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Calculating fission rates at high spin: Incorporation of rotational degrees of freedom
in thermodynamically fluctuating axially symmetric systems

J. P. Lestone*
Nuclear Physics Laboratory 354290, University of Washington, Seattle, Washington 98195

~Received 11 December 1997!

The methods presently used to calculate fission rates fail to correctly take into account the rotational degrees
of freedom of compound nuclei rotating in three dimensions. The statistical model codeJOANNE has been
modified to correctly calculate the fission rates of classical thermodynamically fluctuating axially symmetric
systems rotating in three dimensions. With this new code it is possible to reproduce evaporation residue cross
sections, fission cross sections, and prescission neutron multiplicities from O-induced reactions, without the
use of large fission delay times or large values of the viscosity of heated nuclear matter.
@S0556-2813~99!03103-9#

PACS number~s!: 24.75.1i, 24.60.Ky, 25.70.Jj
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Since the pioneering works of Holubet al. @1#, Zanket al.
@2#, Gavronet al. @3,4#, and Hindeet al. @5# showed that the
standard theory of fission leads to an underestimation
measured prescission neutron multiplicities in heavy-ion
actions, much work has been done with the aim of be
understanding why the standard model of fission fails. M
of this work has focused on the belief that the failure
somehow related to the viscosity of heated nuclear ma
@6#. Few have considered the possibility that the problem
due to, or in part due to, an incorrect implementation of
standard model.

The Bohr-Wheeler theory@7# states that the fission deca
width of a fully equilibrated system is

G f5
Nt

2pDi
, ~1!

whereNt is the number of transition states andDi is the total
level density of the initial system. By making several simp
fying assumptions one can obtain what is generally refer
to as the Bohr-Wheeler fission decay width

G f5
T

2p
expS 2Bf

T D , ~2!

whereBf is the temperature dependent effective fission b
rier height,

Bf5Bf~T50!2daT2. ~3!

da is the difference in the Fermi-gas level density para
eters at the saddle point and the equilibrium position. Thi
the standard method of estimating fission decay rates in
statistical model codesCASCADE @8#, ALERT @9#, ALICE @10#,
PACE @11#, JULIAN @12#, andJOANNE @13#.

Dynamical calculations of the fission rate using t
Fokker-Planck equation@14# or the Langevin equation@15#
give an asymptotic fission decay width of
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G f5
\veq

2p
expS 2Bf

T D ~A11g22g!, ~4!

whereg5b/(2vsp), b is the reduced nuclear dissipation c
efficient, andveq andvsp are the curvatures of the potenti
energy surface at the equilibrium position and the fiss
saddle point, respectively. The (A11g22g) term is com-
monly referred to as the Kramers reduction factor and is
to the slowing effects of nuclear dissipation. The factor
front of the exponential in Eq.~4! differs from that in Eq.~2!
by \veq/T. The origin of this difference was first pointe
out by Strutinsky@16# and is due to the fact that in obtainin
Eq. ~2! there is no summation over the possible shapes
momenta of the collective coordinate in obtaining the init
total level density.

However, Eq.~4! is not the full fission decay width, bu
the fission decay width for a system with fixed spinK about
the symmetry~fission! axis. Bf ,veq, andvsp should all be
considered functions ofK, and the fact thatK is not a con-
stant of the motion of the system needs to be taken
account before a correct expression for the fission de
width can be determined. To illustrate this problem, let
consider the two systemsJ50 238U and J557 208Pb, and
assume that in both systems the level density paramete
independent of deformation, and that the viscosities and t
peratures are the same. TheseJ50 238U and J557 208Pb
systems have approximately the same fission barrier hei
and the same potential curvaturesveq andvsp. Thus, accord-
ing to Eq.~4! these two systems would have almost identi
fission decay rates. This, however, cannot be the case
cause the low spin238U fission fragments will be emitted
isotropically, while the high spin208Pb fragments will be
seen only in directions close to the plane perpendicular to
total spin. This restriction in the possible direction in th
208Pb fragments must be associated with a reduction in
number of fission transition states and therefore, given eq
fission barrier heights and potential curvatures, the fiss
decay width of the high spin208Pb must be smaller than th
decay width of the low spin238U.

This paradox is easily solved by labeling states by th
orientation in space in addition to their shape and collect

s,
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PRC 59 1541CALCULATING FISSION RATES AT HIGH SPIN: . . .
momentum~kinetic energy!. By assuming axially symmetric
shapes, the sum over all possible orientations in space ca
obtained by summing over all possibleK from K52J to J,
whereJ is the total spin andK is the projection ofJ onto the
symmetry axis of the system. The Bohr-Wheeler fission
cay width then becomes

G f
BW5

(
K

P~K !G f
BW~K !

(
K

P~K !

, ~5!

whereG f
BW(K) is the Bohr-Wheeler decay width as a fun

tion of K,

G f
BW~K !5

\veq

2p
expS 2Bf

T D , ~6!

and P(K) is the probability that the system is in a givenK
state,

P~K !5
T

\veq
expS 2Veq

T D . ~7!

Veq is the sum of the Coulomb, nuclear, and rotational en
gies at the equilibrium position as a function ofK.

To obtain an expression for the asymptotic fission de
width which includes the slowing effects of nuclear visco
ity, theG f

BW(K) term in Eq.~5! needs to be multiplied by the
Kramers reduction factor. The above expressions were
tained assuming that the excitation energy is high eno
that the temperature is the same at all the equilibrium p
tions and at all the fission saddle points. At lower excitat
energies it becomes necessary to replace the temperatur
der theVeq term by the temperature at the correspond
equilibrium position,Teq, and to replace the temperature u
der theBf term with the average of the nuclear temperatu
at the corresponding equilibrium and saddle points, (Teq
1Tsp)/2.

If veq,Veq, and the shape of the fission saddle points
assumed to be independent ofK, then Eq.~5! simplifies to

G f
BW5G f

BW~K50!
K0A2p

2J11
erfS J11/2

A2K0
D ~8!

;G f
BW~K50! J!K0 ~9!

;G f
BW~K50!

5K0

4J
J@K0 , ~10!

where K0
25TIeff

sp/\2. Here I eff
sp is the effective moment o

inertia of the fission saddle point@17#. From Eq.~9! we see
that at low spin the inclusion of the orientation degrees
freedom makes little difference to the fission decay width.
high spin the inclusion of the orientation degrees of freed
causes a reduction of the deduced decay width, with incr
ing spin, relative to theK50 decay width. This reduction is
easy to understand and is due to the time spent inside
fission saddle in configurations with the symmetry axis
from the plane perpendicular to the total spin. When in th
be
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K@0 states the centrifugal forces associated with high s
collective rotation are reduced and thus the fission proba
ity per unit time is lowered.

When solving for fission time scales using the Lange
equation, the acceleration of the fission coordinateq over a
small time intervaldt is given by@15#

q̈52
1

m

]V

]q
2

q̇2

2m

]m

]q
2bq̇1GA2bT

dtm
, ~11!

wherem is the inertia of the collective coordinateq, andG is
a random number from a normal distribution with unit va
ance. After a short relaxation time due to the equilibration
q with the nuclear heat bath, Eq.~11! leads to the asymptotic
fission decay width as given by Eq.~4!. As already pointed
out, this equation is not the fission decay width but the de
width for a system with fixedK. This problem, with the
standard Langevin description of fission, can be solved
calculating the potential energy surface as a function of b
deformationq and the spin about the symmetry~fission! axis,
K, and by treatingK as a thermodynamically fluctuatin
overdamped coordinate. The amount by whichK changes
over a small time intervaldt is then given by

DK52
dt

g
K

]V

]K
1GKA2Tdt

g
K

, ~12!

where g
K

is a parameter which controls the coupling b
tweenK and the nuclear heat bath. After a relaxation tim
associated with the equilibration of bothq and K, Eq. ~11!
and Eq.~12!, used in conjunction, lead to asymptotic fissio
decay widths which are in agreement with Eq.~5! with the
G f

BW(K) term multiplied by the Kramers reduction facto
All previous dynamical calculations of fission at high sp
~see, for example,@18–20#! have failed to correctly treat the
K degree of freedom and have thus overestimated the fis
decay width at high spin. Ifg

K
as a function ofq is chosen

such that inside the fission saddle point theK relaxation time
is short compared to the mean fission time, and if beyond
saddle point theK relaxation time is long compared to th
saddle-to-scission transition time, then Eq.~11! and Eq.~12!
give fissionK distributions, and therefore fission fragme
angular distributions, that are in agreement with the stand
transition state model of fragment angular distributions@17#.

The latest version of my statistical model code,JOANNE4,
calculates fission decay widths using Eq.~5! with the modi-
fications to theVeq/T and Bf /T terms as discussed earlie
The potential energy surfacesV as a function ofZ, A, J, K, q,
andT were estimated using the expression@21#

V5S8~q!~12kT2!ES
0~Z,A!1C~q!0.7053

Z2

A1/3
MeV

1
@J~J11!2K2#\2

I'~q!
4

5
MR0

218Ma2

1
K2\2

I i~q!
4

5
MR0

218Ma2

.

~13!
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1542 PRC 59J. P. LESTONE
The (12kT2) term gives a temperature dependence
the potential energy surface. The statistical model co
CASCADE, ALERT, ALICE, PACE, JULIAN, andJOANNE have the
adjustable parametersaf /an and a barrier scaling termkf
which can be adjusted to reproduce low and moderate en
heavy-ion-induced evaporation residue cross sections
fission cross sections. In a similar fashion, the parametek
can be adjusted to fit residue and fission cross sections u
the new codeJOANNE4. The parameterk affects the tempera
ture dependence ofG f and plays a role similar toaf /an in
other codes.

Measuredser and sfis for three heavy-ion reactions in
volving O projectiles are shown in Fig. 1. The dashed lin
show model calculations performed usingJOANNE4, with k
50, a level density parameteran5A/9 MeV21, andQ val-
ues calculated using the experimental masses of the pro
tile and target and the liquid drop model masses of the in
compound systems. Notice that thesek50 calculations un-
derestimate the16O1208Pb and 16O1197Au ser and under-
estimate the18O1192Os sfis . This implies that the Th and F
finite range droplet model fission barriers are too small a
that the Po barriers are too high. This incorrect modeling
the ser and sfis has been removed by previous authors
either an arbitrary scaling of the fission barriers or the int
duction ofaf /an values not equal to 1. Here I have chosen
use the parameterk, which controls the temperature depe
dence of the potential energy surfaces. My reason for do

FIG. 1. Evaporation residue cross sectionsser ~open symbols!
and fission cross sectionssfis ~solid symbols! as a function of the
projectile energy for three O-induced reactions. The triang
squares, and circles show the data of@5#, @23#, and @24#, respec-
tively. The dotted line shows a ‘‘standard model’’ calculation of t
16O1208Pb evaporation residue cross sections@22#. The dashed
lines showJOANNE4calculations withk50 and the solid lines with
k5(0.007, 20.007, and20.011) MeV22 for the reactions18O
1192Os,16O1197Au, and 16O1208Pb, respectively.
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this is that an adjustment of the fission barriers~or af /an)
also leads to a corresponding adjustment of the potential
vatures. The introduction of the parameterk produces a
simple self-consistent adjustment to both the barrier heig
and potential curvatures as a function of both spin and te
perature.

The solid lines in Fig. 1 showJOANNE4 calculations with
k5(0.007, 20.007, and20.011) MeV22 for the reactions
18O1192Os,16O1197Au, and 16O1208Pb, respectively. Good
quality fits to this data can also be obtained withk50 if the
Th, Fr, and Po fission barriers are multiplied by the scal
factors 1.11, 1.07, and 0.93, respectively, or by introduct
an af /an of 0.97, 0.98, and 1.02 for the Th, Fr, and P
systems, respectively. The ‘‘standard model’’ calculati
~dotted line! of @22# fails to reproduce the high energy16O
1208Pb evaporation residue cross sections, while
JOANNE4 calculations give a much more satisfactory rep
duction of the measuredser at the higher beam energie
Figure 2 showsVeq,Vsp5Veq1Bf ,veq, and vsp for T
50, J540,213Fr nuclei as a function ofK. Figure 3 shows
the temperature dependence ofBf for K50,210Po nuclei at
various J with k50.007 MeV22. For T&2 MeV, saddle
point shapes are insensitive toT, and thusBf decrease lin-
early with T2. This linear dependence ofBf on T2 can be
easily converted intoaf /an @see Eq.~3!#. Figure 4 shows
af /an as a function ofJ for K50 224Th,213Fr, and 210Po
with k520.011,20.007, and 0.007 MeV22, respectively.

In Fig. 5 JOANNE4 calculations of prescission neutro
multiplicities npre with k50 ~solid lines! are compared to the
corresponding measurements and to calculations where
fission decay widths were incorrectly calculated using E
~2! ~dashed lines! instead of Eq.~5!. A comparison of the
dashed and solid curves clearly shows the increase in
calculatednpre obtained by switching from Eq.~3! to Eq.~5!,

s,

FIG. 2. Veq,Vsp5Veq1Bf ,veq, and vsp for T50, J
540, 213Fr nuclei as a function ofK.

FIG. 3. Bf as a function ofT2 for K50, 210Po nuclei at various
J with k50.007 MeV22.
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PRC 59 1543CALCULATING FISSION RATES AT HIGH SPIN: . . .
while keeping all other model assumptions fixed. The cal
lations in Fig. 5 should not be used to draw conclusio
about the presence of fission delay times or nuclear diss
tion because the corresponding calculations of theser and
sfis fail to reproduce the cross section data shown in Fig

In Fig. 6JOANNE4 calculations~solid lines! are compared
to measured pre-scission neutron multiplicities,npre. These
calculations are withk values that reproduce the correspon
ing ser and sfis data ~see Fig. 1!. TheseJOANNE4 model
calculations give a reasonable reproduction of thenpre data
for the three O-induced reactions considered here.
dashed lines show the ‘‘standard model’’ calculations of o
ers @5,22#, which fail to reproduce thenpre data. The dashed
curves in Fig. 6 differ slightly from the dashed curves in F
5, because in obtaining the dashed curves shown in Fig. 6
authors@5,22# used fission barrier scaling factors andaf /an
values that gave a good reproduction of the correspond
ser and sfis data. A ‘‘standard model’’ analysis of the da
considered here and other similar data and the analysi
gamma rays from heavy-ion fission reactions have led m

FIG. 4. af /an as a function ofJ for K50 224Th ~dashed line!,
213Fr ~dash-dotted line!, and 210Po ~solid line! with k520.011,
20.007, and 0.007 MeV22, respectively.

FIG. 5. Prescission neutron multiplicitiesnpre as a function of
the projectile energy for three O-induced reactions. The trian
and circles show the data of@5# and @30#, respectively. The solid
curves showJOANNE4 calculations withk50. The dashed curve
show the same calculations but with the fission decay widths in
rectly calculated using Eq.~2! instead of Eq.~5!.
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to conclude large dynamical fission time scales@5,25,26#,
large values of the viscosity of heated nuclear matter@27,28#,
a strong temperature dependence of the nuclear visco
@22,28#, and a strong deformation dependence of the nuc
viscosity @29#. It has therefore become generally accep
that the motion of heated nuclear matter along the path
fission is overdamped@6,28#. The dotted lines in Fig. 6 show
JOANNE4 model calculations, similar to the solid curves, b
with the particle emission from the equilibrium position a
lowed to continue for an additional 3310220 s after the
decision to fission has been made. These calculations
mate the increase innpre expected from a presaddle fissio
delaytpre and a saddle-to-scission transition timetssc, which
sum to;3310220 s. Notice the insensitivity of these ca
culations to the introduction of the fission delay tim
JOANNE4 calculations ofnpre become more sensitive to a dy
namical fission delay time at higher beam energies or w
more symmetric entrance channels, where the spins
higher and thus the mean fission times are lower.

Although the data considered here are consistent with
Bohr-Wheeler fission decay width as given in Eq.~5! with no
fission delay, they do not rule out modest values of the v
cosity or a fission delay time of&3310220 s. An equally
good reproduction of the data shown in Fig. 1 and Fig. 6 c
be obtained with Eq.~5! modified by the Kramers reductio
factor. For example, ifb is assumed to be 231021 s21, then
one obtains16O1208Pb ser andnpre very similar to the solid
lines shown in Fig. 1 and Fig. 6, ifk is chosen to be
10.002 MeV22. This value of k corresponds toaf /an
51.006 for low spin 224Th nuclei instead of theaf /an

s

r-

FIG. 6. Prescission neutron multiplicitiesnpre as a function of
the projectile energy for three O-induced reactions. The triang
and circles show the data of@5# and@30#, respectively. The dashe
lines show the ‘‘standard model’’ calculations of others@5,22#. The
solid lines show calculations ofnpre obtained usingJOANNE4with no
dynamical fission delay time and withk values that reproduce th
correspondingser andsfis data~see Fig. 1!. The dotted lines show
JOANNE4 calculations where the particle emission from the equil
rium position is allowed to continue for an additional 3310220 s
after the decision to fission has been made.
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1544 PRC 59J. P. LESTONE
50.967 shown in Fig. 4. From theJOANNE4calculations pre-
sented here I conclude that in O-induced fusion-fission re
tions, with initial excitation energies&80 MeV, the npre
data are consistent with the fission of fully equilibrated s
tems and that the collective motion in the fission degree
freedom is not necessarily strongly overdamped, in con
diction with the conclusions drawn by others.

In summary, the present standard methods used to ca
late fission decay widths fail to correctly take into accou
the orientation degrees of freedom of compound nuclei
tating in three dimensions. If the effects of the orientati
degrees of freedom as discussed in this paper are inco
rated into model calculations, then theser,sfis , andnpre data
al

al
c-

-
f

a-

u-
t
-

o-

from the O-induced reactions considered here can be s
factorily reproduced without the use of large fission de
times, large values of the nuclear viscosity, or strong te
perature or deformation dependences of the viscosity
heated nuclear matter. Many previously deduced proper
of the viscosity of nuclear matter should be viewed w
caution. The large volume of heavy-ion-induced fission d
measured over the past decade, with the aim of deducing
properties of nuclear viscosity, needs to be reanalyzed u
the concepts discussed in this paper.

This work was supported in part by the U.S. Departm
of Energy.
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