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Low energy theorems are derived for the coefficients of the effective range expansievaire nucleon-
nucleon scattering valid to leading order in an expansion in which imtland 14 (wherea is the scattering
length are treated as small mass scales. Comparisons with phase shift data, however, reveal a pattern of gross
violations of the theorems for all coefficients in both th&, and 3S; channels. Analogous theorems are
developed for the energy dependercgarameter which describés,;-3D; mixing. These theorems are also
violated. These failures strongly suggest that the physical value,d too large for the chiral expansion to
be valid in this context. Comparisons wf, with phenomenological scales known to arise in the two-nucleon
problem support this conjecturgS0556-28189)03501-3

PACS numbdps): 13.75.Cs

I. INTRODUCTION that the external momenta must be small in the sense that
k/A<1; however, one must include all orders la and

Chiral perturbation theoryyPT) has proven to be an ex- k/m_. The inclusion oka andk/m_. to all orders introduces
ceptionally powerful tool for analyzing interactions involv- important nonperturbative effects. This power counting
ing pions in hadronic physics. As noted by Weinbélg, = scheme has been implemented using dimensional regulariza-
however, the implementation of conventiongPT in low tion with the PDS schem¢21]. Alternatively, one may
energy nuclear physics is problematic since diveave scat- implement it directly in configuration space using a cutoff
tering lengths are important distance scales which are mudi26]. In the case os-wave scattering, it was shown that the
larger thanm,,. This “unnatural scattering length” problem two implementations are completely equivalent at next-to-
has received considerable attention during the past severgading order{26] and it is plausible that this equivalence
yearg[1-27]. The goal of this work is to implement the ideas holds generally. We refer to any scheme which systemati-
of effective field theory(EFT) [28] to a problem in which cally implements Eq(1) in the calculation of observables as
bothm,_ and 1A are light scales. Much of the power of EFTs the Q counting scheme. A number of observables have been
stems from the fact that the calculation of observables isalculated usingQ counting at low orderN-N scattering
formulated in terms of an expansion parameter so that ong21], deuteron electromagnetic form factd2], and deu-
has ana priori estimate of the accuracy of the calculation. teron polarizabilitie23]. All of these calculations appear to
However, many of the attempts to deal with the “unnaturaldescribe the experimental data reasonably well.
scattering length” problem, beginning with WeinbergH, In this paper we us&) counting to derive low energy
formulate the expansion at the level of a potent@l two-  theorems for coefficients of the effective range expansion
particle irreducible kernglrather than the physical observ- (ERE). The ERE is a useful way to parametriz&vave scat-
ables. In such a formulation, one has no immediate estimatering when the scattering length is unnaturally long. It is
of the accuracy of particular observables. Recently a schengiven by
was introduced in which observables can be expressed in

terms of a consistent power counting schef@é,2q. In 1 1 5 4 6 8
principle, such an approach realizes the full power of the KCOUd) = = —+ orek™+ vok'+ vgkP+ vk -
EFT idea. 2

The essence of this scheme is power counting in a single

scale which we denote &3: As we will show below, thev; coefficients {=2) can be

calculated in a next-to-leading order calculationkabt(s).
m,~Q, la~Q, k~Q, (1) One obtains predictions which are valid up to corrections of
relative orderQ/A, whereA is the scale characterizing the
where a is an swave scattering length, anklan external short-ranged physics. Moreover, these are direct predictions
momenta. All other scales in the problem are assumed to beith no free parameters; in this sense these are low energy
heavy and will be denoted. The power counting implies theorems. However, when we compare these predicted
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coefficients with ones extracted from a fit to the scattering Thev; coefficients in the effective range expansion are an
data, we find that they fail quite badly; they predigts ideal way to test the pion physics. The central reason for
several times larger than those extracted from the data. Wasing the effective range expansion is to isolate the effects of
also derive theorems, valid to corrections of relative ordelan unnaturally small scattering length from the remaining
Q/A, for coefficients characterizing the momentum depenterms in the expansion. Consider first a theory with pions
dence of3S,-3D, mixing at low momentum. These theo- integrated out. In such a theory, the coefficients must be
rems also do not work well; they predict coefficients which O(Q°) since they are insensitive toand there are no other
differ from those extracted from data by more than 100%. light scales in the problem. In contrast, as we will explicitly
This poses an interesting question. Why are these the@emonstrate below, these coefficients are nonanalyti@ in
rems failing so badly when other predictions @fcounting  with v,-~Q*2”2. Thus, they are large in a theory with ex-
seem to work rather well? One likely reason is that the sucplicit pions and order unity in a theory with pions integrated
cessful predictions of th€ counting depend on different out. Since there is a large difference between the two cases
physics than what is being tested by these low energy thedhe predictions for the,;’s sensitively test the pion physics.
rems. The present predictions are extremely sensitive to thé/e will also show below that when pions are explicitly in-
role played by the pion exchange in the two nuclsemave  cluded, the calculated; are not merely nonanalytic .
channel; most of the high quality predictions are not. It isFor all of thev;, each of the leading order terms @ are
useful to note that th& counting EFT program of Refs. nonanalytic inm_; diverging asm_—0. Since these coeffi-
[21,2¢, has two main componentst)- dealing with the cients diverge asn,—O0 it is clear that they are dominated
“unnaturally long scattering length” problenQ(~1/a), and by pionic effects.
(i) “including pions” (Q~m,) [25]. It is important to test This paper is organized as follows. In the following sec-
both. InQ counting 14 andm_,. are both formally treated as tion we derive low energy theorems for the coefficients in
being of orderQ. In reality, howeverm_>1/a in both the the effective range expansion; analogous theorems for
singlet and triplet channels. Accordingly it is possible that3S;-3D, mixing are derived next. After that we compare the
most of the success seen to date is coming about because hedictions with coefficients extracted from the Nijmegen
expansion in H is working even if the expansion im, is  partial wave analysi§29] of the scattering data. Finally we
failing. discuss why these failures might have been anticipated in
The importance of testing the “including pions” part of light of the known scales in the nucleon-nucleon problem,
the program should be very clear. Much of the original mo-and how the failures of the low energy theorems can be
tivation for developing the effective field theory approach forreconciled with the apparently successful predictions for the
nuclear scattering was to exploit chiral symmetry and dephase shifts reported in RéR1].
velop a description of nuclear phenomenon in terms of a
controlled chiral expansion. The advantage of including
piOﬂS as eXp”Cit ||ght degrees of freedom, rather than inte- II. LOW ENERGY THEOREMS FOR THE EFFECTIVE
grating them out as heavy, should be obvious. If the chiral RANGE EXPANSION
expansion is under control, the inclusion of explicit pionic
degrees of freedom will significantly improve the predictions In developing physical intuition for our low energy theo-
at low k and will significantly increase the maximum value rems, we find it somewhat more useful to use the cutoff
of k for which the effective treatment is useful. This suggestgormulation discussed in Ref26]. The essential physical
a simple way to test the “including pions” part of th@ idea in this approach is to implement the separation of long
counting program. One should calculate qualities in twodistance physics from short distance physics directly in con-
EFTs—one including explicit pions and implementing e figuration space. A radiuR, is introduced as a matching
counting in Eq.(1), and the other in an EFT with pions point between long and short distance effects; renormaliza-
integrated out and usinQ~k, 1/a as the basis for the power tion group invariance requires that physical quantities must
counting. The differences between these two calculationbe independent oR. It is important, however, thaR be
(done at the same order @) is a measure of the effect of chosen large enough so that essentially all of the effects of
“including pions.” the short distance physics is contained witRinThe poten-
For many observables, the pion integrated out theory magjal is divided into the sum of two pieces, a short distance
give extremely accurate predictions. Both the quartepart which vanishes for>R and long distance part which
nucleon-deuteron scattering lengfth5] and the deuteron vanishes for <R. At R, the information about short distance
charge radiu$24] were predicted using systematic EFT ap- effects is entirely contained in the energy dependence of the
proaches with the pion integrated out. Clearly the two prelogarithmic derivativelwith respect to positionof the wave
ceding successes reflect the usefulness of @rek,1/a  function atR. Thus, provided we can parametrize this infor-
counting scheméwhich is essentially th& counting intro- mation systematically, we can formulate the problem in a
duced by van Kolck16]), and have nothing to do with chiral way which is insensitive to the details of the short distance
counting. It is possible that most of the successes of@he part of the potential. For>R the Schrdinger equation is
counting approach similarly do not test the pionic aspectssolved subject to the boundary conditionsRatFor s wave
Accordingly before concluding that chiral perturbation scattering, the wave function & may be parametrized as
theory aspect of) counting in nuclear physics is under con- Asin(kr+ &y); the energy dependence of the logarithmic de-
trol, it is critical to find observables which test the chiral rivative is independent ok and can be expressed in terms of
physics. an expansion similar to an effective range expansion:
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kcot( 8g) = — Uagno+ 1/2r2 k2 a7 1
™M — . +1/a. 0
+ ng4+ vgk6+ vgks-i—--' . 3 M —u+1la,
Power counting inQ for sswave scattering can be imple- Ero = CM[ — 2u i
. 2. . 2'e 4 M a )
mented straightforwardly. All of the coefficients in the pre- 0 ag

ceding expansion are assumed to be o@except the first
term (— 1/agyo) Which will be taken to be orde®* to reflect

the unnaturally large scale of the scattering length. Power 2\

counting for the long range part of the potential simply fol- m2|d+ 94 [v+In(m_ R)]

lows Wienberg's analysigl], with the previso that the po- N f2

tentials are only used far>R. At orderQ? in k cot(s), only )

the simple one pion exchange contribution to g, con- gaM PR ALLS , 1 M 2
i i o atifi : i ; = minj—| —m_+——-2—+u

tributes. The power counting also justifies an iterative solu 1672 ™\ a2 ao

tion of the Schrdinger equation for >R along the lines of H 0

a conventional Born series. It differs from the usual Born D,M 2m2p m?

series in that the boundary conditionsRaaire implemented. +2 m2u? — a” +— . (6)

Finally, Q counting is used in expanding out the final expres- ™ 0 ap

sion for k cot(6).
Carrying out this program gives the following expressionThere is a subtle issue associated with the equivalence given
for k cot(s) at orderQ? for the 'S, channel above concerning the behavior as the chiral limit is ap-

proached. This issue is discussed in the Appendix.
2

1 ) gaM The parameter, plays a critical role in Eq(4). It not
kcot(d)=—~+mz|d+ 2 [y+In(m;R)] only plays a dominant role in fixing the value kfot(5) as
0 m k—O0, it also appears in the tah term and one of the In
terms which have nontrivial dependenceldm_. . Unfortu-
1,, 1 giM [(m 4k? nately, we do not have a direct experimental way toafix
torek”— 2 6anf? | k2 Inj 1+ e On the other hand, from Ed5) we see that B, =1/a[1
0 g & +O(Q/A)]. Accordingly, if we replace Hy with 1/a in the
5 terms of orderQ? in Eq. (4), any error made is order
. Mz gaM (E) i n‘1<2—k) Q3—which is beyond the order to which we work. Thus, to
ap 1672\ K - orderQ?,
2 2 2
M 4k 1 g
+ A 14 | @  keo(d)=——+m|d+———[y+In(mR)]
64t m? do fa
We use the convention in which, = 93 MeV. Apart from 2 2 2
T ; 1 1 giM [m2 4k
well-known parameters from pionic physics, there are three + 10Kk - = inl 1+ —
parameters-ag, d, andr®. Where 14g,, from Eq. (3) is 2 a? 64mf2 | k2 m?
rewritten as Jd,+dmZ with 1/a,~Q anddm?~Q?. These
parameters fix the energy dependence of the wave function at 2
; o i ) m, gaM [m_ 2k
the matching scal®; renormalization group invariance re- + — AR tan | —
quiresd to depend orR logarithmically. The parametex, a 16xf2\ k w
corresponds to the scattering length at lowest order irthe ) )
expansion. It is related to the observed scattering length by » 9aM 4k
+ mZ >In|l 1+ —-. )
X A me,
1 O
——=——+mi|d+ +In(m,R
a ag & 1 ffT[y (M-R)] The form of Eq.(7) also holds for the triplet channel—
except for changes in the value of the parameters. The dis-
2M (2m 1 1 tinction between the singlet and triplet channel is only due to
9a T = — 4+ 0O(Q¥A). (5)  thetensor force. The effect of the tensor force onsteave
167rff, 2N ag a requires at least two iterations of the pion exchange and con-

tributes tok cot(s) only at orderQ® and beyond21].

The PDS scheme is superficially quite different in math- The predicted coefficients in the effective range expan-
ematical detail but ultimately describes the same physicsion are easily obtained. One begins with the expression for
based orQ counting. In terms of the parameters in the PDSk cot(8) in Eq. (7) and simply makes a Taylor expansion with
formulation, one obtains the same expresgi®®] provided respect tok?. From the definition of the effective range ex-
one relates th€,, D,, andC, coefficients in terms ofy, d,  pansion in Eq(2) thev; coefficient is simply the coefficient
andrg according to in the Taylor expansion multiplying? (for i=2). We find
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gZM 16 32 2 TABLE I. A comparison of the predicted effective range expan-
vy = A — + - sion coefficientsy; , for the 'S, and 3S, channels and the predicted
1671'1‘72T 3a? mf, 5a mi mi g; coefficients in the expansion efwith coefficients extracted from
the Nijmegen partial wave analysis.
2
gaM 16 128 16
vy = 1 e = 1 8 (*Sy channel vy (fM3) vy (fM® v, (fM7)
16=f7\a"m; 7am; 3m; low energy theorem -3.3 17.8 —108.0
) partial wave analysis —0.48 3.8 -17.0
M 256 512 16
V4= 9a - + - 8 (3S; channel vy (fM3) vy (fM®) v, (M)
4 2 2.8 7 6
167 sa“m;  9am; mg low energy theorem —-0.95 4.6 —25.0
8 partial wave analysis 0.04 0.67 —-4.0
The expressions for the, coefficients in Eq(8) are low € (3S,—°D; mixing) g (fm%) g, (fm® g5 (fm7)
energy theorems. As is clear from our derivation, they are low energy theorem 3.9 —86.0 1.8<10°
valid providedQ/A is sufficiently small. As stated in the  partial wave analysis 1.7 -26.0 2. 107
Introduction, one sees that
1 The g; coefficients are also nonanalytic @:
Ui~ 2— (9)
Q%2
1
Moreover, it is clear that each term in the equations for all of 9~ @ (13

the terms in the expressions for the go as I, with n
=2. Thus thev; all diverge as the chiral limit is approached. As with thev;, each term in the leading order expression for

g; diverges in the chiral limit om,—0.
ll. LOW ENERGY THEOREMS FOR 3S; AND THE °D,

MIXING IV. COMPARISON WITH SCATTERING DATA

_ We can also derive low energy theorems which test the The,, andg; coefficients are observables which can be
pionic contributions in the mixing betwe€i$, and the®Dy.  extracted from the nucleon-nucleon scattering data. We have
Conventionally thes matrix in this mixed channel is param- exiracted these coefficients from the scattering data as pa-
etrized in the form rametrized in the Nijmegef29] partial wave analysis. The

i . (St extracted coefficients for the; in the triplet channel are
_ | cod2e) el2%) sin(2¢) el%0" %2 (10 taken from Ref[30]. For thevJJ- in the singlet channel we
sin(2¢) € (%7 %) cog2e)el(?%) |’ have done a least squares fit directly from the Nijmegen
_ o _ phase shifts at very low energies. Our fits in the singlet chan-
The leading order contributioff1] to the e parameter irQ  ne| agree quite well with fits of the coefficients calculated
counting isO(Q"); when pions are integrated out, however, from potential models fitted to the phase shift diga]. We
the leading contribution i€)(Q?). Thus thee parameter pro- have also extracted thg coefficients using a least squares fit
vides a sensitive test of the pion physics, in the sense digp the low energy data. In Table | we compare the extracted
cussed in the Introduction. coefficients with those predicted by the low energy theorems.
Rather than consider the parameter globally as a func- |t js apparent from Table | that the low energy theorems
tion of k, it is illuminating to expand the as a function ok:  for thev; coefficients fail quite badly in both the singlet and
triplet channels. In all cases they predict coefficients which
are several times the extracted ones, typically by a factor of
~5. Thev, in the triplet channel has a more spectacular
ailure—overstating the extracted value by more than a fac-
tor of 20. The low energy theorems for tlgg coefficients

e(p) = 91 K3 +gok® + gak’ +---. (11

In a manner analogous to the derivation of the theorems fo
v; we derive theorems for thg, coefficients

\/EgzM (1 a also do rather poorly. The predictei coefficients are all
g = A2 5+ , more than 100% greater than those extracted from the data,
mfl [8m; 1sm, essentially meaning no prediction. The coefficigptis ~4
_ times that extracted from the data while predictpds ~8
V2g2M | 5 8a a? a3 the extracted one.
= — + — ,
277 2 | 1om® 35md 16m2  30m,
) V. DISCUSSION
\/Eg,iM [ -7 16a 5a? The clear failure of the chiral expansion to describeithe
93 = 2 | 5mP° + 21m>° - 24m* coefficients for thes wave may seem at first glance quite

surprising. After all, Kaplan, Savage, and Wig2l1] de-

scribeds-wave scattering using the PDS approach and, using
e (12 a global fit for the parameters, appear to successfully de-

scribe the phase shifts upte-300 MeV. How, then, can the

4a®  3a* a®
i 35m3  64m2 " a0m,
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5.0 . ' . . of the fit at lowk compared to the pionless theory. Indeed, at
40 | ~—=-— Pions Integrated Out i moderately low energies, the inclusion of pions markedly
aol - E:gzz :zg:ﬂgzg: gf;l‘)’a?;’t‘forh 200 MeV ] worsens the agreement of theory with experiment compared
I to the pion-integrated-out theory. This strongly suggests that
the chiral expansion is not under control. Having seen this, it
is not so surprising that the global fit is so poor at low ener-
gies; it was designed to compromise the low energy behavior
in order to do better at large®. In testing low energy ob-
servables, however, it is more appropriate to use coefficients
fit to the low energy behavior. Indeed, there is an ambiguity
in using the global fit parameters. In the plot we have evalu-
atedk times the cotangent of the phase shifts from the ex-
pression in Ref[21]. Alternatively, we could have used the
global fit parameters directly in the expression karot § in
o0 200 200 50.0 0.0 100.0 Eqs.(4) and (6}. While these two f_orms agree to_ord@?,
k (MeV) they differ at higher order. As the fit was done usihgather
thank cot(s) we felt it more reasonable to plot it this way.
FIG. 1. k cot(dgrr) — Kk cot(dypwa) Versusk where the subscript Had we used the same parameters inkleet(5) expression
NPWA indicates the Nijmegen partial wave analysis and the subthe fit would have markedly worsened.
script EFT indicates the effective field theory. The v; coefficients directly measure the improvement of
the theory with explicit pions over the theory with pions
v; coefficients in the effective range expansion describingntegrated out. The pionless theory at this order is simply the
the same scattering data all be badly wrong? The answer isffective range expansion up to thg term; thev; coeffi-
in fact, quite simple. The principal point is simply that the cients parametrize the way in which the phase shifts deviate
general shape of the phase shift curve—a very rapid rise dtom this expression. Thus the failure of the effective field
low k followed by a slow decrease is implied directly from theory treatment to get they coefficients is also evident in
the effective range expansion with largeany theory with  Fig. 1 and suggests a failure of the “including pions” part of
free parameters consistent with the effective range expansidhe Q counting program—at least so far as thwave scat-
will be able to reproduce the crude shape. Thus the ability téering is concerned.
crudely reproduce the shape of the data is not a stringent test. It should also be remarked that the failure in the predic-
Moreover, theglobal fit used in Ref.[21] masks possible tion of the e parameter evident in thesg coefficients is
subtle problems with the detailed shape of the fit to the phasmuch worse than suggested by the plotafgainstk in Ref.
shifts. However, there is an important issue, related to thé21]. In Ref.[21], at low k, the predictede appears to be
quality of the fit of theswave scattering in Ref21] which ~ ~40% above the data at low ener¢glthough the predicted
goes to the heart of the issue relating to the role of pions irshape differs greatly from the observed one at higher ener-
the effective field theory program. gies. How can this be reconciled with gy parameter pre-
As we have argued in the Introduction, the easiest way taicted in our low energy theorem which is 2.3 times the
test the role of pions in the EFT is to compare a calculatiorobserved one? The origin of this discrepancy is related to the
in an EFT with explicit pions to a calculation at the samefit used. Using the global fit parameters of RE21] and
order in an EFT with the pions integrated out. If the chiraldirectly calculatingg, yields a coefficient which is only
expansion is working well we should find that the inclusion ~40% greater than that extracted from the data. In contrast,
of explicit pions both substantially improves the quality of using the physical scattering length, as we do in &8g), we
agreement of the lovk observables with the data and in- obtain one which is~130% larger. As both the calculation
crease the range Iafor which the EFT is useful. Here, since using the physicah and the global fit are at the same order in
we are working at orde®? in k cot(), the theory with pions  Q, one must view the better agreement of the calculation
integrated out is simply the effective range expansion up taising the global fit parameters as being fortuitous. Moreover,
the effective range term. the large disagreement between calculation based on the glo-
In Fig. 1 we compare the difference ktot(s) from the  bal fit and the one based on thes itself an indication that
Nijmegen[29] partial wave analysis in théS, channel from  the expansion has broken down.
three orderQ? EFT predictions:(a) a pions-integrated-out It should be obvious from the pattern of failure for both of
theory with parameters fit to the observaedandr, (this is  these low energy theorems that the the scale of the short
precisely the first two terms in the effective range expan-distance physics, isot much larger tham... The derivation
sion); (b) a pions-explicitly included theory with the param- in Ref. [26] provides some insight as to why this might be
eters in Eq(7) fit to the observed andr, using Eq.(4); (c) expected which may not be as immediately apparent in the
a pions-explicitly-included theory from the global fit of Ka- PDS formalism. In the derivation using the cutoff formalism,
plan, Savage, and Wig@1]. We have plotted the difference the expansion imm_/A came in two distinct ways. The first
from the data to focus attention on the accuracy of the prewas in justifying the perturbative inclusion of the pion ex-
dictions (in the spirit of Refs[20,27). Plotting the data in change interaction in a manner similar to the Born series but
this manner also removes the visual effect of reproducing theith boundary conditions at some matching radriso re-
rise and fall of the phase shifts. The striking thing about Figflect the short distance physics. The second was in the ex-
1 is that the inclusion of pions does not improve the qualitypansion ofm R in the various integrals which arise. For this

k cot ( Oyppa ) — kcot (8 )
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expansion to be valid we must take,R<1. A central issue ment for the pion, the failures of the low energy theorems are
is whether this is true in practice. Of course, the valuR&  not so surprising.

somewhat arbitrary having been introduced by us. We are The possibility of problems with the perturbative treat-
not free, however, to makR arbitrarily small; by construc- ment of the pion exchange interaction implicit in the PDS
tion, R must be large enough so that the effects of the shor§cheme has been raised previously by Geggli@] and
distance potential on the wave function are contained withirsteele and Furnstafi27] using rather different arguments.
Rwith an accuracy comparable to the order at which we argyere we have shown explicitly in the case of thecoeffi-

working. cients in swave scattering and thg; coefficients in the

In fact, comparisons with potential models suggest that'ssl_le mixing that the“including pions” aspect of the sys-
m_R~1, i.e., the range of the short distance potential i

. . StematicQ counting approach in nuclear physics fails badly.
fsogﬂﬁ:ja?r!estgcmw é?nsecg?ét?ér?tn;f)?g']ngT\r’]fétouzﬁ]e tg's We have also given general arguments that there exist “short
. . i s L ' 92 istance” scales in the nucleon-nucleon problem which are
generalization of conventional effective range theory, it is

shown that forany energy independent potential model con- My suggesting that the "including pion™ parts 6 count-

sisting of a one pion exchange plus a short distance potentiéﬁg| n;]ay be %xpecteddtohhave progllems. It_lrlemalns to be Eeen
(including a nonlocal potentigl there is a rigorous lower Just how widespread these problems will turn out to be.

bound onR. In particular, it is shown that in order to fit the Cléarly the perturbative pions work well in high partial
scattering length and effective range, the short range potef/aves, but the question remains whether observables sensi-
tial must make a non-negligible contribution to the wavelive to both the pion physics and gawave nucleon-nucleon
function out to at least 1.1 fm— i.eR>1.1 fm. This corre- interactions are generally well described @counting. In
sponds tam_R>0.78. Moreover, it is clear from the deriva- Order to determine this, it is necessary to study a number of
tion that this bound orR cannot be saturated, since the observables which are particularly sensitive to pion range
bound is saturated only if the wave function is strictly zerophysics.

for r<R; the actual value oR beyond which the short dis-

tance potential ceases to make significant contributions is

accordingly expected to be significantly larger suggesting a ACKNOWLEDGMENTS
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[8] includes only one pion exchange and short distance phys-
ics. It does not include higher order long distance effects

such as two pion exchange which could alter the result. APPENDIX: THE CHIRAL LIMIT

However, if one is in regime whei® counting is valid, then AND THE EQUIVALENCE OF THE CUTOFF

two pion exchange and similar mechanisms only contribute AND PDS APPROACHES

to k cot(8) at orderQ?® or higher and may be neglected, im-

plying that the bound in Ref8] is valid up to corrections of In Ref.[26] it was shown that the PDS and cutoff expres-
orderQ/A. sions fork coté are equivalent provided the coefficients in

The justification of the perturbative, Born-like expansionthe two approaches are matched as given by(&qg.How-
for the inclusion of the pion exchange interaction also mayever, as pointed out by Bird@2] there is an apparent diffi-
be problematic. In Ref.21] the quantity 16rf727/(g,§M) was  culty with this equivalence as the chiral limit is approached.
taken to play the role oA and the dimensionless parameter Note thatQ counting formally holds if both & andm,, are
n=(m,gaM)/(16xf2) was identified as playing the role of small, however, the combinatiom,_a is unconstrained and
the expansion parameter. In terms of the derivation of Refcan take any value. Thus, a scheme which impleménts
[26], it is clear thaty=f,(k?=0). The potential difficulty consistently should be able to correctly describe the formal
for xPT was identified in Refl21]— 7 is rather large; nu- limit m_—0, 1/a—0, m_a—0. This formal limit, is of
merically =~0.47. If the relevant parameter is in fagtone  course nothing but the chiral limit in a regime whe@
might expect a slowly converging theory. On the other handgounting holds. We note, at the outset, that this limit is
if the relevant parameter is more similar tos2 things are  clearly not of immediate practical concern since in nature
quite out of control. Moreover, this expansion parametem_a>1. Nevertheless, if th€ counting scheme is viable,
arises in the context of the central force. In the triplet channehothing in the formalism should prevent an approach to the
there is also a tensor force. While formally@hcounting the  chiral limit. The potential problem is quite clear in the last
effect of the tensor force is higher order, experience in theequation of Eqs(6): the left-hand side goes to zero in the
nuclear physics problem is that it is quite important owing tochiral limit while the right-hand side does not, suggesting
large numerical factors. Given both the problems with thethat the equivalence cannot hold for all valuesmof.
m,R expansion and the justification of a perturbative treat- The difficulty stems from a minor inconsistency with the
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PDS formulation which can be cured easily and which hass a direct consequence of the fact that in the formulation of
no observable consequences K scattering. Note that as PDS in Ref.[21], the scattering length in the chiral limit is
the chiral limit of the last equation of Eq&) is taken, the  not renormalization group invariant. The PDS expression for
right-hand side is not merely nonzero, itisdependent. This  k cot(5) at orderQ? is [26]

2 2 2
gAM 2 m 2 M 2 DZM 2 2 2m7r/'l“ m7r
=—— — + - 2—+uf|+—-— - —
k cot( 5) 2 { 1 fff{ ~In m, 2 2 o 2| Mn 2 22
C,M 2 1 1 giM [m? K2\ m, gaM (m, 2k
4m a8 a3 a3 64mf2 | k2 m2) @ 16mf2\ K -
2 2
9a
2
m?. In| 1+ —- (A1)
6472 m2

Taking the limitk— 0 picks up— 1/a and subsequently tak- order Q2. Note, however that in calculating cross sections
ing the chiral limit yields: CPe™™and Dm?2 enter in exactly the same way. Thus, only
the combinationCB®™™+ Dm? affects the scattering ampli-
1 1 giM M ) tude. To the extent thdD was fit directly from scattering
- =—-— (— a—0+,u ) (A2)  data one can includ€f*™™ by making the substitution
D'm2 —Dm2+ CE*™™ with no changeto the predicted

a m_=0 aO 167Tfﬂ.
- . : _ scattering. Thus, the only effect of includirg)®™™ as a
which depends om and thus is manifestly not renormaliza- separate counterterm is on the behavior as the chiral limit is

tion group invariant. Note, this problem is not immediately approached.
apparent in Ref[Zl] since the expression for the scattering  after the work in this appendix was finished, we became
length is only given aftey. is set equal tan, . aware of the work of Mehen and Stew§88] in which sub-

The reason for the. dependence of EGA2) is clear. No  stantially the same conclusions are reached, namely sthat
counterterm has been given in REZ1] which can absorb it. jndependence requires splitting a perturbative contribution
On the other hand, this can be dealt with easily. The simplestom ¢, and that only the contribution from the combination
way to rewrite the coefficientC, as Cg"P*™™ CE™® ot the b plus the perturbative part of, contributes in
where C{°""*™®is iterated to all orders and contributes to nucleon-nucleon scattering. We note that the work of Mehen
k cot(é) at orderQ and reproduces the physicsad/ In con-  and Stewart is far more general than this and proposes a

trastCE™™serves as a counterterm absorbing thdepen- more transparent way to implement dimensional regulariza-
dence, is not iterated to all orders, and only contributes ation than PDS.
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