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Elastic scattering of pions from the three-nucleon system

S. L. Collier and W. R. Gibbs
Department of Physics, New Mexico State University, Las Cruces, New Mexico 88003
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We examine the scattering of charged pions from the trinucleon system at a pion energy of 180 MeV. The
motivation for this study is the structure seen in the experimental angular distribution of back-angle scattering
for " -3He and=~-3H but for neitherm-*He nora"-2H. We consider the addition of a double spin flip term
to an optical model treatment and find that, though the contribution of this term is non-negligible at large
angles for w*-*He and = -°H, it does not reproduce the structure seen in the experiment.
[S0556-281®9)02003-9

PACS numbgs): 25.10+s, 13.75.Gx, 21.45:v, 25.80.Dj

I. INTRODUCTION as a minimum in the spin-independent amplitude due to the
p-wave dominance of the pion-nucleon phase shifts. For this
The measurement of the differential cross section for théntuitive view, consider the single-scattering impulse ap-

elastic scattering ofr= from 3H and 2He has recently been proximation, where the basic dependence of the amplitude is
extended into the backward hemisphere by Matthetval. ~ given by the sum of the relevantN amplitudes multiplied
[1]. For all four cases, at an incident pion energy of 180y a form factor. Form-nucleon scattering, the amplitude
MeV, there is a slight dip in the cross section-a130° lab ~ consists of two incoherent terms: a non-spin-flip tef(w),
(or 5.8 fm2 momentum transfér but for 7—-3H and and a spin-flip termg(#). Near the peak o_f thfP33 reso-
7" -3He there is also a very distinctive rise in the cross sechance f(6)~ cos@) (plus an swave contribution which

tion at larger angles. Moreover, the authors stated that, due ist(at)he minimum slightly away from 90°), ang(6)
= sin(6).

the resolution of the spectrometer, the dip may be even n th imation that the trinucl ‘ ists |
deeper and sharper. They compared experimental data to n the approximation that the trinucieon system exists in a

scattering models by Kamalov, Tiator, and Bennh@pand pures state(which we use throughout this papethe ampli-
by Gibbs and Gibsof]. For =~ -*H and 7 *-3He both mod- -
els agree reasonably well with the cross section up to 130°,

but both fail to predict the distinctive rise in the cross section

at large angles. Forr™-3H and 7~ -3He both models give
acceptable agreement at all angles. Figure 1 compares th
experimental datfl,4] (squaresto a theoretical curve from

Ref.[3] (dashed ling 1o?

One is thus led to consider mechanisms that would give a
significant rise in the cross section in the backward hemi-
sphere for bothr~-*H and 7*-2He, but not form"-3H or =
m~-3He. Similar rises in large-angle cross sections have <
been seen forr* scattering from*?C and °0 [5]. In the £
three-nucleon case the dependence of this effect on the;’
charge of the pion and on the target may give an indication @
of the cause.

The pion kinetic energyT ,=180 MeV, is near the peak
of the P53 resonance fotr-nucleon scattering. At this energy
the elastic scattering cross sections are in the ratio g
o(m p)lo(mtn)~a(m n)/o(w p)=~9. Therefore, we
expectr-nucleus scattering &, =180 MeV to be domi-
nated by ther*-p and =~ -n amplitudes. We use the con-
vention that even-nucleon reactions refer #6 -*He and
7~ -3H reactions(which have two dominant scattering cen-
ters, and odd-nucleon reactions refer#o -*He and="-3H o Lol b b b b b Db b b b b b b
reactiongwhich only have one dominant scattering center at 40 60 B0 100 120 140 160 40 60 80 100 120 140 160
this energy. We also use the nomenclature of ScHif| 9 (deg)
where an “even” or an “odd” nucleon corresponds, respec- o
tively, to one of the like nucleons or to the unlike nucleon FIG. 1. Comparison of experimental data from Reff,4]
(the neutron in*He or the proton in*H). (squaresto a prediction from the optical model of RB] with

Qualitatively we can understand the first dggound 90°)  DSF term(solid line) and without DSF ternidashed ling

7~ — °He

nt — e

T,=180 MeV

m—-%H

]
b=l
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tudeg( ) arises entirely from the interaction of the pion with  Another important element in pion scattering theory is
the odd nucleon since, in first order, the spin-flip amplitudesdue the possibility of true absorption of the pion, converting
cancel from the even nucleons. For -*He this interaction  its mass into energy, as opposed to the usual “optical model
is strong, thus near 90° c.m. the minimalfi{#)|? is sig-  absorption” where the incident particle is simply removed
nificantly filled in by |g(6)|%. For the even-nucleon interac- from the beam by inelastic scattering. A number of attempts
tion 7*-3He, 7" -p has the largest amplitude and the inter- have been made to include this effect from fundamentals
action with the odd particle is weak so that the filling of the[12,13. In the present calculations we adopt the method used
minimum is considerably less. An analogous argument folin Ref. [3] of including an imaginary term in the potential
lows for 7=-*H. proportional to the square of the density. Approximate values

It has been suggest¢d] that the rise in the cross section of the parameter can be estimated from fits to heavier nuclei
at large angles might be due to the interaction of the incidentsee Refs[11,14)).
pion with both of the like nUCleonS, ﬂlpplng the Spin of each The optica' model contains a |ong knoMB] correction
so that the spin of the pair is conserved. That isf6r°He,  due to the fact that, since thematrix is used to describe
the incident pion sequentially induces a single spin flip ofeach individual scattering, no nucleon can be struck twice
each proton, thereby leaving the final pair with spin 0. In thesyccessively. Thus, in a multiple scattering picture, there can
common optical model treatment, a potential is constructeghe A scatterings the first time but only— 1 for each subse-
from the single scattering amplitude of the type discussequent order. If all scatterings are of the same strength, this
previously, and then the nuclear amplitude is obtained fromorrection can be made by solving a wave equation with a
the solution with this potential in a wave equation. Thus apotential having an overall strength 8f— 1, instead ofA,
spin projection change is absent from this type of treatmenind then multiplying the resulting-matrix by the factor
and must be calculated separately. For this reason doubj€/(A—1) (the KMT facto). For an optical model in which
spin flip (DSF) scattering is not directly included in current there are only three nucleons involved, this effect is of con-
optical models. The DSF, whose amplitude is coherent withsigerably greater importance than for a heavier nucleus
f(6), should clearly have more effect on the cross section ofyhere this factor is close to unity. We do not attempt to do
the even-nucleon reactions than of the odd-nucleon reagnything beyond what was used in RE8]. The forward
tions. As each spin-flip amplitude preferentially leads to scatzross section is normally the most reliably calculated in scat-
tering around 90°, the two scatterings will lead to a forward-tering theories and it was noted in RE3] that a treatment of
backward peaked angular distribution of the scatteredhis correction involving factors of the order described above
particles. The forward part will likely be much smaller than was necessary to obtain agreement with the data at forward
the amplitude from the first order optical potential, but atangles.
large angles the two contributions may be comparable. We have carried out a search over variations of the scat-

Franco[8] has investigated multiple spin flip effects for tering parameters used in Table | of REg]. No substantial
m-*He scattering in the Glauber approximation. However rise in the backward direction was seen. In order to focus on
the Glauber approximation is not applicable in the largethe DSF contribution to the cross section, we have fixed the
angle Scattering region where the DSF is expected to be Q,fa|ues at energy shit0 MeV, ang|e transform
significance. parameter1, p? coefficient=8.8 fnf", and the off shell

We treat the DSF as a second order correction to th?anges ¢ and p) at 600 MeVkt. For a discussion of the
scattering model of Ref3] and calculate it in the distorted corrections which come in for scattering of pions from few-
wave impulse approximatiofDWIA). This calculation is  nycleons systems, see REES].
presented in Sec. Ill, after briefly reviewing the scattering For the KMT factor, the calculated valy€q. (A4) of
model of Ref.[3]_in Sec. Il. The resu!ts are discussed in Sec.Ref. [3]]is used. We emphasize that a factor of this size is
IV, and conclusions are presented in Sec. V. necessary in order to get agreement in the forward direction.
If a factor of unity is used the cross section forward of 90° is
shifted toward smaller angles. However, see the discussion
in the conclusion on this point.

In the case of moderately heavy nuclei the optical model The spin-flip amplitudeg(#6), is calculated in the dis-
can be extended to include, by direct calculation, a numbetorted wave Born approximation, where the distortion is due
of effects including finite range and medium modification of to scattering from the even nucleons. The appropriate poten-
the pion-nucleon scattering amplitud€d. The medium cor- tial to use in calculating these distorted waves is unclear. The
rections can be understood, in an approximate sense, in terrdfT treatment for the elastic scattering from two particles
of a shift in the energy at which the phase shifts are to béndicates that the potential should contain a factor of 1/2.
evaluated and a transformation from the pion-nucleon to th&sing only the wave functions from this calculation, how-
pion-nucleus framéthe so-called “angle transform)’ The  ever, no correction to the amplitude is ever made. Thus it is
effect of the finite range of the pion-nucleon interaction isnot clear if a factor of 1/2, unity, or an intermediate value
included by assuming plausible forms for the off-shellshould be used. The use of 1/2 gave favorable results when
t-matrix for the N interaction. A number of studies of the calculating the odd-nucleon interaction cross sections in Ref.
pion-nucleon interaction have attempted to determine th€3] and we use the same value here.
rangedthere is a different range for each spin-isospin partial In calculating the DSF amplitude the distortion is taken to
wave. For a recent analysis using local potentials see Refbe from the odd nucleon and one of the even nucleons. We
[10]. These ranges can also be treated as phenomenologiage a factor of unity here. This is consistent with the study of
and fitted to the datpl1]. single charge exchandé6] (in which the distortion is also

Il. BASIC SCATTERING MODEL
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due to one strong and one weak interactidor which the A2
results were best when the full optical potential was used. F(k,k’)zﬁf dry dr,dgg?v?(q)P(q)
v
IIl. DOUBLE SPIN FLIP CALCULATION x€'9"2p(r,)e ' 1p(r)v(ky)v (k)
Let k andk’ be the pion’s initial and final center of mass X[ (Ky- d)(k2~ a)_kl. ko]

momenta, respectively, antk|=|k’|=k,k-k’'=cosé. Let
the two even nucleons have coordinatesandr,, spin op-
eratorso, and o,, and wave functiory(r,,r,). The pion’s
initial and final distorted wave functions are then
v (k,ry) and ¥()*(k’,r,). Assuming closure over the K=_iv. ©)
intermediate states and plane wave propagation of the pion in !

the intermediate state, the double scattering amplitude ignd define

XU (K1) T H(K,ry). €)

As the momenta are operators on the distorted waves, we set

given by
Pk, r)=v(k) W (kry),
F(k,k’)=§f drydrydox*(ry.ra) Pk’ 1) =v (k)W > (K1) (10)
X[f(q,k) W% (K ,r,) 1€l 2P(q) We use a partial wave expansion for the pion wave function
X e Ly (kp WOk r) (), () VO r)=amS ViRV F Ve, (11

where the pion propagator is )
so that, by use of a double Fourier transform and orthonor-

mality of the spherical harmonics,

1
P(g)=——, 2
(Q) q2—k2 () a +k2
P(k,ry)= 2 )3 fdxe e (H(k k) (12)
the pion-nucleon spin flip amplitude is
_2 2 k2 2 H |2 * (7
fi(q1,02) =iAv(dy)v(dz) o7 (41X dp), ) —;(a + )47T|m Y im(K) Yim(ra)
and the off-shell form factor is Xf dr dkrszj|(Kr1)J|(Kf)‘I’|(kr), 13
a®+ K?
a’+k?
v(q)= aquz (4)  where we identify

r2i2j (kri)j (kr)Wy(kr)

2
The quantitya describes the range of the pion-nucleon in- lﬂu(kfi)=;(a2+ kz)f drdx

2 2
teraction, which we take to be 600 Med//and\ is derived attK (14)
from the #N phase shiftd17]. Sincef; is an operator in
nucleon spin space, we must compute the expectation value
of the operator =J drr2Gy(r,r;) W (kr), (15
O=(01-kiXq)(02-qxky). (®)  and where contour integration gives
For a pure singlet cadd 9] 2 r r
Gi(r.r)==( 2+k2)J i) (16)
77 a’+k?
(O)s=0=—(kyXa)-(gxky)
R R - _ 24 1 2yn(H) (i i (i
=~ Lk @ (kD —ky-kol.  (B) ol " ar>)jlars) (179
. for r- the greater of andr’. In a similar fashion
We write
Ix(r1,72)|2=p(r1)p(rs) () p(k',rp)= 4772 (=)"Yim(K)Yin(r2) g(kra), (18)

for the target in its ground state, so that the DSF scatterings W (™)* (k,r) =¥ (—k,r).
amplitude is now Thus Eq.(8) in the DWIA may be written
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X

F(k,k')==—— | drydr,dqg??(q)P(q)
272
X €% 2p(ry)e” 4 1p(ry)

X[ V1 Vo= (q-V1)(q- V)]

X (K, r)p(k’,ry). (19
The DSF amplitude is twice the value given by Ef9), as

the process may proceed in two time orders.

A. Evaluation: First technique

While Eqg.(19) may be calculated directly, it is more eas-

ily evaluated by integration by parts on andr,. We find
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§-fe% =4n 3, i,(an(CENYiu(@Yiu(). 29

Expanding the functions as before, we find

2

Fo(k,k’ )_ A S(4m)® > il27l2L+1)
’7T

1,
X(Cg&o (C (1)E|0) PL(0059)|LL| |(I’1,r2).

(29

Thus we have

)\2
F(kk')=— Ff dry dr, dgg®v?(q)P(a) ¢(k,ry)
a
Xe Tiy(k’ 1yl 2p" (1r1)p’ (15) F(k,k')=32m\2>, (2L+1)P,(cos6)
L
X[ry-r=(q-r)(q-ra)]. (20)
i12-11( 0002 000
Let us consider each term in brackets separately, and label x |;2 127 CR)H(CI) L, (11T 2)

themF, andF,, respectively.

The first term is calculated by expanding the wave func-

tions, exponentials, and -, in partial waves. We find

)\2
Fai(k,k')=— ﬁ(477)3§ (2L+1)

X(C(l)l(_)lo)ZPL(CosaﬂL,L,|,|(r1,r2)a (21

where
Ty ,(F1r2)
= [ anyarariido rp )
Xy (Kr) g (Kra)my 1, (r1,r2), (22
and

D)= | dadv@P@i (ari (aro
=5 K1 _(krohi(kr>)
ar
+ Za(a2+ 3k2)j|<(iar<)h,(>+)(i ar.)

i
+ @@ K] (iar Ih{iar-)
+roj_(iarh{" (iar )] (23)

provided! - <(l- +3) wherer.. is the greater of; andr,

andl. isr.’s respective index. To calculate the second term

of Eq. (20), we write

+E [(CRD* = (CI2 T L L a(ra.r2) |-

(26)

We may further reduce this expression with Racah algebra,

F(k,k’)=32m\2; (2L+1)P,(cos#)

00 0 12,~00 0 2
X{=2(C L LZ)HC L v )L Li—1+1
00 0 \4 00 042
X(ry,ro) +[(Cyp 1 Z1)" = (CiL—1)7]
00 0 \4
Xl -1 -1(ra,ro) +[(Cy L L51)

—(CP LY Wi ira+a(roro}. (27)

As the first two indices on the integral terinare the indices
for the pion’s wave function, the angular momentum of the
pion is conserved as it must be for the elastic interaction with
a spin-zero system.

B. Evaluation: Second technique
Alternately, one may directly calculate Ed.9). This cal-
culation is straightforward, but lengthy. We use the covariant

components of the operat® in the spherical basis. Far
= (_ 11051)1

ViV=2 (-1)ovv@ (28)
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(9-V1)(q-V,) VoY) g (kry)
- 000 ~oo’ Oy AL ouio .
=Vam 2 Ci1C11 0 oo(Q) = 2)\+3C>\1 RN AT ()
A ou+o -
+—E (—1)MCCITMY M) [VE VP, ~ Vo= 1O A= 1GA () Ya - 1us6(Ti),
di(kry) A
1 8 Fa(r)=—g—— —#(kr),
:§V1'V2+ E z] AT dri ri‘/")\ i
, R diy (kry)) N+1
X (= 1MCTT MY om(q) VIV (29) Gx(ri)E#JrT%(kn). (3D
I |

If we proceed in a manner similar to that in Sec. Ill A, we
Let Fg(k,k’) be the contribution td=(k,k’) from Eq.(2g)  find
and letF(k,k”) be the contribution from the second term in

Eqg. (29), so that Fs(k,k')=32m\2>, P|(cosh)
|

2 derldrzrirgp(rl)P(rz)
F(k,k’)=§FS(k,k')+FD(k,k’). (30
X1+ 1) g4 15+2(r1,r)Fi(rFi(ryp)
1y -1(r1,r2)Gi(r)Gy(ry)] (32
From Ref.[20] we have and

2
Fo(kk')==32m\/3\ ZI (—1)'P|(cos9)f drydroririp(ry)p(ra)

I 1+1 1
X[ (214 3)(1+ 1) 714 1y41(r 11D FI(r)Fi(r2) CR G4 1 2[2 1 1+1
l1-1 1
+1(21=1) 7 _1)-1(r1,12)Gy(r)Gy(r)CY 1 7 > 1 1-1
o o |1 171 1
F2 11+ D) (21 =1)(21+3) - 1) 41(r1.12) G (r D F (1) CP-3 1 5 o 1 q+1ll (33
|
where s 1,(r1,r2) is as previously defined. local operator. It is easier to see how to include the
o-function effect, discussed shortly, with the second method.
V. RESULTS Figure 1 shows the results of adding the DSF to the basic

optical model for all four scattering cases. The dashed lines
We performed calculations with the density tfle taken  correspond to the optical model only and the solid lines in-

from the solution to the Faddeev equatidi?d]. The two clude the DSF term. We see that the addition of the DSF
treatments presented in the previous section were evaluatéerm is indeed significant at large angles for the even nucleon
and agree to within the expected numerical accuracy. Theases. However, it does not give the structure seen in experi-
first method depends on the numerical calculation of the dement.
rivatives of the three-body density while the second does not. Figure 2 compares the scattering amplitude of the DSF to
The derivative operators act on the pion wave function in théhat of the basic optical model far*-*He. The dashed line
second method while the first method has a more direct formepresents (8) from the optical model only, the solid line
to calculate, i.e., it is expressed as an expectation value ofthe DSF amplitude, and the dash-dotted-line the DSF ampli-
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FIG. 2. Scattering amplitudes for"-*He. The dashed line rep- ) . 3 - )
resentsf () from the optical model, the solid line the double spin-  F1G- 3. Asymmetries forr™ “He andw~ “He scattering from
flip mechanism(solid line), and the dash-dotted line the DSF with the optical model onlydashed lingand with the DSF terntsolid
the s-function removed. line). The data are from Refd22] and[23]. For =+ there are

additional data points at forward angles which are negafint
shown).

tude with theé function removeddiscussed beloywWe see

that in the region of the first minimum both the real and

imaginary parts of the DSF amplitude are passing through q° q° . k?

zero, and thus have little effect in this region. q2_k2_) g2 — k2 B 92— k2’
One may speculate that a cancellation between the two

mechanisms might produce a minimum at 130° and that the

present calculation does not have the correct phase. To cheahich is equivalent to replacing® with k?g? in the integral

this possibility, we introduced an arbitrary phase differenceexpression form 1,(r1.r2) in Eq.(23). The termFp(k,k’)

between the two terms, but still found no case which gavgemains unchanged.

the characteristic minima. o _ ~ As seen in Fig. 2, this correction essentially reverses the
The asymmetries are shown in Fig. 3. Since polarizationsign of the real part of the scattering amplitude, while having
phenomena are typically sensitive to small corrections, ong small effect on the imaginary part. However, it is the
might expect important corrections from the DSF; but wejmaginary portion of the scattering amplitude that dominates
note that its addition has' I|_ttle effgct since the asymmetry ishe cross section at large angles where the DSF is of signifi-
only large around the minimum in the cross section whergance. Thus the-function correction has a minimal effect
the DSF amplitude vanishes. _ o on the scattering cross section, decreasing it by less than 4
It has long been known that there issafunction in the  percent. In principle this correction should also be made in
s-wave (nucleon-nucleonportion of the one-pion-exchange the pasic optical model, akin to the Lorentz-Lorenz effect
potential(see, e.g., Ref24] for a discussion of thi$ func- 25 27 at resonance energies. However, such a consideration
tion and its removal This & function also exists in the jg beyond the scope of this paper.
p-wave-p-wave part of pion double scatterifig5,26|, espe- It is known that the Faddeev densities, while representing
cially visible in double charge exchang#9,14. the exact solution to the three-nucleon system expressed in
If we refer back to Eq(8), we see that theS-function  terms of nucleon degrees of freedom, do not provide a com-
piece of the DSF amplitude results from the monopole porpletely accurate description of the electron-scattering cross
tion of the expressiofi(k;-q)(ks-g)—ki-ks]. In Sec. lll B sections. The problem is clearer at high momentum transfer
we explicitly expanded this expression in terms of e near the first zero of the angular distributif28]. The dif-
operator. Thus from the second treatment it is easy to seference is often ascribed to meson exchange curi@®fs
that the § function should be removed from theg(k,k") However, in order to explore the sensitivity of the results to
term only. To do so, we make the replacement the density used, we also performed calculations using the

(34)
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I FIG. 5. Comparison of the results of the optical model with the
4 5 Faddeev densitysolid line) and the electron scattering density
r (fm) (dashed ling The radius for the electron scattering density has been

_ o rescaled the same rms value as the Faddeev density. If no such
FIG. 4. Comparison of the Faddedsolid line) and electron  rescaling is done, the difference is considerably less.
scattering densitie@lashed ling S ) )
herent contribution, it does not appear that it can explain the
charge densities of Ref30] corrected for the finite size of dip and subsequent rise seen in the case of two strong scat-
the proton using the proton charge parametrization from Refers- _ o _
[31]. The two densities are compared in Fig. 4. Only the As one possible direction for further work to explain the

proton density was changed, the neutron density remainin§i€Ct: We observe that if the KMT factor is set to unity,
that of the Faddeev calculations. hile the agreement of the forward cross section with data is

Figure 5 shows the comparison of the results ofcOMPletely ruined, there is a slight dip at the appropriate
43 : ) : back angle. This suggests than an improvement to the basic
7" -°He scattering for the case in which the electron-

ing densi di dtoh h d.o tical model may lead to the resolution of this issue. An
;giggr::ng d diz\sllge\;:/;f aTJ#St.e to have the same rms radi proach which may offer hope is that of Garcil428], but
. . y. ‘he introduction O.f the electron scay such a treatment involves a complete reformulation of the
tering density at most shifts the cross section downward, an cattering theory
has little effect on the shape of the cross section at large :

ttering anales. For th lculation in which the two den The single energy shift used in the present calculations
scattering angles. or the caicu'atio ch the two dei might also cause problems. In RE9] it was found that the
sities were used in their unmodified form the difference is

even less. Thus it seems unlikelv that the minimum is shift in energy was dependent on the pion-nucleus angular
: niikely omentum which is an alternate expression of the results of
form-factor effect, at least within the span of currently ac-

cepted functions. One can find a fit to the data by allowing aqeearrl[lgzrl]work in which it was a function of momentum trans-
arbitrary form factor variatior{32] but the density which :

result 's to be unphvsical. havin ntially n These two observations lead one to think that the next
Eesulls appears to be unphysical, having essentially no Sul%’ppropriate step might be a reexamination of the scattering
port for small values of the radial variable, i.e., it has a com

. ‘theory to provide a more detailed representation of the phys-
plete hole in the center. ics.
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