5~L21!mnq6,n . ~3.3b!

For the internal~relative! wave functionwd of the deu-
teron we will consider both the Hulthen form with the p
rameters a50.23 fm21, b51.61 fm21, and the wave
function of a spherical harmonic oscillator with the size p
rameterd53.2 fm (r[uru):

wd~r!5Aab~a1b!

2p~a2b!2

e2ar2e2br

r
, ~3.4a!

wd~r!5~pd2!23/4 expS 2
r 2

2d2D . ~3.4b!

While the first choice gives a better description of the d
teron ground state, the second one is technically adva
geous since it allows for a largely analytic evaluation of t
coalescence factor below. Both wave functions reproduce
measured rms radius of 1.96 fm@60#. Please note that th
variable r describes the diameter and not the radius of
relative wave functions such that the rms radius is given
r rms

2 5*d3r (r/2)2uwd(r)u2.

B. The density matrix formalism

According to the rules of statistical quantum mechan
@61# the number of created deuterons with momentumPd is
given by projecting the deuteron density matrix onto the tw
nucleon density matrix in the fireball at the freeze-out tim
t f :
-

-
ta-

he

e
y

s

-

dNd

d3Pd
;

1

2!E d3x1 d3x2 d3x18 d3x28 fd* ~x1 ,x2!fd~x18 ,x28!

3^c†~x28 ,t f !c
†~x18 ,t f !c~x1 ,t f !c~x2 ,t f !&. ~3.5!

The correct spin and isospin factors will be added later a
introducing Wigner functions. A rigorous ansatz with proje
tion operators that select the correct spin and isospin state
the deuteron from the two-particle density matrix can
found in Ref.@29#.

In the detector the deuteron is observed as a free mom
tum eigenstate. Its wave function is therefore given by
plane wave for the c.m. motion multiplied by the intern
wave functionwd :fd(x1 ,x2)5(2p)23/2 exp@iPd•(x11x2)/
2#wd(x12x2). The two-nucleon density matrix in the fireba
is not known and has to be approximated. We assume th
freeze-out the nucleons are uncorrelated:

^c†~x28 ,t !c†~x18 ,t !c~x1 ,t !c~x2 ,t !&

5^c†~x28 ,t !c~x2 ,t !&^c†~x18 ,t !c~x1 ,t !&. ~3.6!

The one-particle density matrix can be expressed through
one-body Wigner function as@61,62#

^c†~x8,t !c~x,t !&5E d3p

~2p!3
f WS p;t,

x1x8

2 D
3exp@ ip•~x2x8!#. ~3.7!

To evaluate the integral~3.5!, we introduce new coordinate
r15 1

2 (x11x18), r25 1
2 (x21x28), j5x12x182(x22x28),

and r5 1
2 (x12x181x22x28). The first two are the classica

coordinates of the coalescing nucleons and will be furt
reexpressed byrd and r. For the momentum vectorsp1 and
p2 introduced via Eq.~3.7! we define the relative momentum
q5 1

2 (p12p2) and the total momentumPd5p11p2 ; the
identification with the deuteron’s momentum is due to a c
respondingd function for three-momentum conservatio
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which arises from thed3r integration. Thed3j integration
leads to a term which we recognize as the Wigner transf
of the internal deuteron wave function

D~r,q!5E d3j e2 iq•jwdS r1
j

2Dwd* S r2
j

2D , ~3.8!

which has the following normalization property:

E d3r E d3q

~2p!3D~r,q!5E d3r wd* ~r!wd~r!51. ~3.9!

For the deuteron spectrum we thus obtain

dNd

d3Pd
5

3

~2p!3E d3r dE d3q d3r

~2p!3 D~r,q!

3 f p
W~q1 ,r 1! f n

W~q2 ,r 2!, ~3.10!

whereq6 ,r 6 are functions of the integration variables a
cording to Eqs.~3.3!.

C. The problem of energy conservation

Since in Eq.~3.5! the two-nucleon density matrix is pro
jected on the density matrix of an energy eigenstate~the free
deuteron!, energy is clearly conserved. On the other hand
we were to replace the Wigner functions in Eq.~3.10! by
classical distribution functions of on-shell nucleons~as done,
e.g., in Ref.@21#! we would violate energy conservation: du
to the deuteron binding energy two free nucleons cannot c
lesce into a deuteron without help of a third body. In oth
words, one or both of the Wigner functions in Eq.~3.10! are
probed off-shell, and the nucleons in this expression can
be considered as free particles.~For free distinguishable par
ticles in a thermalized system the Wigner function is iden
cal to the Boltzmann distribution@61#.!

A formalism which makes the conservation of energy d
ing coalescence more explicit by including the scatter
with a third body and which thereby gives more control ov
the replacement of the Wigner functions by classical dis
butions was developed by Danielewicz and Schuck@23#. In-
stead of Eq.~3.5! they start from@63#

dNd

d3Pd
5 lim

T,T8→`

1

TT8

1

2!ET

2T

dtE
T8

2T8
dt8E d3x1 d3x2

3d3x18 d3x28 eiEd~ t2t8!fd* ~x1 ,x2!fd~x18 ,x28!

3^c†~x28 ,t8!c†~x18 ,t8!c~x1 ,t !c~x2 ,t !&. ~3.11!

They then consider the equations of motion for the c
relator^c†(x28 ,t8)c†(x18 ,t8)c(x1 ,t)c(x2 ,t)&. These include
interactions with third particles which can put one of the tw
nucleons slightly off-shell. This nucleon can then form
deuteron with an on-shell nucleon without violating ener
conservation. It is convenient at this point to introduce
four-vector notation, with momentum four-vectors which c
be either off-shell~indicated by an asterisk! or on-shell~no
asterisk!: pi5(Ei ,pi), pi* 5(v,pi), andr i5(t i ,r i). For the
evaluation of Eq.~3.11! we refer to Ref.@23#; the result is
@see Eqs.~16! and ~19! in @23##
m

if

a-
r

ot

-

-
g
r
i-

-

a

dNd

d3Pd
5

23i

~2p!3E d4r d d3r E d4p1

~2p!4

d3p2

~2p!3

3~2p!4d4~Pd2p1* 2p2!DS r,
p12p2

2 D
3@Sp

,~p1* ,r 1! f n
W~p2 ,r 2!

1Sn
,~p1* ,r 1! f p

W~p2 ,r 2!#, ~3.12!

where the termsSp
, f n

W andSn
, f p

W give equal contributions.
The rateSN

,(p* ,x) for producing a nucleon with off-shel
four-momentump* at point x is given by the scattering o
the nucleon with a third particle:

2 iSN
,~p* ,x!5(

j
E d3q

~2p!3

d3p8

~2p!3

d3q8

~2p!3

3~2p!4d4~p* 1q2p82q8!uMN j→N ju2

3 f N
W~p8,x! f j

W~q8,x!@16 f j
W~q,x!#.

~3.13!

Reference@23# considers a gas of nucleons only, and the
fore there is no summation over particle speciesj as in Eq.
~3.13!. Our fireball, however, mainly consists of pions, a
all particle species with large cross sections with nucle
must be accounted for in the production rate.

With the four-dimensionald functions in Eqs.~3.12! and
~3.13! now explicitly accounting also for energy conserv
tion, we proceed to approximate the Wigner distributionsf i

W

in these equations by the classical thermal distribution fu
tions ~2.8!. Using the momentum-conservingd function
d4(p* 1q2p82q8) we then have the identity

e2u•p8/T

eu•q8/T71
S 16

1

eu•q/T71
D 5

e2u•p* /T

eu•q/T71
S 16

1

eu•q8/T71
D

~3.14!

and hence

2 iSN
,~p* ,x!' f N~p* ,x!(

j
E d3q

~2p!3 f j~q,x!

3F E d3p8

~2p!3

d3q8

~2p!3

3~2p!4d4~p* 1q2p82q8!

3uMN j→N ju2@16 f j~q8,x!#G . ~3.15!

The term in square brackets is the scattering cross sec
times the relative velocity between~off-shell! nucleons of
momentump and particlesj with momentumq, averaged
over the thermal distributions:@•••#5^sN jvN j(p,q)&. The
remaining integral overd3q and summation overj then gives
the total scattering rate or inverse scattering time o
nucleon with momentump at pointx:
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2 iSN
,~p* ,x!5

f N~p* ,x!

tsca
N ~p,x!

. ~3.16!

The production rateSN
,(p* ,R) is therefore just given by the

~off-shell! nucleon distribution functionf N(p* ,R) divided
by the scattering time of nucleons.

A deuteron has twice the scattering rate of its constitu
nucleons. Since a scattering event is likely to break up
deuteron, and since we have by assumption free stream
particles after freeze-out att f , the time integrationdtd in Eq.
~3.12! should start att f2tscat

N /2 and end att f . Further assum-
ing that we may treat the distribution functions as const
over this time interval, the inverse scattering time in E
~3.16! cancels against the time integration, and we are
with

dNd

d3Pd
5

3

~2p!3E d3r dE d3r d3q

~2p!3
D~r,q!

3 f p~q1 ,r 1! f n~q2* ;r 2!. ~3.17!

The difference between this expression and Eq.~3.10! is that
the Wigner distributions have been replaced by classical
tribution functions~2.8! one of which is off-shell (q2* ) so
that a deuteron may be formed without violating energy c
servation. The energy component ofq2* follows from the
conditionq11q2* 5(md ,0) implied by thed function in Eq.
~3.12!:

q1
m 5~Am21q2,q!,

q2*
m5~md2Am21q2,2q!. ~3.18!

Equation~3.17! is also a good basis for studying the quan
tative effects of energy conservation on the coalescence
cess, for example, by replacing the off-shell momentumq2*
by its on-shell limit.

D. Coalescence in the highly relativistic fireball

We now return to the relativistic motion of the particles
the fireball frame. In Eq.~3.10! or Eq. ~3.17! we need the
arguments off (p,x) in the f frame, so we substituter 6 and
q6 by R6 andP6 using Eq.~3.3!. After performing thed3r
and d3q integrations in thed frame, we reexpress thed3r d
integration over the deuteron’s c.m. coordinate at timet f in
the d frame in covariant form:Ed d3r d5Pd•d3s(Rd). The
integral d3s(Rd) extends over the freeze-out surfaceS f

which is characterized by a relationRd, f
0 (Rd) between the

deuteron freeze-out time and point in thef frame. In this way
we obtain

Ed

dNd

d3Pd
5

3

~2p!3E
S f

Pd•d3s~Rd!

3 f pS Rd ,
Pd

2 D f nS Rd ,
Pd

2 D Cd~Rd ,Pd!

~3.19!

with
t
e
ng

t
.
ft

s-

-

o-

Cd~Rd ,Pd!5E d3q d3r

~2p!3 D~r,q!
f ~R1 ,P1! f ~R2 ,P2!

f 2~Rd ,Pd /2!
.

~3.20!

Up to the quantum mechanical correction factorCd this is
identical with the classical formula~2.3!. Cd(Rd ,Pd) is an
integral over the internal phase-space coordinates and
vides a measure for the homogeneity of the nucleon ph
space around the deuteron c.m. coordinates (Rd ,Pd/2). For a
homogeneous nucleon phase space~static and very large sys
tems! the second factor under the integral~3.20! ~which we
will call ‘‘homogeneity factor’’! approaches unity and Eq
~3.20! reduces to the normalization integral~3.9!, yielding
Cd51.

As we will see, theq dependence of the distribution func
tions f (R1 ,P1) and f (R2 ,P2) in Eq. ~3.20! is much
weaker than that of the deuteron Wigner densityD(r,q)
which is peaked nearq50. The distribution functions can
thus be pulled outside theq integral, yielding

Cd~Rd ,Pd!'E d3r
f ~R1 ,Pd/2! f ~R2 ,Pd/2!

f 2~Rd ,Pd/2!
uwd~r!u2.

~3.21!

This expression is now very similar to the Hagedorn mo
for cluster production inpp collisions @37#. According to
Hagedorn, the probability of finding a cluster with certa
quantum numbers~massM, spin, etc.! is equal to the prob-
ability to find a really elementary particle of the same qua
tum numbers, times the probabilityC that the cluster is con-
tained inside the reaction volumeV:

C5E
V

uwu2 dV. ~3.22!

For pp collisions Hagedorn assumed@37# that the reaction
volume was given by the pion Compton wavelength,V
54p/(3mp

3 ), resulting inC'0.17 for the deuteron andC
'0.28 for 3He or 3H. This is consistent with the homoge
neity radii extracted from two-pion HBT correlations inpp
collisions which are also of the order of the pion Compt
wavelength@64#.

IV. THE QUANTUM-MECHANICAL CORRECTION
FACTOR

In this section we evaluate the coalescence factorCd for
the source model discussed in Sec. II and relate it to
homogeneity radiiRi which can be extracted from HBT
measurements.

A. Integration over relative momenta

The explicit dependence of the coordinatesR6 in Eq.
~3.20! on r is given by Eq.~3.3!:

R6
0 5Rd

06 1
2 b•r, R65Rd6

1

2S r1
b•r

11b0
bD . ~4.1!

From R6 one must calculate
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h65
1

2
ln

R6
0 1R6z

R6
0 2R6z

, ~4.2a!

r65AR6x
2 1R6y

2 , ~4.2b!

t65A~R6
0 !22R6z

2 , ~4.2c!

which enter the density profilesH(R6) and the flow vectors
u(R6). Since the Lorentz transformation~3.3! mixes the
components ofr, the functionsh6(r), r6(r), t6(r), and
thus the integrand of Eq.~3.20! are in general complicate
functions of the integration variablesr x , r y , andr z .

The argumentu(R6)•P6 of the Boltzmann factor can b
evaluated in any frame. It turns out to be most convenien
transformu(R6) andu(Rd) from thef frame tou6 andud in
the d frame:

u6
m 5Lmnun~R6!, ud

m5Lmnun~Rd!. ~4.3!

Under the assumption that over the effective integration
main the flow and chemical potential can be approximated
constants we find

f ~R1 ,P1! f ~R2 ,P2!

f 2~Rd ,Pd/2!

5expS 2
q1•u11q2•u222mud

0

T D
3expS 2

r1
2 1r2

2 22rd
2

2~Dr!2 2
h1

2 1h2
2 22hd

2

2~Dh!2 D .

~4.4!

Since in thed frame the relative momentumq is small, the
energy componentsq6

0 can be expanded nonrelativistically

q1•u11q2•u25m~u1
0 1u2

0 !1
q2

2m
~u1

0 6u2
0 !

2q•~u12u2!1
B

2
~u2

0 7u2
0 !,

~4.5!

where B5md22m. The two signs refer to two differen
treatments of energy conservation: the lower sign applie
one of the two nucleons~here,q2) is off-shell as prescribed
by Eq. ~3.18!, the upper sign refers to the case where
simply neglect energy conservation and take both nucle
on-shell as in Eq.~3.1! ~in this case the term;B vanishes!.
With harmonic oscillator wave functions the Wigner dens
of the deuteron is a Gaussian,D(r,q)58 exp(2r2/d2

2q2d2), and the integration overd3q in Eq. ~3.20! is
straightforward:
to

-
s

if

e
ns

Cd~Rd ,Pd!5E d3r

~pdeff
2 !3/2

expS 2
r1

2 1r2
2 22rd

2

2~Dr!2 D
3expS 2

h1
2 1h2

2 22hd
2

2~Dh!2 D
3expS 2

r2

d2
2

m

T
~u1

0 1u2
0 22ud

0!D
3expS 2

Beff

T
1

~u12u2!2

4T2deff
2 D . ~4.6!

Here the two parametersdeff
2 5d21(u1

0 6u2
0 )/(2mT) and

Beff5B(u2
0 7u2

0 )/2 depend again on how we deal with e
ergy conservation.

B. Integration over relative coordinates

When trying to perform the integration overd3r one en-
counters subtle causality problems which require some
cussion. The integration in Eq.~3.19! runs over the freeze
out hypersurfacetd5t0 . The hypersurface spanned by th
d3r integration at constant timetd in the d frame is given in
the f frame by

R05Rd
01~R2Rd!•b/b0, ~4.7!

which follows by substitutingb•R6 into R6
0 in Eq. ~4.1!.

This hypersurface is inclined relative to the freeze-out hyp
surface, and it also cuts theT5uRzu half-planes which are
tangent to the light cone originating from the collision poi
of the two nuclei. Therefore, when integrating overd3r in
Eq. ~3.20! looking for nucleons which may form a deutero
the coordinatesR6 leave the freeze-out hypersurface a
even the light cone which contains all produced particles

It turns out that this problem is much less severe tha
first appears. First, contributions near the longitudinal lig
cone are suppressed by the fact that on the light cone
longitudinal proper timet5A(R0)22Rz

2 vanishes, leading
to a diverging flow velocityu whose temporal and longitu
dinal components are given byR0/t andRz /t, respectively,
and, correspondingly, to a vanishing Boltzmann fac
exp@2p•u(x)/T#. This constrains the effective integration d
main in the longitudinal direction to a region well inside th
light cone.

In the transverse directions we must constrain the integ
tion domain by hand to the inside of the light cone, since~as
discussed in Sec. II D! our source parametrization does n
automatically ensure consistency with causality of the p
duced particles’ positions and velocities. Fortunately, this
not a serious interference: both the deuteron Wigner den
and the ‘‘homogeneity factor’’ in Eq.~3.20! are peaked at
small values ofr. The latter is the more peaked the mo
strongly the system expands, i.e., the larger the flow velo
gradients are. As we will see, the integration domain over
is, to the extent that it is not already restricted by the fin
range ofD(r,q), again given by the homogeneity radiiRi
discussed in Sec. II E. Fortunately, these are smallest
deuterons with large transverse masses where the caus
problems are expected to be most serious.
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In view of their minor numerical effects, we refrain from
giving a detailed account of the technical implementation
these restrictions into the numerical evaluation of Eq.~4.6!,
referring instead to Ref.@45#. In practice, the following ana
lytical estimates turn out to be sufficiently accurate even o
quantitative level.

C. Analytic approximation of the correction factor

Since the measured deuteron momentum spectra do
contain information on the point of deuteron formation, t
relevant quantity is theaveragecorrection factor

^Cd&~Pd!5

E Pd•d3s~Rd! f 2~Rd ,Pd/2!Cd~Rd ,Pd!

E Pd•d3s~Rd! f 2~Rd ,Pd/2!

.

~4.8!

We will first calculateCd(Rd ,Pd) in analytic approximation
for a special combination ofRd and Pd @given by Eq.~4.9!
below# and then argue that the result, calledC d

0 , is actually a
very good approximation of̂Cd&(Pd). Numerical studies
@45# confirm the validity of these arguments.

We first concentrate on deuterons with zero transve
momentum which are at rest in the fluid cell where they
created, i.e., whose four-velocitybm agrees with the flow
four-velocity at the production point,b5u(Rd):

bm5
1

td
~Rd

0 ,0,0,Rdz!. ~4.9!

In the d frame the fireball nearRd can then be describe
nonrelativistically as long as the longitudinal flow veloci
gradients are sufficiently small. As long asd,td the nonrel-
ativistic approximation is very good in the relevant regi
r z&d whereD is nonzero. Sincebx5by50 the Lorentz
transformations~3.3! and ~4.3! do not mix longitudinal and
transverse directions, and the integrand for the coalesc
factor has the same axial symmetry as the fireball. Then

h6'hd6
r z

2td
, ~4.10a!

r6
2 5rd

21
r x

21r y
2

4
6~r xRdx1r yRdy!, ~4.10b!

t6'td2
r z

2

8td
~4.10c!

after a nonrelativistic expansion of Eq.~4.2!. Further, the
flow u6 follows from u(R6) by a simple shift in the longi-
tudinal rapidity:

Lmnun~R!

'S 11
~h2Yd!2

2
1

h f
2r2

2~Dr!2 ,
h fRx

Dr
,
h fRy

Dr
,h2YdD ,

where we have already used the saddle-point approxima
~2.13!. For the given values ofd andmT the value ofdeff in
f

a

ot

e
e

ce

on

Eq. ~4.6! depends only weakly onu6
0 . Sinceu6

0 (r)*1 for

b5u(Rd) and small uru, we usedeff
2 'd211/mT and Beff

50, or deff
2 'd2 and Beff'B, respectively, depending o

whether or not energy conservation is taken into accou
With these approximations Eq.~4.6! turns into a product of
Gaussian integrals inr x , r y , andr z , with the result

C d
05

1

g'
2 g i

S d

deff
D 3

expS Beff

T D , ~4.11a!

g'5A11S d

2R'~m! D
2

2S h f

2TDr D 2

, ~4.11b!

g i5A11S d

2Ri~m! D
2

2S 1

2Ttd
D 2

. ~4.11c!

For the source parameters given in Sec. II F the last te
under the square root ing' ,g i are negligible. They originate
from the coupling termq•(u12u2) in Eq. ~4.5! and the
resulting termuu12u2u2 in Eq. ~4.6!. They would thus be
absent if we had started from the approximation~3.21! in-
stead of Eq.~3.20!. The smallness of these terms is a go
check of the accuracy of Eq.~3.21!.

The last two factors in Eq.~4.11a! deviate from unity by
less than 2% for temperaturesT between 100 and 170 MeV
if energy conservation is properly accounted for; if not, t
deviations have the opposite sign, but remain below 5%.

Given the high accuracy of Eq.~3.21!, we can use it for a
check of the sensitivity ofC d

0 on the choice of the interna
deuteron wave function. A numerical integration of E
~3.21! with the Hulthen wave function~3.4a! yields values
for C d

0 which are somewhat larger than those for harmo
oscillator wave functions. For the source parameters give
Sec. II F we obtain for the harmonic oscillator wave functi
C d

050.8120.05
10.03 and for the Hulthen formC d

050.8420.04
10.02

@where the upper and lower limits indicate the effects fro
the estimated uncertainties in (T,h f)#. The numbers in Table
I show that the differences are sensitive mainly to the tra
verse and longitudinal flow gradients; they remain on
level of a few percent for weakly expanding sources~left-
most column!, become stronger for more rapidly expandin
sources~rightmost column!, and can reach a factor of 2 or
in systems with very small interaction volume (pp colli-
sions!.

The origin of the difference is readily understood: wh
both wave functions provide the same rms radius, the m

TABLE I. The quantum-mechanical correction factorC d
0 for

Hulthen and harmonic oscillator wave functions calculated with E
~3.21!, for different fireball parameters at nucleon freeze-out~for
details see text!.

t0 @ fm/c# 9.0 6.0

T @MeV# 168 130 100 168 130 100
h f 0.28 0.35 0.43 0.28 0.35 0.43

Hulthen 0.86 0.84 0.80 0.80 0.78 0.74
harm. osc. 0.84 0.81 0.76 0.76 0.72 0.66
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mum of r 2uwd(r )u2 is at r'1.5 fm for the Hulthen form and
at r'3 fm for the harmonic oscillator. Since the ‘‘homog
neity factor’’ in Eq. ~3.21! peaks at small values ofr, espe-
cially for strongly expanding systems with small homogen
ity radii, the integral is larger for the more realistic Hulthe
wave function than for the harmonic oscillator one.

Numerical calculations show thatCd(Rd ,Pd) varies much
less as a function ofRd than f 2(Rd ,Pd/2). On the other
hand, the particular pointR̄d with u(R̄d)5b at whichC d

0 was
evaluated corresponds to the maximum ofCd(Rd ,Pd), to the
maximum of the Boltzmann part off (Rd ,Pd/2), and thus
approximately to the maximum of integrand in the numera
of Eq. ~4.8!. We can therefore pullCd(R̄d ,Pd)5C d

0 in front
of that integral and thus havêCd&'C d

0 . A numerical check
gave^Cd&(Pd50)50.79 instead ofC d

050.81.
For a boost-invariant source, where every comoving

server has identical surroundings, we expectCd(Rd ,Pd) to
depend only on the difference between the local flow vel
ity and the deuteron’s velocity,Cd(Rd ,Pd)5Cd@u(Rd)2b#,
and^Cd& to be independent ofPd . In our fireball longitudinal
boost invariance is broken by the density profileH(R).
However, for the Gaussian profile used here^Cd& still turns
out to be independent of the deuteron’s longitudinal rapid
In the transverse direction we have no boost invariance a
As a consequence we find a slight decrease of^Cd& with
increasing transverse velocity of the deuteron. Deuter
with nonzero transverse velocity see the fireball Lorentz c
tracted in their direction of motion; this decreases the co
sponding length of homogeneity and thus^Cd&. In the region
mt /m<1.25, i.e.,v t<0.6c, to which we restrict our discus
sion in the case of Gaussian transverse density profiles~see
the discussion at the end of Sec. II D!, this effect is small and
^Cd& is approximately constant.

We can summarize the results of this section in the
lowing approximate formula for the quantum-mechani
correction factor in terms of the deuteron size parameted
and the longitudinal and transverse lengths of homogen
for nucleons:

^Cd&'
1

S 11S d

2R'~m!
D 2DA11S d

2Ri~m!
D 2

.

~4.12!

This expression does not depend on the longitudinal rapi
and, for small transverse velocities, only weakly on the tra
verse momentum of the deuteron. Applying this express
to p1p collisions and inserting correspondingly for the h
mogeneity lengths about 1 fm each one obtains^Cd&'0.15 in
good numerical agreement with Hagedorn’s value~3.22!.

V. LARGER CLUSTERS: 1
3H AND 2

3He

In this section we give a quick estimate of the quant
mechanical correction factor for clusters made of th
nucleons, i.e., for3H and 3He. Clearly, for three nucleon
the internal wave function and its Wigner transform is mu
more complicated than for deuterons. For the three nucle
-
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.
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-

l-
l

ty
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-
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e

ns

with coordinatesr1 , r2 , and r3 , we introduce the c.m. co
ordinatesR5(r11r21r3)/3 and the relative coordinatesr
5(r12r2)/A2 and l5(r11r222r3)/A6. With this choice
we have r1

21r2
21r3

25R21r21l2 and d3r 1 d3r 2 d3r 3

533/2d3R d3r d3l. As before we approximate the intern
wave function by a spherical harmonic oscillator soluti
@65#:

w~r1 ,r2 ,r3!5~3p2b4!23/4 expS 2
r21l2

2b2 D . ~5.1!

This wave function is normalized and has the rms radiusb:

E 33/2 d3r d3luw~r1 ,r2 ,r3!u251, ~5.2a!

r rms
2 5E 33/2 d3r d3l

r21l2

3
uw~r1 ,r2 ,r3!u25b2.

~5.2b!

Both clusters are spin-1
2 fermions, and the binding energie

and rms radii are approximately28 MeV and 1.75 fm.
~Note that this rms radius is smaller than for deuterons.! 3He
is somewhat more loosely bound than3H, but we neglect
this difference here.

To estimateC t
0 for a 3H/3He cluster at rest in the cente

of the fireball, with momentumP5(3m,P50) and c.m. co-
ordinatesR5(R0,R50), we evaluated numerically

C t
0'E 33/2 d3r d3luw~r1 ,r2 ,r3!u2

3
f ~R1 ,P/3! f ~R2 ,P/3! f ~R3 ,P/3!

f 3~R,P/3!
, ~5.3!

where Ri5(R0,r i) are the space-time coordinates of t
three nucleons. The resultsC t

050.7820.06
10.05 for t059 fm/c

and C t
050.6720.07

10.06 for t056 fm/c, respectively, are no
much smaller than the corresponding values for the deute
Whereas one would generically expect larger flow effects
three than for two nucleons, the three nucleons in
3H/3He clusters occupy a smaller and therefore more hom
geneous region around their center of mass.

As for the deuteron we expect thatC t
0 provides a good

estimate for the average correction factor^Ct&. A more rig-
orous calculation must, however, take into account the bi
ing energy which is larger and thus more important than t
of the deuteron. Unlike deuterons, tritons and3He can be
formed via an excited state by coalescence of three nucle
without requiring additional particles for energy-momentu
conservation.

VI. EXTRACTING PHYSICS FROM MEASURED
CLUSTER SPECTRA

A. The invariant coalescence factorBA

According to Eq.~3.19!, the invariant cluster spectra ar
given by Eq.~2.14! multiplied by the quantum-mechanica
correction factor̂ CA&(P):
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E
dNA

d3P
'Mt

2JA11

~2p!3 e~mA2M ! /T^CA&~P!Veff~A,Mt!

3expS 2
Mt2M

T*
2

AY2

2~Dh!2D . ~6.1!

For the invariant coalescence factorBA defined by Eq.~1.1!
we thus find

BA5
2JA11

2A A^CA&
Veff~A,Mt!

Veff~1,mt!
S ~2p!3

mtVeff~1,mt!
D A21

.

~6.2!

The factorA arises fromMt /mt
A5A/mt

A21 . ~In case of a
static, nonexpanding fireball the homogeneity volumeVeff in
this expression would be replaced by the total fireball v
umeVcov @15#.! With Veff given by Eqs.~2.18! and~2.19!, we
can writeB2 as

B25
3p3/2^Cd&

2mtR'
2 ~mt!Ri~mt!

. ~6.3!

Note that the last exponential factor in Eq.~6.1!, which de-
pends strongly onMt andY, has cancelled in the ratio. Wit
^Cd& given by Eq.~4.12!, B2 can thus be expressed com
pletely in terms of the deuteron sized and the homogeneity
lengths~‘‘HBT radii’’ ! R' ,Ri .

Equation~6.3! implies that, in the model of Sec. II,BA is
almost momentum independent: bothmtVeff(1,mt) and ^CA&
depend only very weakly onmt andY. An important precon-
dition for this weakmt dependence ofB2 is, of course, the
cancellation of the exp(2Mt /T* )-factors; as discussed i
Sec. II D, the latter is due to the Gaussian form of the tra
verse density profile inH(R) which according to Eq.~2.16!
causes identical inverse slope parametersT* for all clusters.
We have mentioned before that this is inconsistent with
measurements~see Sec. VII B below!, and that more boxlike
transverse density profiles are phenomenologically prefer
In this case Eq.~6.3! must be amended as follows:

B25
3p3/2^Cd&

2mtR'
2 ~mt!Ri~mt!

e2~mt2m!~1/Tp* 21/Td* !. ~6.4!

Equations~4.12! and~6.4! are the most important theoretic
results of the present paper.

Since neutrons are hard to measure, experiments us
do not provideBA , but rather

BA* 5EA

dNA

d3PA
Y S Ep

dNp

d3Pp
D Z1NU

Pp5PA /A

5BA expS N~mn2mp!

T D . ~6.5!

Here possibly different chemical potentials for neutrons a
protons are important: If nucleons and antinucleons have
same temperature, flow and freeze-out density distribut
as we have assumed, our model yields identical coalesc
factorsBA andBĀ for clusters made of matter and antimatte
For mnÞmp the corresponding valuesBA* andBĀ

* will, how-
l-

-

e

d.

lly

d
e

n,
ce

.

ever, be different, and they will also differ fromBA . If the
initial neutron excess of the cold Pb nuclei were still pres
at freeze-out, we would expect for Pb1Pb collisionsBd*
'1.5Bd'2.3Bd̄

* , i.e., quite large differences. Of course, it
not likely that the large net isospin remains in the neutr
channel until freeze-out; a considerable fraction is expec
to boil off with other produced particles. Nevertheless, th
may be a visible effect ofmnÞmp on B2* and especially on
B3* for 3H ~which contains two neutrons!, as well as a char-
acteristic difference in theB3* values for 3H and 3He.

B. Cluster fugacities

From the ratio of particles to antiparticles the fugaciti
can be calculated:

EA~dNA /d3PA!

EĀ~dNĀ /d3PĀ!
U

PA5PĀ

5expS 2mA

T D5lA
2 . ~6.6!

Using the proton fugacitylp5exp(mp /T) from the ratiop/ p̄
and the deuteron fugacityld5exp@(mp1mn)/T# from the ra-
tio d/d̄ one can in principle extract the neutron fugacityln
5exp(mn /T). Once the temperature is known~see below!,
the separate chemical potentials of neutrons and protons
thus be determined. In practice, however, the uncertaintie
thep and p̄ spectra from insufficiently well knownL andL̄
decay contaminations and the large statistical error bars
the d̄ spectrum limit the usefulness of such an analysis.

C. Freeze-out temperature from cluster ratios

The thermal freeze-out temperature for pions was de
mined from a simultaneous analysis of their spectra and t
particle correlations, see Sec. II F. The same freeze-out
rameters appear to also describe quite well the protonmt
spectra@66#. An independent determination of the proto
freeze-out temperature uses the chemical composition ra
than the shape of the momentum distribution at freeze-ou
particular one can try to analyze the ratio

SAA85S EA

dNA

d3PA
D Y S EA8

dNA8

d3PA8
D U

PA5PA850

~6.7!

of the invariant spectra at zero momentum of two differe
types of clusters~including nucleons,A51). To investigate
such a possibility is suggested in particular by the data fr
the NA52 experiment at CERN@67# and from the E864 ex-
periment at the AGS@68# which measure cluster yields onl
very close toPt50. With Eq. ~6.1! this ratio is given by

SAA85
2JA11

2JA811
lp

ZA2ZA8ln
NA2NA8e~A82A!~m/T!

3
^CA&

^CA8&

AVeff~A,MA!

A8Veff~A8,MA8!
~6.8!

which for known fugacitiesln,p is easily solved for the tem
peratureT. @For antiparticlesZ andN must be taken negative
in Eq. ~6.8!.#
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The main error of such a determination of the temperat
does not arise from the correction factors^CA&, which do not
vary much in our parameter range, but from the sometim
substantial uncertainties of the experimental value ofSAA8
and of the fugacities. Furthermore, the temperature value
termined from the yield ratio at a certain point in momentu
space rather than from the ratio of total yields depends
model assumptions about the shape of the spectra. Fo
ample, we already mentioned that a box profile for the tra
verse density distribution gives better results for the slo
systematics of the transverse cluster spectra than the G
ian profile from which Eq.~6.1! was derived.~This change
does not affect the rapidity spectra.! Adjusting the box radius
such that the same rms radiusDr is reproduced (rbox
52Dr), we find instead of Eq.~6.8! the same expressio
multiplied by a factorkA /kA8 where

kA5~12e22MAh f
2/T!S 11

T

mh f
2D . ~6.9!

@We used the same saddle-point approximation as in the d
vation of Eq.~6.1!, see Sec. II. We also kept the strength
the flow h f /Dr fixed when switching from the Gaussian
the box profile.# For sufficiently large transverse flow
h f

2@T/m this kA is just a factor 1 without any consequence
In the opposite limit, however, limh f→0 kA52A, i.e., the in-

tercept of the invariant spectrum atPt50 is changed by a
factor 2A. Similarly, changing the Gaussian longitudinal de
sity distribution into a box does not matter much for syste
with strong longitudinal expansion, but yields another fac
AA for static systems. For static systems this just comp
sates the factorA23/2 from Eq. ~2.19!, which is intuitively
correct since for static fireballs with constant density the
fective volumeVeff must coincide with the total fireball vol
ume, independent ofA.

Parametrizing the last factors inSAA8 as

kA

kA8

AVeff~A,MA!

A8Veff~A8,MA8!
5S A

A8
D x

, ~6.10!

we thus find2 1
2 &x<1, with the upper limit reproducing the

behavior for a static, homogeneous fireball and the low
limit corresponding to rapidly expanding systems or syste
with a Gaussian transverse density profile. For the sou
parameters given in Sec. II F we expect to be close tox5
2 1

2 . However, in order to allow for this kind of model de
pendence, freeze-out temperatures extracted fromSAA8
should be plotted against the powerx.

VII. COMPARISON WITH EXPERIMENT

In this section we discuss the presently available clu
data from Pb1Pb collisions at the CERN-SPS, taken by t
NA52 and NA44 Collaborations. The NA52 experiment do
not trigger on collision centrality and measures partic
close toPt50, with different rigiditiesP/Z of the spectrom-
eter magnets providing data at various rapidities. Recen
the minimum bias data were reanalyzed to extract the c
trality of the collisions. Although the minimum bias da
contain information onp, d, 3H, 3He, p̄, d̄, and 3He @67#,
e
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their analysis in the framework of the present model is d
ficult: the assumed axial symmetry of the source applies o
to central collisions, and also the model parameters give
Sec. II F were extracted from very central Pb1Pb collisions.
For this reason only the impact parameter selected data f
the 4% most central Pb1Pb collisions will be really useful
for us. At the Quark Matter ’97 conference prelimina
L,L̄-corrected particle ratiosp̄/p, d̄/d, B2(d/p2), and
B2(d̄/ p̄2) were presented fory53.75 as a function of cen
trality @4#. They were recently amended by a correction
the proton spectra fromD decays@69#.

From NA44 we have theMt spectra of p, d, and
B2(d/p2) @7,8# as well as anMt-integrated ratiod̄/d'(0.4
21.5)31023 @70# in the rapidity range 1.9<y<2.3 for the
20% most central collisions. Finally, we have data forB2 and
B3 from Au1Au collisions at the AGS with similar central
ity (4% s tot), but for the considerably lower beam energy
11.5 GeV/nucleon@32#. Comparison with these data require
a readjustment of the source parameters.

A full comparison between theory and data is possi
only for the cluster spectra taken in very central~about
4% s tot) Pb1Pb collisions, since the model parameter set
Sec. II F describes this class of collisions only. The one d
point at this centrality provided by NA52 can therefore on
be used to test the absolute normalization of Eq.~6.1! or the
value Eq.~6.2! of BA and does not give information on th
spectral behavior. On the other hand, theMt shape of Eq.
~6.1! can be tested qualitatively with the NA44 data a
though, due to the weaker centrality cut, the normalizat
and the slope parameters may be somewhat different f
what we expect on the basis of the parameters from Sec.

A. NA52 data

From the parameters given in Sec. II F and from our v
ues ^Cd&'0.8 and ^Ct&'^C 3He&'0.7 for the quantum-

FIG. 1. B2 for deuterons and antideuterons in 158A GeV Pb
1Pb collisions as a function of the centrality, measured by NA
@4#. ~The vertical scale has a systematic error of;40%.) With
s tot

inel'8.2 barn in Pb1Pb, the left-most data points correspond to
centrality of about 4%s tot . The dashed lines show our predictio
for B2 at 4%s tot ~see text!.
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mechanical correction factors, we estimate the invariant c
lescence factorsBA in 4% s tot Pb1Pb collisions by using
Eq. ~6.2!:

B2'~614
22!31024 GeV2, ~7.1a!

B3'~214
21!31027 GeV4. ~7.1b!

Figure 1 shows the preliminary NA52 data@4# for B2 as a
function of collision centrality, with the most central coll
sions on the left. The agreement with our estimate is v
good, both ford andd̄, but we should note that it deteriorate
somewhat if the recently reportedD-corrected preliminary
data@69# are used for the comparison. A small neutron e
cess at nucleon freeze-out may explain the systematic
slightly lower B2 values for antideuterons@see Eq.~6.5!#.
Figure 1 shows an increase ofB2 by up to a factor 8 for more
peripheral collisions, in qualitative agreement with the na
expectation of decreasing homogeneity lengths and a sm
effective volume in less central collisions.

From the preliminaryp̄/p and d̄/d ratios aty53.75 @4#
and a preliminaryd/p ratio @6# in the most central (4%s tot)
impact parameter bin we tried to determine the freeze-
temperature using Eq.~6.8!. If we assume a common
nucleon fugacity corresponding tom/T51.5, we obtainT
'(14465) MeV for Gaussian density profiles (x520.5)
and T'(12464) MeV for a weakly expanding homoge
neous fireball (x51, but still with ^Cd&50.8). For a larger
nucleon chemical potential ofm/T51.9 we find T'(135
65) MeV andT'(11864) MeV, respectively. The given

FIG. 2. Fits to the protonmt spectrum~a! and predicted deu-
teronMt spectra~b! and the ratioB25d/p2 ~c! for different models
for the transverse density profile. The analysis was performed
preliminary data~not shown! from the NA44 Collaboration@8# for
20%s tot Pb1Pb collisions at 158A GeV in the rapidity range
1.9<y<2.3. Lines 1–4: box profile for the transverse density w
linear transverse flow profile; lines 5–7: Gaussian transverse
sity profile with power law transverse flow profiles, with exponen
a50.5, a51.0, anda52.0. The preliminary data lie close to lin
2. For details see text.
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range ofm/T at thermal nucleon freeze-out and the resulti
uncertainties for the temperature are due to the experime
errors on the particle ratios. Please note that the differ
values forx cause a difference of almost 20 MeV in th
extracted temperature. For a purely thermal model withx
51 and^Cd&51, NA52 give a freeze-out temperature ofT
'(115610) MeV @4#, taking all uncertainties into accoun
For a transverse box and longitudinal Gaussian density
file ~as will be motivated below!, we havex'0.5, and using
again ^Cd&50.8 we obtainT'(125610) MeV. Given the
systematic uncertainties, all these values are consistent
the model parameters given in Sec. II F.

B. NA44 data

In Fig. 2 we show theMt distributions of protons, deuter
ons, andB2 from our model. These figures grew out of a
analysis of preliminary data by the NA44 Collabo
ation which were made available to us by Murray@8#, but
have so far not been published~which is the reason why no
data are shown!. A fit of the Mt dependence of the invarian
proton and deuteron momentum spectra with the funct
exp@2(Mt2M)/T* # yielded effective temperaturesTp*
'250 MeV andTd* '350 MeV, respectively, i.e., a consid
erably larger value for deuterons than for protons. As a c
sequence, the measuredB2 rises withMt by about a factor
2–3 in the transverse mass regionmt /m51.00–1.25. Higher
values ofT* for deuterons than for protons have been repe
edly observed@52–54# and are in clear contradiction with th
prediction of identical slope parameters~2.16! from a Gauss-
ian source model.

Recently, several possibilities were suggested to acco
for this discrepancy@55#: a transverse flow profile~2.7! with
a50.5, a box profile for the transverse density distributio
and surface emission of clusters. We have analyzed the
two possibilities.

Starting from Eq.~2.12! with a linear transverse flow pro
file a51 and the source parameters of Sec. II F, we fi
selected different combinations of (T,h f ,m/T) which all
gave good fits to the proton spectrum@Fig. 2~a!#. The lines
for the deuteron andB2 spectra in Figs. 2~b! and 2~c! follow
then self-consistently from the parameters used in the pro
spectrum without further adjustment. Line No. 6 in Figs. 2~b!
and 2~c! corresponds to the parameter triplet~140 MeV,
0.34, 1.75!; it clearly fails to reproduce the deuteron andB2
spectra. Combinations with larger temperatures and lo
transverse flow rapidities and vice versa lead to deute
spectra with the same slope, but somewhat different norm
izations. The problem of differentp andd slopes cannot be
resolved in this way. Please note that there is only a sm
temperature window for which the fugacitym/T needed to
reproduce the normalization of the proton spectrum co
pares well with the value 1.5&m/T&2.0 from the experi-
mentald̄/d ratio; due to the high nucleon mass, the nucle
and cluster yields are highly sensitive to the temperatu
The fits tend to underestimate rather than overestimate
deuteron yields; this eliminates the simple suggestion
deuterons from the center of the fireball~which tend to have
smallerPt) are absorbed by rescattering, leaving only a th
surface shell contributing to the observed deuteron yield,

th
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cause this would further aggravate the normalization pr
lem.

In a second step, we tested for fixedT5140 MeV and
m/T51.75 different transverse flow profiles~2.7!. For a
50.5 anda52 good fits for the proton spectrum can b
obtained withh f50.38 andh f50.24, respectively. The ef
fects of the modified flow profile on the deuteron andB2
spectra are small: lines No. 5 correspond toa50.5, which
results in a weak, but insufficient rise ofB2 with Mt ; a
52 ~lines 7! made things worse.

Finally, we fixedm/T51.75 and tested transverse box pr
files with different radiirbox for the functionH(R) at differ-
ent lifetimest0 . As before, the remaining parametersT and
h f are adjusted to provide good fits to the proton spectru
Lines 1–4 correspond to the following combinations of (t0 ,
rbox, T, h f , m/T!, respectively@values ofh f refer to Eq.
~2.7! with fixed Dr57 fm!:

~1! ~7 fm/c, 10 fm, 142 MeV, 0.40, 1.75!,
~2! ~7 fm/c, 12 fm, 136 MeV, 0.34, 1.75!,
~3! ~8 fm/c, 12 fm, 134 MeV, 0.36, 1.75!,
~4! ~9 fm/c, 14 fm, 126 MeV, 0.28, 1.75!.

All four data sets reproduce the slope of the prelimina
deuteron andB2 data very nicely. They differ somewhat i
the normalization of the deuteron spectrum. The prelimin
data are located between curves 1 and 3, close to curv
The parameter choice~4! seems to be the most appropria
with respect to the Gaussian parameter set of Sec. II F, s
rbox52(Dr)'14 fm for the box radius leads to the sam
transverse rms radius of the source~which is the observable
determined from pion interferometry! as the Gaussian pro
file. However, it underestimates the yield of the deutero
and the value ofB2 , indicating too large an effective sourc
volume for nucleons@see Sec. II E and Eq.~6.2!#. Better
results are obtained with somewhat smaller values ofrbox
andt0 @curves 1–3 in Figs. 2~b! and~c!#. This is not neces-
sarily in contradiction to the parameter set of Sec. II F, wh
was extracted from very central Pb1Pb collisions. For the
less central NA44 collisions somewhat smaller values oft0
and/orDr may indeed be expected.

Given the preliminary nature of the data we did not ma
a big effort to optimize our fit to the data, e.g., make a co
bined fit to both proton and deuteron spectra. However
minimum consistency requirements the lifetimet0 and the
flow velocity h f must be large enough to allow for the tran
verse expansion from the cold Pb hard sphere radius~'7 fm!
to the freeze-out radiusrbox. This is an additional reason t
reject parameter choice~4!.

The outcome of this study is that Gaussian transverse
sity profiles cannot consistently reproduce both the pro
and deuteron spectra, irrespective of the form of the tra
verse flow profile. A transverse box profile for the dens
works quite well, both with linear (a51) and nonlinear (a
50.5 and 2! transverse flow profiles. The source paramet
needed to reproduce the deuteron yields and spectra are
sistent with those extracted from HBT interferometry w
pions.

The physical interpretation of these results is that the d
require more nucleons at higher transverse flow than
Gaussian density profile can provide even with steep velo
-
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profiles. Other transverse density profiles like a Woo
Saxon or a doughnut profile may work similarly well or eve
better; on the other hand, the HBT analysis of pion corre
tions has so far provided no hint for opaqueness of the so
@9#. A good discussion of different profiles, based on t
analysis of E802 data from Si1Au collisions, can be found
in Ref. @55#.

C. Au1Au data from the AGS

Although the size of a cold Au nucleus is about the sa
as that of a cold Pb nucleus, the lower beam energy at
AGS will require different fireball parameters than tho
given in Sec. II F, even if only collisions taken at the sam
4% s tot centrality are considered. A few simple checks w
our theoretical results can nevertheless be perform
For E877, Johnson provides for the invariant coalesce
factors in the lowestPt bin the valuesBd5(1.560.5)
31023 GeV2, B3H5(1.1960.29)31026GeV4, and B3He
5(1.2560.23)31026 GeV4 @32#. Bd is thus about a factor
2 larger than expected for central Pb1Pb collisions at the
SPS and seen by NA52. Using Eq.~6.2! and assuming tha
the correction factorŝ CA& do not differ much between
Pb1Pb and Au1Au collisions, we expect

S B2~Au1Au!

B2~Pb1Pb! D 2

'S Veff~Pb1Pb!

Veff~Au1Au! D
2

'
B3~Au1Au!

B3~Pb1Pb!
.

~7.2!

These relations work out quite nicely when the Pb1Pb esti-
mates~7.1! and the above experimental values for Au1Au
are inserted. The E877 value ofB2 is consistent with the
preliminary resultsB25(1.861.0)31023 GeV2 from E878
for central Au1Au collisions aty51.7 andB25(0.660.4)
31023 GeV2 from E864 for 10%s tot Au1Pb collisions at
y51.9 @68#.

VIII. SUMMARY

We have presented an analytic treatment, supported
numerical checks, of the coalescence of two- and thr
~anti!nucleon clusters in a relativistically expanding fireba
We showed that coalescence of nuclear clusters and
particle correlations between the final state momenta of p
of identical particles can be characterized by thesameset of
effective source parameters, the ‘‘lengths of homogeneit
The only additional scale entering the coalescence proba
ity is the intrinsic size of the cluster. We made the conn
tion between coalescence and HBT interferometry expl
with the help of a simple, but phenomenologically success
parametrization of the expanding source which was alre
extensively studied in connection with two-pion HBT inte
ferometry. For this model most calculations can be done
good approximation analytically.

Starting from the quantum mechanical definition of t
deuteron momentum spectrum as a projection of the t
nucleon Wigner density of the fireball at nucleon freeze-
on the deuteron Wigner function, we used the formali
developed by Danielewicz and Schuck@23# to bring the deu-
teron momentum spectrum into the form~3.19! of a modified
Cooper-Frye formula. Except for the ‘‘quantum-mechanic
correction factor’’C(Rd ,Pd) this formula looks exactly like
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a thermal spectrum of elementary particles with the mas
the deuteron, where the deuteron phase-space distributi
given by a product of thermal neutron and proton pha
space distributions. The factorCd is given by the integral
~3.20! of the deuteron Wigner density over the homogene
volume of the nucleon source; for each deuteron momen
Pd it is peaked at the valueRd at which the flow velocity
equals the deuteron velocity. We showed that the peak v
for deuterons at rest in the fireball frame is a good appro
mation for^Cd&, the average ofCd over the freeze-out hyper
surface, which is the relevant quantity for the shape of
deuteron momentum spectrum.^Cd& can be expressed by th
very simple formula~4.12! in terms of the ratios between th
deuteron sized and the longitudinal and transverse lengths
homogeneity for nucleons at rest,Ri(m) andR'(m), re-
spectively. In our expanding fireball model^C& turns out to
be essentially momentum independent for clusters of
sizes, and is of order̂C&;0.720.8 for two- and three-
nucleon clusters formed in 160A GeV Pb1Pb collisions.

The shape of the deuteron momentum spectrum is
given by the thermal model ansatz~2.3!, with ^C& leading
only to a modification of the normalization. For our Gauss
source parametrization the single particle spectrum can
written, up to trivial factors, as a product~2.14b! of an ex-
ponential inMt with inverse slope~‘‘effective temperature’’!
T* ~2.16!, a Gaussian in rapidity with width (Dh)2/A, and
an effective volumeVeff(A,Mt) which is again given by the
homogeneity lengths@47#, see Eq.~2.19!. This allows us to
express the invariant coalescence factorB2 fully in terms of
the deuteron size and the lengths of homogeneity, see
~6.3!.
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Unfortunately, the Gaussian model~Gaussian transvers
density profile with linear transverse flow rapidity profile!
leads to identicalMt slopes for clusters of all sizes and ther
fore to BA values which are essentially momentum indepe
dent. This is contradicted by experiment. We found,
agreement with Polleriet al. @55#, that the flatter deuteron
than proton spectra require a density profile which gives
larger clusters more weight to regions of larger transve
flow. We found that a transverse box profile works very w
and successfully reproduces the measured slope of pre
nary data@7,8# for the deuteronMt spectrum in Pb1Pb col-
lisions. The consequence is a momentum dependence oB2
which now rises as a function ofMt according to the simple
generalized expression~6.4!.

It is interesting to observe that in this way the clus
spectra provide additional information about the sou
which cannot be extracted from HBT measurements. T
latter constrain only the rms radii of the effective source, b
not the shape of its spatial distribution. In the meantim
however, it has been found that a combined analysis of p
spectra and HBT correlations also prefers a transverse
profile over a Gaussian one because the former gives a la
total pion yield than the latter, as required by the data@71#.

ACKNOWLEDGMENTS

The authors want to thank S. Kabana, R. Klingenbe
and M. Murray for discussing with us their preliminary da
prior to publication. This work was supported by GS
BMBF, and DFG.
hys.
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@44# B. Tomášik and U. Heinz, nucl-th/9805016.
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