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Sum rule for the backward spin polarizability of the nucleon from a
backward dispersion relation
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A new sum rule forgp , the backward spin polarizability of the nucleon, is derived from a backward-angle
dispersion relation. Taking into account single-pion and multipion photoproduction in thes channel up to the
energyvmax51.5 GeV and resonances in thet channel with mass below 1.5 GeV, it is found for the proton
and neutron that @gp#p5239.562.4 and @gp#n552.562.4, respectively, in units of 1024 fm4.
@S0556-2813~99!02202-5#

PACS number~s!: 14.20.Dh, 13.40.2f, 13.60.Fz, 25.20.Dc
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I. INTRODUCTION

With recent progress in developing and using effect
field theories, a practical knowledge of various low-ener
parameters of hadrons and their interactions is of high c
rent interest. Among such parameters areg i , the four spin
polarizabilities of the nucleon, which characterize the sp
dependent response of the internal degrees of freedom
external soft electromagnetic fields@1–5#. Two linear com-
binations of g i have an especially transparent meanin
These are the forward and backward spin polarizabilitieg
and gp , which are defined as the coefficients
iv3s•e8*3e in the structure-dependent~non-Born! part of
the low-energy forward or backward Compton scattering a
plitude. From the Gell-Mann–Goldberger–Thirring dispe
sion relation, one can predict the forward spin polarizabi
g through the total photoabsorption cross sections with
larized beam and target with total helicities 1/2 and 3/2@6#:

g5E
v0

`

~s1/22s3/2!
dv

4p2v3
. ~1!

Using more complicated dispersion relations, two otherg ’s
can also be found@4,5#. However, this approach is not su
ficient to predict the backward spin polarizability which
particularly sensitive to that part of the high-energy behav
of the spin-dependent Compton scattering amplitude dri
by the invariant amplitudeA2 @5,7#. A dispersion estimate
for gp obtained in Refs.@4,5# using an unsubtracted fixed-t
dispersion relation forA2 was based on the strong assum
tion that the high-energy asymptotics ofA2 are entirely de-
termined byp0 exchange@7#, whereas other possible ex
changes with heavier mesons or few-pion states
negligible. Although not well justified, this estimate st
gives a result close to that obtained in the framework
leading order chiral perturbation theory~ChPT!, with the D
isobar included through the small-energy-scale expan
@3#. In particular, it was found for the proton

@gp#p5236.7@3#, 234.3 @4#, 237.2 @5# ~2!
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~hereafter the units used forg ’s are 1024 fm4). In all these
calculations, the magnitude ofgp is dominated by the con
tribution to nucleon Compton scattering from thet-channel
p0 exchange which yields

gp
~p0!5

gpNN~0!Fpgg~0!

2pmp0
2 m

t35~245.061.6!t3 , ~3!

wherem is the nucleon mass andt3 is equal to 1 or21 for
the proton or neutron, respectively. Experimentalp0gg and
pNN couplings extrapolated tot50 were taken to obtain the

numerical value ofgp
(p0) . In the framework of ChPT,gp

(p0)

52e2gAt3 /(8p3f p
2 mp0

2 )5245.3t3 .
Recently, these theoretical predictions have been c

lenged by the first experimental estimate of the backw
spin polarizability of the proton@8# which was~indirectly!
obtained from a simultaneous analysis of pion photoprod
tion and unpolarized Compton scattering data:

@gp#p5227.163.4, ~4!

where statistical, systematic, and model-dependent er
were added in quadrature. Isolating the well-defined con
bution ~3! with errors already included in Eq.~4!, one can
infer the non-p0 part of the backward spin polarizabilit
which is of the most theoretical interest:

@gp
~non-p0!#p517.963.4. ~5!

On the other hand, all the cited theoretical approaches y
roughly one half of Eq.~5!, with .14 coming from non-
resonant pion production and another.14 from the
D-resonance excitation. Therefore, the experimental find
~5! suggests that there is another missing and very large p
tive contribution togp . In the framework of ChPT, this
missing contribution might be due to next-to-leading-ord
effects, especially in the related counterterms. In the fram
work of fixed-t dispersion relations, the missing contributio
could be sought in the high-energy part of the poorly co
1064 ©1999 The American Physical Society
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PRC 59 1065SUM RULE FOR THE BACKWARD SPIN . . .
vergent dispersion relation for the amplitudeA2 or in heavy-
meson exchanges which might contribute toA2(s,t) at large
s and t50.

Neither an extension of the ChPT calculations to hig
orders nor a more exact treatment of the high-energy be
ior of A2 offer much promise to resolve this issue, since b
approaches are technically difficult and suffer from ba
controlled uncertainties. Therefore we develop here a dif
ent approach based on a backward-angle dispersion rel
which is manifestly free from the convergence problem. T
approach is very similar to that proposed for determining
difference of dipole electric and magnetic polarizabilities
the nucleon@9#. We derive a sum rule forgp with well-
defineds- andt-channel contributions and then use it to pr
dict the backward spin polarizability of the nucleon.

II. SUM RULE

We start by recalling the form of dispersion relations f
nucleon Compton scattering amplitudes at the fixed sca
ing angleu5p @9,10#. At this specific angle, the correspon
ing Mandelstam variables obey two constraintss1u1t
52m2 andsu5m4, and the structure of physical cuts in th
complex plane ofs is particularly simple. Whenu5p, we
have for any cross-even analytical functionA(s,u,t)
5A(u,s,t) which vanishes at highs and has singularities
only at physical thresholds ins, u, or t channels:

ReA~s,u,t !5Apole~s,u,t !

1
1

p
PE

s0

`S 1

s82s
1

1

s82u
2

1

s8
D

3Ims A~s8,u8,t8! ds8

1
1

p
PE

t0

`

Imt A~s8,u8,t8!
dt8

t82t
, ~6!

wheres81u81t852m2 and s8u85m4. Ims and Imt de-
note the imaginary parts of the amplitude in thes and t
channels, which start at the thresholdss05(m1mp)2 and
t05mp

2 , respectively.
We apply the backward dispersion relation~6! to the

function

A[A21S 12
t

4m2D A5 , ~7!

where Ai(s,u,t) are cross-even invariant amplitudes
Compton scattering@5,7# free from kinematical singularities
and constraints. The functionA determines the spin
dependent part of the Compton scattering amplitudeTf i in
the backward kinematics, which has the following form
the lab frame@5#:
r
v-
h
y
r-
ion
s
e
f

-

r-

1

8pm
@Tf i #u5p52

vv8

2p
A12

t

4m2
e8* •eS A12

t

4m2
A5D

2
vv8

2pm
Avv8i s•e8* 3e

3FA21S 12
t

4m2D A5G . ~8!

Herev andv85v(112v/m)21 are energies of the initia
and final photons, so thats5m212mv, u5m222mv8,
and t524vv8.

Assuming for the amplitudeTf i a standard Regge behav
ior ;saR(u) for high s and fixedu, we have

A~s,u,t !;saR~0!23/2 when s→`, u→0. ~9!

HereaR(0)5 3
2 2a8mD

2 .0.13 for the leading Regge trajec
tory, which is that of theD(1232) resonance with the slop
a8.0.9 GeV22. Such a high-energy behavior ofA guaran-
tees convergence of the dispersion relation~6!.

In the Born approximation, which is determined by th
electric chargeq5(t311)/2 and the anomalous magnet
moment k of the nucleon, the amplitudeA becomes a
~double! pole function ofs,

ABorn~s!5me2
k214qk12q2

~s2m2!~u2m2!
~10!

~here e2.4p/137 andsu5m4). It vanishes at highs and
hence coincides withApole in the dispersion relation~6!. Cor-
respondingly, the integrals in Eq.~6! give the non-Born part
ANB5A2ABorn of the functionA. When s5u5m2 and t
50, these integrals determine the backward spin polariza
ity of the nucleon

gp[2
ANB~m2,m2,0!

2pm
5g p

s 1g p
t , ~11!

where

g p
s 52

1

2p2m
E

s0

` s81m2

s82m2
Ims A~s8,u8,t8!

ds8

s8
, ~12!

gp
t 52

1

2p2m
E

t0

`

Imt A~s8,u8,t8!
dt8

t8
. ~13!

We will refer to Eqs.~12! and ~13! ass- and t-channel con-
tributions, though actuallyg p

s includes contributions from
boths andu channels. Applying unitarity and using the wel
known formalism of helicity amplitudes, one can expre
Ims A in Eq. ~12! in terms of the photoabsorption cross se
tionssl

n with specific total helicityl of the beam and targe
and with relative parityPn561 of the final staten with
respect to the target, resulting in
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gp5E
v0

`A11
2v

m S 11
v

mD
3(

n
Pn@s3/2

n ~v!2s1/2
n ~v!#

dv

4p2v3
1g p

t . ~14!

This sum rule for the backward spin polarizability of ha
ronic spin-1/2 systems is our main result.

Thes-channel contribution togp is given by a manifestly
convergent integral of spin-dependent partial cross sect
which are bound by the total cross section(n(s3/2

n 1s1/2
n )

52s tot . The integrand in Eq.~14! has a parity structure
similar to that found for the spin-independent part ofTf i @9#:

Ds[(
n

Pn~s3/2
n 2s1/2

n !5$s1/2~DP5yes!2s1/2~DP5no!%

2$1/2→3/2%. ~15!

In comparison with Eq.~1!, photoexcitationsn which carry
the same parity as the nucleon~i.e., DP5no) contribute to
the backward spin polarizability with an opposite sign.

The t-channel contribution~13! cannot be recast throug
directly observable quantities because a large part of the
tegration region is unphysical,t,4m2. Nevertheless the fol-
lowing general remarks provide guidance for the nature
this contribution. The key point is that the imaginary part
Eq. ~13! is determined by intermediate states of even to
angular momentumJ, charge parity C511, isospin I
<2 (I<1 for the nucleon target!, and ordinary parityP5
21, i.e.,

JPC5021, 221, 421, . . . , I 50,1,2. ~16!

The propertyP521 can be easily seen from the relatio
A52T5 /t between the amplitudeA and the amplitudeT5 of
Refs. @5,7# taken at the backward angle. The amplitudeT5
contributes to the full Compton scattering amplitude asTf i

;ū8g5uT5 , and the coefficient ofT5 changes sign when th
P operator is applied to the nucleons. The constraint foJ
follows from the Landau-Yang theorem@11# which states, in
particular, that any two-photon system of negative parity
an evenJ.

Among the lightest hadronic states which have the cor
quantum numbers~16! to contribute to Imt A are the pseudo
scalar mesonsp0, h, and h8. Any two-body systems of
pseudoscalar mesons such aspp, KK̄, ph, or ph8 are
strictly excluded by parity and the evenness ofJ. The 3p
continuum is allowed. Due toC511 andI<2, it necessar-
ily carries isospinI G512 and is produced in the reactio
2g→3p through anomalous Wess-Zumino-Witten vertice
The 3p continuum appears partly in the form of quasi-tw
particle states such asp0s with even orbital momentuml or
(pr) I 51 with odd l and evenJ, and partly in the form of
broad resonances such asp(1300). Furthermore, there is
4p continuum, and so on.
ns

n-

f

l

s

ct

.

III. SATURATION OF THE SUM RULE

The dominating contribution tog p
s comes from single-

pion photoproductiongN→pN, which yields the cross sec
tion

DspN58p
q*

v*
(
l 50

`

~2 ! l~ l 11!H uAl 1u22uA~ l 11!2u2

2
l ~ l 12!

4
~ uBl 1u22uB~ l 11!2u2!J . ~17!

Here a sum over channels with charged and neutral pion
implied, q* andv* are the pion and photon momenta in th
c.m. frame, andAl 6 and Bl 6 are the standard Walker pho
toproduction multipoles@12#. The latter are taken from the
computer codeSAID, solutionSP97K@13#, and for large angu-
lar momentaj 5 l 6 1

2 > 9
2 from the one-pion-exchange dia

gram ~Ref. @7#, Appendix B!.1 In Fig. 1 we have plotted the
integrand of Eq.~14! found with theSAID multipoles. The
integrand is clearly peaked at low energies and practic
vanishes above;0.5 GeV, thus supporting a convergen
of the backward dispersion relation. In order to show p
sible uncertainties in evaluatingDs, we also present in Fig
1 results found with theE01 , M12 , E11 , M11 multi-
poles of Ref.@14# ~HDT!, which were obtained using fixed
t dispersion relations and several coupling parameters
justed to fit recent experimental data from Mainz and Bo
In the HDT set of multipoles,A01 (5E01) for charged
pions near the pion threshold is larger than that in theSAID

set and is closer to predictions of low-energy theorems. T
difference between results found with theSAID and HDT sets
yields an estimate of experimental uncertainties in
s-channel integral.

The evaluation of other~mainly multipion! contributions
to g p

s has been done in the framework of the simple mo

1Formula~B12! for f 4 in that appendix contains a mistake whic
is not present in the computer codeGNGN used to get numerica
results in Ref.@7#. Instead of the pion velocityv, the ratio of the
c.m. momentaq* /v* should stand there.

FIG. 1. The s-channel integrand of g p
s

5*v0

` I (v) dv/v, I (v)5A11 2v/m(11 v/m)Ds/4p2v2 for
the proton and neutron. Solid lines: the contribution ofgN→pN
with theSAID multipoles@13#. Dashed lines: the same with the HD
multipoles@14#. Dashed-dotted lines: the contribution of multipio
states.
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of Ref. @7#. This model takes into account inelastic decays
pN resonances to the channels 2pN, 3pN, hN, etc., and
an incoherent nonresonant background consisting of agN
→pD contribution ~calculated in the Born approximation!
and an additionalE1( j 53/2) contribution which was ad
justed to reproduce the total photoabsorption cross sec
Thes-wave photoproduction ofpD yields a visible negative
contribution toDs near the two-pion threshold. The who
integrand related with the multipion states is depicted in F
1. It is relatively small and evidently appears to converge

Even though the multipolesAl 6 andBl 6 are known up to
energiesv;2 GeV, the computation ofDs due to mul-
tipion channels becomes very model dependent whenv
*1 GeV. For this reason we cut integrations of all the p
tial cross sections in Eq.~14! at vmax51.5 GeV. The corre-
sponding integrals are given in Table I. They change v
little when a lower cutoff, such asvmax51 GeV, is chosen.
Uncertainties in our predictions forg p

s come mainly from
thepN channel which results in errors.61, whereas errors
in the multipion contribution are estimated to be.60.1.

Next we consider an evaluation of Eq.~13!. Since the 2p
contribution to Imt A is forbidden and since the phase spa
for 3p at low energies is small, one can expect a stro
dominance ofg p

t by the lightest pseudoscalar mesonp0 and,
to a lesser extent, byh and h8. In the mass regionAt
&1.5 GeV, these mesons and their ‘‘radial excitation
p(1300), h(1295), h(1440) with JPC5021 are the only
t-channel resonances having the allowed quantum num
~16!.

Each of the pseudoscalar mesonsM makes a contribution

A~M !~ t !5
gMNNFMgg

t2mM
2

tM ~18!

to the amplitude~7! and, due to the identity

TABLE I. The backward spin polarizability of the nucleon, E
~14!. Shown separately ares-channel integrals from single-pio
photoproduction withSAID @13# and HDT@14# multipoles, and from
multipion production. Thet-channel integral includes both the po
contributions of low-lying pseudoscalar mesons and their radial
citations~see the text!.

1024 fm4 proton neutron

s-channel,gN→pN
SAID, 150–500 MeV 7.29 9.22
~HDT, 150–500 MeV! (8.35) (9.63)
SAID, 500–1500 MeV 0.02 0.13
s-channel,gN→(>2p)N 20.28 20.23

t-channel
p0 245.061.6 145.061.6
h 21.00 21.00
h8 20.57 20.57

total non-p0 5.561.8 7.561.8
total 239.562.4 52.562.4
experiment@8# 227.163.4
f

n.

.

-

y

e
g

’

rs

A~M !~ t !5
1

pEt0

`

Imt A~M !~ t8!
dt8

t82t2 i e
, ~19!

each makes a contribution

gp
~M !52

A~M !~0!

2pm
5

gMNNFMgg

2pmM
2 m

tM ~20!

to the spin polarizability. Here, the couplingsgMNN and
FMgg are those which stand in the effective Lagrangian

Leff5 igMNNc̄g5tMMc1
1

8
FMggemnabFmnFabM ,

~21!

where g551( i /24)emnabgmgngagb , Fmn is the electro-
magnetic field tensor, and the isospin factortM is either 1 or
t3 for isoscalar and isovector mesons, respectively. The
diative couplingsFMgg can be fixed through the two-photo
radiative widthsGM→2g5mM

3 FMgg
2 /64p, which are known

experimentally. Alternatively, the ratios

Fhgg

Fpgg
5

cosuP

A3
2A8

3
sinuP.0.85 ~exp.: 0.956 0.06!,

~22a!

Fh8gg

Fpgg
5

sinuP

A3
1A8

3
cosuP.1.51 ~exp.: 1.246 0.07!

~22b!

can be taken from the constituent quark model~CQM!. Here
uP.210.1° is the SU~3! octet-singlet mixing angle for
pseudoscalar mesons. The strong couplings are reli
known only for pions, and one can use the valuegpNN

2 /4p
513.75 suggested by the VPI group@15# which lies between
the two extremes advocated by the Nijmegen@16# and Upp-
sala@17# groups. The knowledge of strong couplings forh
andh8 is much more uncertain, and we use here predicti
of the CQM

ghNN

gpNN
5

A3

5
cosuP2

A6

5
sinuP.0.43, ~23a!

gh8NN

gpNN
5

A3

5
sinuP1

A6

5
cosuP.0.42. ~23b!

The CQM value~23a! is .2.5 times higher than an estima
@18# obtained from data@19# on near-thresholdh photopro-
duction from the proton. This higherhNN coupling was
found @18# to give, through the Born diagrams ofgN
→hN, too largep-wave photoproduction multipoles com
pared to those inferred from the data@19#. Note, however,
that the intermediate nucleons in those Born diagrams pro
gate very far from the mass shell, and therefore thehNN
coupling which is effective there is certainly reduced by
nucleon off-shell form factor in comparison with its on-she
magnitude. That is why we suppose that the CQM predict
is not incompatible with theh-photoproduction data and us

x-
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1068 PRC 59A. I. L’VOV AND A. M. NATHAN
the theoretical estimates~23! for on-shell nucleons. A cau
tious reader can take our estimate as an upper limit.

We note that the CQM predictions for individual stron
and electromagnetic couplings ofh and h8 depend on the
mixing angleuP which is not perfectly known. In our esti
mates we use a standard choiceuP5210.1° derived from
the nonet mass splitting, athough experimental data on t
photon decays of these mesons are more compatible w
larger uP.220° @20#. However, a combinedt-channel-
exchange contribution ofh andh8 to Compton scattering is
not so sensitive touP . It would not depend onuP at all in the
limit of equal masses ofh ’s. Including form factors~see

below!, gp
(h)1gp

(h8) varies between21.6 and21.9 atuP5
210.1° anduP5220°, respectively.

Taking into account the radial excitations such
p(1300), h(1295), h(1440), etc., involves a few mor
coupling constants. We avoid an explicit consideration
these couplings and assume instead that the radial excita
only renormalize the contributions~18! of the low-lying me-
sonsM5p, h,h8 by t-dependent form factors which effec
tively give at dependence to the couplings in Eq.~18!. Such
a t dependence does not violate the validity of the dispers
relation ~19! for the modified amplitudesA(M )(t), provided
the form factors have singularities~poles or cuts! only at
finite real t.t0 . These singularities also contribute
Imt A(M ) and, in accordance with Eq.~19!, result in replacing
the original couplings in Eq.~20! by their magnitudes att
50, gMNN→gMNN(0), andFMgg→FMgg(0). Thus, we fi-
nally write

g p
t . (

M5p,h,h8

gMNN~0!FMgg~0!

2pmM
2 m

tM . ~24!

Using the experimental values ofgpNN andFpgg known at
t5mp

2 @see Eq.~3! and Ref.@7##, reducing each of them by
monopole form factorF(0)/F(mp

2 ) with the cutoff L
.1 GeV, and taking the CQM ratios~22!, ~23! to evaluate
the couplings ofh ’s at t50, we obtain the numbers given i
Table I. As expected, the largest contribution comes fromp0

exchange, whereash andh8 introduce only a small correc
tion. With our assumptions for the form factors, the rad
excitations play a minor role, reducing for example the co
tribution from p0 by only 12F2(0)/F2(mp

2 ).4%, thus
ys

in

.

cl
o-
a

s

f
ns

n

l
-

again supporting a convergence of the sum rule. A con
vative estimate of uncertainties ing p

t is .61.6 due top0,
another.61 due toh ’s, and an additional.61 due to the
form factors.

In total, gathering all thes- andt-channel pieces and com
bining uncertainties in quadrature, we obtain the non-p0 part
of the backward spin polarizability of the proto

@gp
(non-p0)#p.5.561.8. This number is only. 1

3 of the ex-
perimental estimate~5!. Both for the proton and the neutron

gp
(non-p0) is dominated by thes-channel contribution~12!

from low energiesv&500 MeV, which is well under con-
trol, whereas the higher energies and the heaviert-channel
exchanges contribute little~see Fig. 1 and Table I for more
details!. Therefore, it is difficult to reconcile our result wit
the experimental finding.

IV. CONCLUSIONS

Using the backward-angle dispersion relation, we deriv
a novel well-convergent sum rule for the backward spin p
larizability. We applied it for an evaluation ofgp for the
nucleon and obtained results which were numerically cl
to both the naive dispersion estimates@4,5# based on an un-
subtracted fixed-t dispersion relation forA2 and the leading-
order results of ChPT with theD(1232) included@3#. Our
results support the physical conclusion inferred from the p
vious work thatgp is strongly dominated by low-energy sub
processes of pion photoproduction, including theD-isobar
excitation, and byp0 exchange. They disagree, howeve
with the experimental finding of Ref.@8# which indicates a
large additional contribution, perhaps from higher energ
Therefore, we suggest that the indirect estimate~4! be
checked in further dedicated experiments with polarized p
ticles. Some possibilities for that are sketched in Ref.@5#.
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