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Effective theory for neutron-deuteron scattering: Energy dependence
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We report on results of the effective theory method applied to neutron-deuteron scattering. We extend
previous results in thé@=3/2 channel to nonzero energies and find very good agreement with the experiment
without any parameter fittind S0556-28188)50808-4

PACS numbegs): 13.75.Cs, 21.45:v, 11.10-z

Since the establishment of QCD as the theory of theCommunication we report results of this approach in the case
strong interactions very little progress has been made in ursf neutron-deuteron scattering in tle=3/2 channel below
derstanding nuclear forces from first principles. Many phe-deuteron breakup. We perform an expansion on powers of
nomenological models have been developed with great suégi/a; and prq;, wherep is the typical momentum of the
cess, but they all suffer from shortcomings, among thenprocess, keeping terms up to ordety(a,)® (pro)* (we
ambiguities in using nucleon-nucleon scattering informatiorfaker o~ 1/m;). Results in extraordinary agreement for the
in the calculation of other processes, difficulty in relatingduartet scattering length were previously reported in F&f.
them to the underlying QCD, and especially, a lack of aHere we extend this calculation to fin?te energy.
systematic expansion in a small parameter. The effective N the J=3/2]/=1/2 channel the spins of all three nucle-
field theory approach has the promise of solving these diffi®nS are aligned and all two-bodywave interactions are in
culties[1]. The role of the small parameter is played by theth€ SPin triplet, isospin singlet channéfor this reason we
ratio of the typical momentum sca@ in the problem of the Wil drop from now on the subscript im; andro.) The

scale associated with the physics left out of the effectiveffective Lagrangian restricted to this channel is giverily
theory. In the case of nucleon interactions up to momenta of

the order of 300 MeV one can build an effective theory con- f v 2 i )
taining only nucleons and pion&@nd delta isobajs The L=N "90+m+"' N+Co(N'72002N)
scale of the physics left out ism, and the expansion pa-

rameter is~Q/m, . This idea was elaborated in a large num- +Co[(NT7,60,VN)(N'7,60,VN)

ber of works in the last few yeaf®]. Subtle problems re-
garding the naturalness of the shallow nuclear bound states,
renormalization, and power counting in the presence of pion i
exchange are nowadays a subject of intense discug3jdh whereM is the nucleon mas.sn‘;.n are cpns.tants related to the
However, such problems can be bypassed in those nuclef#0-body force terms containing derivatives, and the dots
processes where the typical momentum scale is small CorT§_1and f(_)r hlgher_-orC?er terms including relativistic correc-
pared to the pion mass. In this case one is allowed to use d#Pns, higher-derivative terms, three-body forces, etc. The
effective theory without explicit pions, contact forces beingConstantsC, are determined by nucleon-nucleon scattering
all that remain. That is what happens in deuteron physics(je_lta_l. It turns out t_hat, using dimensional regularization and
since the typical momentum scale in a deuteron is given byninimal _subtraction, Co~a/M, Cy~ro(rea)/M, Cy4

the inverse of thé’S, scattering length, &<m,,. This siti-  ~To(fo@)*M+-- and so on(ellipses stand for terms sup-
ation arises because the nuclear potential is fine tuned so th@fessed by powers af/a). The leading pieces in each one
there is a bound state close to threshold with energpf these terms form a geometric series that can be conve-
~1/(Ma?), much smaller than other scales in the problemniently summed to all orders by the introduction of a field of

like ~1/(Mr2)~m2/M (we take the effective range in the Paryon-number twg7]
3S, channelry~1/m, for power counting purposgsAt-

—3(NT7,60,N)(NT7,60,V2N) +H.c]+--+, (1)

tempts at model-independent approaches in this energy range, [ V2 . V2 »
have a long historyf5]. When this approach is applied to L=NHidg+ 5er 4o+ [N+dT-| —ido— rr+ A+ |d
nucleon-nucleon scattering up to momenta/a, the effec-
tive range expansion is reproduced. The first nontrivial ap- 9 - -
plication is thus in the three-nucleon sector. In this Rapid 5(d"-NGoamN+H.c)+--- . @
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More generally, if the dibaryon field is integrated out, the Lagrangid®) is recovered as long as andg are appropriate
functions of Cy andC,. This resummation is by no means necessary, since for momenta of theperdéa the resummed
terms are subleading, but it is a convenient way of computing higher-order corrections.

The numerical values aj andA can be determined if we consider the dressed dibaryon propa@agorl). The linearly
divergent loop integral is set to zero in dimensional regularization and the result is

1
iS(p)= — : )
p°—pHAM — A+ (M@?27) =M p+ pJa—ie+ie

This propagator is, up to a constant, the scattering matrix ofributions of the same order, which means that an infinite

two nucleons in the’S; channel number of diagrams contribute to the leading orders.
Other contributions are suppressed by at least three pow-
T(k)— 4w 1 ers ofrg/a or prqy [6]. For instance, the effect of the sub-

—(2wAIMg?) + (27IM?g?)k?>—ik’ (4) leading(not resummeypiece ofC, is to generate the shape
parameter £ k% in the effective range expansion of the
wherek?/M is the energy in the center-of-mass frame. Thisnucleon-nucleon interaction. lts typical size-ik*r3 com-
result is just the familiar effective range expansion, frompared to the leading piece 1/a and is thus also suppressed
what we can infer about the proper values for the constants by (ro/a)®. Likewise,p-wave interactions, unaffected by the
andA. Usinga=5.42 fm andry,=1.75 fm[8], we find existence of a shallow-wave bound state, arise from a term
in the Lagrangian with two derivatives and a coefficient of
the order~1/Mm?3 . We conclude then that a diagram made
out of the substitution of one of the dibaryon propagators in
a diagram in Fig. 2 by @-wave interaction vertex would be
suppressed byrg/a)® in comparison to the leading order.
A= Marg =8.7 MeV. (6)  Three-body force terms have to contain at least two deriva-
tives since in the]=3/2 channel all the spins are up and
From Egs.(3), (5), and (6) we see why it is necessary to Fermi statistics forbids the placement of all three nucleons in
resum the bubble graphs in Fig. 1 to all orders for 1/a: an s-wave. The natural size of the coefficient of the six
the term in the square root coming from the unitarity cut is ofnucleon, two derivative term that produces such a three-body
the same order as. On the other hand, as mentioned before,force is~ 1/Mm . This term is generated, upon integration
the kinetic term of the dibaryon is smaller than the otherof the dlbaryon fleld by a term containing two dibaryon
terms in Eq.(3) and is resummed for convenience only. No- fields, two nucleon fields, and two derivatives with a coeffi-
tice that the propagatof3) has two poles, one ap® cient of the order of~r8/M a*. Thus contributions coming
=p%4M —B (the deuteron pole another atp®=pZ4M from the three-body force are suppressed in relation to the
Bdeep(unphysmal deep poleand a cut along the positive leading-order graphs by §/a)®.
real axis starting ap®=p%/4M. A calculation accurate up to corrections of ordeg /f@)>
Let us now turn to neutron-deuteron scattering. The simis possible by summing the diagrams of Fig. 2. Fortunately,
plest diagram contributing to this process is the first diagranthe interaction mediated by tlsechannel dibaryon generates
in Fig. 2. For momenta of the order pf~1/a it contributes  a very simple, local and separable potential between nucle-
~Mg?/p?~a?/Mry. The one-loop graph mixes different ons. It is well known that the three-body problem with sepa-
orders of the expansion, since it involves the dibaryon proparable two-body interactions reduces to an equivalent two-
gatorg?/(A+p?/M)~(a/M)[1+O(ro/a)+---]; it gives a  body problem. In our case the equation to be solved can be
contribution ~g*M?/pA~(a?/Mrg)[1+O(ro/a)+---]. It  read off Fig. 2, and an integration over the energy inside the
is easy to see that the remaining graphs in Fig. 2 give conloop gives|[6]

2 AT -3 -1
g ZMTrO:l.GX].O MeV™+, (5)

3"~ kz) ! 2)+MB— )
8M?2g? 477

e

—ie

-1 ddl 1 t(l,k
‘f (1,k) @

= o2 2m3 . . 3. 2 =2
(p—k/2)>+MB (27) IZ—I'ﬁ+52—Zk2+MBI pi—ie

whereB is the deuteron binding energy. Since we are interested orgyiave scattering, we should project this equation into
its L=0 component. The result is
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3 1
o /A a(x,y)
2 /3
—(x*-y?)+1+1
4
3
) 22+ xX°+1— —y?+xz
1 [(x+y/2?+1] 2 (= 4 a(z,y)
=——In——————— | dzzin > (8)
Xy |(x—=y/2)c+1] @x Jo 3 Z°—y°—ie
22+ x2+1--y?—xz
4
|
where we use the dimensionless quantitkesp/\MB, y JMB
= = = k cot 6= . 12
k/\MB, z=1/{/MB, anda(x,y)=(\VMB/4m)t, _o(p,k), K< JMB.K/ JMB) (12)

and »=+\MBry/2. For finite values ok this equation is
complex even below threshold k&4=B) because of thee Defining f(x,y) by the equation
prescription. It is convenient for the numerical treatment to

use the reaK matrix defined by h(x,y, 2w
f(x,y)= hEy—i;/;_ — fo dzZ|h(x,y,z)
__axy) h(x,y,y) f(zy)
K(X,Y)— 1+iya(y,y) ) (9) - mh(y,y,z) Zz_yz, (13)

which satisfies the equation the on-shelK matrix can be obtained by

2 o0
K(y,y)=—h(y,y,y) 1+;f dz(z*h(y,y,z)f(z,y)
0

2 (= P
K(x,y)=—h(x,y,y)—;fodzzzh(x,y,Z)mK(z,y), L 1-1
(10) —yzh(y,y,y)ﬂy,y))zz_yz}

(14

with Rewriting Eq.(8) this way greatly simplifies its numerical
solution, for now the integrand is regular and the principal
value can be dropped from Eq4d.3) and (14).

A 3, We have solved Eq<€13) and (14) numerically and the

Z°+x+1- 2y Xz result for the phase shifts for energies up to the breakup point

1
h(x,y,2)= — In , is shown in Fig. 3. The data points at finite energy were
XZIY) | 2yyei1-2y2oxz taken from the phase shift analysis[B] and the much more
4 precise(nearly zero-energy point fromil0]. Also plotted is
000 T T T T T T T T T T T
. 3 1 : E
f(x,y)= E -nt 3 . (11 —-0.05 _ _
\/Z(xz—y2)+1+1

-0.10 F

The phase shifts can be obtained directly from the on-shell
matrix: —0.15 ‘:

0.00 0.01 0.02 0.03 0.04 0.05 0.06
k? [fm™2]

= % +
- : * FIG. 3. k cot§ in the J=3/2 channel to orderrg/a)° (dashed

line) and (,/a)? (solid ling). Circles are from the phase shift
analysis in Ref[9] and the triangle is from Ref10].

k coté [fm™]

FIG. 2. Graphs contributing up to ordery(a)?.
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the result of the leading-order calculation obtained by setting The calculation of higher-order corrections involves the
7=0, in which case our equations reduce to the case studidchowledge of further counterterms like the ones giving rise
in Ref. [11]. to p-wave interactions, etc. These parameters can be deter-

We expect errors in our calculation to be of the ordermined either by fitting other experimental data or by match-
(ro/a)%,(krg)® compared to the leading order. These errorsing with another effective theory, involving explicit pions,
are Sma||el’ than the eXperimental errors in the f|n|te enerQVa"d up to h|gher energiesl If more precise experimenta|
case and of the same order as the experimental uncertainty ifyta, particularly at zero-energy, appear, we would be facing
the case ff the more precise measurement kle?, where 5 ynique situation where precision calculations in strong-
we find “a,,=6.33+0.10 fm [6] compared t0"a=6.35  inieraction physics can be carried §a8] and tested.
+0.02 fm[10].

Our results seem to deviate from a simple effective range We thank Aurel Bulgac, Vitaly Efimov, Jim Friar, Tho-
type expansion only around the pole-a0.05 fm 2. (A pole  mas Hemmert, Dirk Hoer, David Kaplan, Willem van Oers,
in k cotd corresponds to a zero in the scattering matrix,and Martin Savage for helpful discussions. H.W.H. acknowl-
which does not carry any special meanjnghis pole does edges the hospitality of the Nuclear Theory Group and the
not appear in potential model calculatiofesg.,[12]), and  INT in Seattle, where part of this work was carried out. This
presumably will be smoothed out by higher-order terms thatesearch was supported in part by the U.S. Department of
we have not yet included. It is interesting that the only “ex- Energy Grant No. DOE-ER-40561 and Grant No. DE-FGO03-
perimental” point in this region seems to indicate some97ER41014, the Natural Science and Engineering Research
structure there, but more experimental input would be nec€ouncil of Canada, and the U.S. National Science Founda-

essary to confirm the behavior we predict. tion Grant No. PHY94-20470.
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