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Pseudospin symmetry in relativistic mean field theory
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Relating the pseudospin symmetry back to the Dirac equation through the framework of relativistic Hartree-
Bogoliubov~RHB! theory, the pseudospin approximation in real nuclei is discussed. From the Dirac equation,
the mechanism behind the pseudospin symmetry was studied and the pseudospin symmetry is shown to be
connected with the competition between the centrifugal barrier~CB! and the pseudospin orbital potential
~PSOP!, which is mainly decided by the derivative of the difference between the scalar and vector potentials.
With the scalar and vector potentials derived from a self-consistent relativistic Hartree-Bogoliubov calculation,
the pseudospin symmetry and its energy dependence in real nuclei is discussed.@S0556-2813~98!50508-0#

PACS number~s!: 21.10.Hw, 21.10.Pc, 21.60.Jz, 27.60.1j
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The concept of pseudospin is that the single particle
bitals with j 5 l 11/2 and j 5( l 12)21/2 lie very close in
energy and can therefore be labeled as pseudospin dou
with quantum numberñ5n21, l̃ 5 l 21, and s̃5s51/2.
This concept is originally found in spherical nuclei@1,2#, but
later proved to be a good approximation in deformed nu
as well@3,4#. It is shown that pseudospin symmetry rema
an important physical concept even in the case of triaxia
@5#. The origin of pseudospin is proved to be connected w
the special ratio in the strength of the spin-orbit and orb
orbit interactions@6,7# and the unitary operator performing
transformation from normal spin to pseudospin space h
been discussed@6–8#. However, it is not explained why thi
special ratio is allowed in nuclei. The relation between
pseudospin symmetry and the relativistic mean field~RMF!
theory @9# was first noted in Ref.@10#, in which Bahriet al.
found that the RMF explains approximately the strengths
spin-orbit and orbit-orbit interactions found by nonrelativ
tic calculations. More details have been given in Refs.@11,
12, in which it was suggested that the origin of pseudospi
related to the strength of the scalar and vector potentials.
recent paper Ginocchio took a step further and revealed
pseudo-orbital angular momentum is nothing but the ‘‘orb
angular momentum’’ of the lower component of the Dir
wave function@13#. He also built the connection between th
pseudospin symmetry and the equality in the scalar and
tor potentials. Here in this paper, we will show that the qu
ity of pseudospin symmetry is connected with the comp
tion between the centrifugal barrier~CB! and the pseudospin
orbital potential ~PSOP!, which is mainly decided by the
derivative of the difference between the scalar and ve
potentials. With the scalar and vector potentials derived fr
a self-consistent relativistic Hartree-Bogoliubov calculatio
the pseudospin symmetry and its energy dependence in
nuclei is discussed.

As RMF is very successful in describing various quan
ties in the nuclear structure, e.g.,@14#, it is interesting to
check how good the pseudospin symmetry is in RMF for r
nuclei. Relating the pseudospin symmetry back to the D
equation through the framework of relativistic Hartre
PRC 580556-2813/98/58~2!/628~4!/$15.00
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Bogoliubov ~RHB! theory, the pseudospin symmetry a
proximation in real nuclei isi , discussed here in this pape
The recently suggested relativistic Hartree-Bogoliub
~RHB! theory in coordinate space@15# has been used for th
present investigation. As this theory takes into account
proper isospin dependence of the spin-orbit term, it is able
provide a good description of global experimental data
only for stable nuclei but also for exotic nuclei througho
the nuclear chart@16#. Starting from the RHB, instead o
assuming the equality in the magnitude of the scalar
vector potentials, we treated the equation exactly and
tained a general formalism leading to the pseudospin s
metry. We chose88Zr and 120Zr to study the energy splitting
of the pseudospin partners and its energy dependence a
amples.

The Dirac equation for nucleons in RMF is as follows:

@aW •pW 1VV~rW !1b„M1VS~rW !…#c~rW !5ec~rW !, ~1!

which describes a Dirac spinor with massM moving in a
potential decided by the scalar potentialVS(rW) and vector
potentialVV(rW). The wave functionc(rW) consists of the up-
per componentg and lower componentf ,

c~rW !5S g
f D5S i

Gi
l j ~r !

r
Yjm

l ~u,f!

Fi
l j ~r !

r
~sW •rŴ !Yjm

l ~u,f!
D ~2!

and the Dirac matrixa andb are as follows:

aW 5S 0 sW

sW 0
D , b5S I 0

0 2I D . ~3!

With e5M1E, the potentialV5VV(rW)1VS(rW), which is
around 250 MeV, and the effective massM* 5M

1VS(rW), the relation between the upper and lower comp
nents of the wave function can be written as
R628 © 1998 The American Physical Society
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g5
1

E2V
~sW •pW ! f ,

f 5
1

E12M* 2V
~sW •pW !g.

~4!

Then the coupled equations are reduced to uncoupled
for the upper and lower components, respectively. Eff
tively we get the corresponding Schro¨dinger equation for
both components:

~sW •pW !
1

E12M* 2V
~sW •pW !g5~E2V!g ,

~sW •pW !
1

E2V
~sW •pW ! f 5~E12M* 2V! f .

~5!

In the spherical case,V depends only on the radius. W
chose the phase convention of the vector spherical harmo
as

~sW •rW !Yjm
l 52Yjm

l 8 , ~6!

where

l 852 j 2 l 5 H l 11, j 5 l 11/2
j 21, j 5 l 21/2. ~7!

Herel 8 is nothing but the pseudo-orbital angular momentu
After some tedious procedures, one gets the radial equa
for the lower and upper components, respectively:

F d2

dr2 1
1

E2V

dV

dr

d

drGFi
l j ~r !

1Fk~12k!

r 2 2
1

E2V

k

r

dV

dr GFi
l j ~r !

52~E12M* 2V!(E2V)Fi
l j ~r !, ~8!

F d2

dr2 2
1

E12M* 2V

d~2M* 2V!

dr

d

drGGi
l j ~r !

2Fk~11k!

r 2 1
1

E12M* 2V

k

r

d~2M* 2V!

dr GGi
l j ~r !

52~E12M* 2V!~E2V!Gi
l j ~r !, ~9!

where

k5H 2 l 21, j 5 l 11/2

l , j 5 l 21/2.
~10!

Then one can get

k~k21!5 l 8~ l 811!, k~k11!5 l ~ l 11!. ~11!

It is clear that one can use either Eq.~8! or equivalently Eq.
~9! to get the eigenvaluesE and the corresponding eigen
functions. Normally Eq.~9! is used in the literature and th
spin-orbital splitting is discussed in connection with the c
responding spin-orbital potential
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E12M* 2V

k

r

d~2M* 2V!

dr
.

If Eq. ~8! is used instead and the pseudo spin-orbital pot
tial ~PSOP! term

1

E2V

k

r

dV

dr

is neglected, then the eignevaluesE for the samel 8 will
degenerate. This is the phenomenon of pseudospin symm
observed in@1,2#. It means Eq.~4! is the transformation be
tween the normal spin formalism and the pseudospin form
ism.

In Eq. ~8!, the term that splits the pseudospin partners
simply the PSOP. The hidden symmetry for the pseudos
approximation is revealed asdV/dr50, which is more gen-
eral and includesV50 discussed in@13# as a special case
Unfortunately, this condition is not satisfied in the nuclei a
the pseudospin symmetry is an approximation. However

1

E2V

k

r

dV

dr
!

k~12k!

r 2 ,

the pseudospin approximation will be good. Thus, the co
parison of the relative magnitude of the centrifugal barr
~CB!,

k~12k!

r 2 ,

and the PSOP can provide us with some information on
pseudospin symmetry. In the following we take88Zr and
120Zr as examples and study how good the pseudospin s
metry is.

For this purpose, the relativistic Hartree-Bogoliubo
~RHB! theory in coordinate space has been used@15#. We
use here the nonlinear Lagrangian parameter set NLSH@17#
which could provide a good description of all nuclei fro
oxygen to lead. As we study not only the closed shell nuc
but also the open shell nuclei, the inclusion of the pairing
necessary. The pairing interaction is the same as Ref.@18#.
As shown in Ref.@16#, the particle levels for the bound state
in the canonical basis are the same as those by solving
Dirac equation with the scalar and vector potentials fro
RHB. Therefore Eqs.~8! and ~9! remain the same in the
canonical basis even after the pairing interaction has b
taken into account. The binding energy of 8.650A MeV for
88Zr agrees well with the experimental values
8.666A MeV. The neutron single particle energies for a
four sets of pseudospin partners, i.e., 1d3/2 and 2s1/2, 1f 5/2
and 2p3/2, 1g7/2 and 2d5/2, and 2d3/2 and 3s1/2 in 88Zr and
120Zr are given in Table I. As seen in Table I, the ener
splitting between pseudospin partners decreases with the
creasing binding energy. The single particle energy splitt
between 3s1/2 and its partner 2d3/2 in 120Zr is 0.14 MeV.
While that between 2s1/2 and 1d3/2 is 1.61 MeV, which is
bigger than the former one by a factor of 10. Thus the ps
dospin symmetry becomes better near the Fermi surf
which is in agreement with the experimental observati
The same conclusion has been obtained by solving the D
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equation with spherical square potential well@13#. The pseu-
dospin splitting in88Zr is similar to that of120Zr.

In order to see the energy dependence of the pseudo
orbital splitting more clearly, we plot

DE15
El 8 j 5 l 821/22El 8 j 5 l 811/2

2l 811
versus

E15
El 8 j 5 l 821/21El 8 j 5 l 811/2

2

in 88Zr ~filled squares! and120Zr ~filled circles! in Fig. 1. The
pseudospin splitting for 3s1/2 and 2d3/2 is more than 10 times
smaller than that of the 2s1/2 and 1d3/2. It is seen that al-
though there is some shift in the binding energy from88Zr to
120Zr, the pattern is more or less the same, i.e., a monoton
decreasing behavior with a decreasing binding energy, wh
means that the pseudospin symmetry remains a good
proximation for both stable and exotic nuclei. As a referen
the normal spin splitting

TABLE I. The binding energies of pseudospin partners in88Zr
and 120Zr.

nlj 88Zr 120Zr nlj 88Zr 120Zr

2s1/2 231.40 231.62 2p3/2 216.36 218.81
1d3/2 233.40 233.23 1f 5/2 218.85 220.95
3s1/2 21.53 26.00 2d5/2 23.73 27.39
2d3/2 21.60 25.86 1g7/2 24.54 28.52

FIG. 1. The pseudospin orbit splittingDE15(El 8 j 5 l 821/2

2El 8 j 5 l 811/2)/2l 811 versus the binding energyE15(El 8 j 5 l 821/2

1El 8 j 5 l 811/2)/2 for 88Zr ~filled squares! and 120Zr ~filled circles!.
From left to right, the pseudospin partners correspond
(1d3/2,2s1/2), (1f 5/2,2p3/2), (1g7/2,2d5/2), and (2d3/2,3s1/2), re-
spectively. The spin-orbit splittingDE25(El j 5 l 21/22El j 5 l 11/2)/2l
11 versus the binding energyE25(El j 5 l 21/21El j 5 l 11/2)/2 in
120Zr are also given for (1p3/2,1p1/2), (1d5/2,1d3/2), (1f 7/2,1f 5/2),
(1g9/2,1g7/2) ~inverse triangle! and (2p3/2,2p1/2), (2d5/2,2d3/2) ~tri-
angle! from left to right, respectively. TheDE(E) in the figure is
eitherDE1 or DE2 (E1 or E2) here.
pin

us
h
p-
,

DE25
El j 5 l 21/22El j 5 l 11/2

2l 11
versus

E25
El j 5 l 21/21El j 5 l 11/2

2

in 120Zr are also given for (1p3/2,1p1/2), (1d5/2,1d3/2),
(1 f 7/2,1f 5/2), (1g9/2,1g7/2) ~inverse triangle! and
(2p3/2,2p1/2), (2d5/2,2d3/2) ~triangle! from the left to the
right, respectively. Compared to the pseudospin case,
normal spin splitting is less energy dependent, because
energy comes in the denominator in the form ofE12M*
2V in Eq. ~9!. The smallest spin-orbital splitting is nearl
five times bigger than the smallest pseudospin splitting
should be noticed that the normal splitting for the case of
quantum numbern51 increases with a decreasing bindin
energy and the opposite pattern occurs for then52, which
may connect with the diffuseness of the potential in neut
rich nuclei @19#.

To understand why the energy splitting of pseudos
partner changes with different binding energies and why
pseudospin approximation is good in RMF, the PSOP a
CB should be examined carefully. Unfortunately, it is ve
hard to compare them clearly, as the PSOP has a singul
at E;V. As we are only interested in the relative magnitu
of the CB and the PSOP, we introduce the effective C
(E2V) @k(k21)#/r 2, and the effective PSOP, (k/r )(dV/
dr), for comparison. They correspond to the CB and
PSOP multiplied by a common factorE2V, respectively.

FIG. 2. The comparison of the effective centrifugal barrier~CB!
(E2V)@k(k21)#/r 2 ~dashed lines and dot-dashed lines! and the
effective pseudospin orbital potential~PSOP! (k/r )(dV/dr) ~solid
line! multiplied by the squares of the wave functionF of the lower
components in arbitrary scales ford3/2 ~upper! and s1/2 ~lower! in
120Zr. The dashed lines are for 1d3/2 and 2s1/2, and the dot-dashed
lines are for 2d3/2 and 3s1/2.
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The effective PSOP does not depend on the binding en
of the single particle level, but on the angular moment
and parity. On the other hand the effective CB depends
the energy. By comparing these two effective potentials
could see the energy dependence of the pseudospin sym
try. In order to examine this problem carefully, we compa
the effective CB~dashed lines or dot-dashed lines! and the
effective PSOP~solid lines! multiplied by the squares of th
lower component wave functionF(r ), which are given in
Fig. 2, for 2s1/2 ~upper left!, 3s1/2 ~lower left!, 1d3/2 ~upper
right!, and 2d3/2 ~lower right! of 120Zr in arbitrary scales. The
pseudospin approximation is much better for the less bo
pseudospin partners, because the effective CB is smalle
the more deeply bound states. This is in agreement with
results shown in Fig. 1. The integrated values of the pot
tials in Fig. 2 withr are proportional to their contribution t
the energy after some proper renormalization. It is clear
the contribution of the effective CB~dashed lines or dot
dashed lines! is much bigger than that of the effective PSO
~solid lines!.

In conclusion, the pseudospin symmetry is examined
realistic calculation in the framework of relativistic Hartre
Bogoliubov theory. We have proved that ifdV/dr50 is sat-
isfied, the pseudospin symmetry is exact. Further the n
condition

1

E2V

k

r

dV

dr
!

k~12k!

r 2

is found under which the symmetry is preserved appro
mately. We have examined under this condition how go
approximation the pseudospin symmetry is in RHB. Fo
given angular momentum and parity channel, the effec
ys
s.
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CB, (E2V) @k(k21)#/r 2, becomes stronger for the les
bound level, so the pseudospin symmetry for the wea
bound state is better than that for the deeply bound st
which is in agreement with the experimental observat
@1,2#. The pseudo spin symmetry is found to be a good
proximation even for exotic nuclei. The above conclusi
has been well supported by the examples of88Zr and 120Zr.
From the simple Dirac equation, it has been shown that th
are two equivalent ways to solve the coupled Dirac equa
for the upper and lower components, i.e., the normal s
formalism and pseudospin formalism. Both formalisms a
equivalent as long as the energies and wavefunctions
concerned. Their relation is given by Eq.~4!, which indicates
that the unitary transformation from the conventional form
ism to the pseudospin formalism has the ‘‘p helicity’’
@11,12,20#. After the completion of this manuscript, w
found that Ginocchio and Madland had done a RMF cal
lation without pairing@21#. It is shown that the occurrence o
approximate pseudospin symmetry in nuclei is connec
with certain similarities in the relativistic single-nucleo
wave functions of the corresponding pseudospin doubl
This is in agreement with the conclusion here, if the con
tion

1

E2V

k

r

dV

dr
!

k~12k!

r 2

is satisfied, the pseudospin symmetry is preserved appr
mately and similarities in the relativistic single-nucleon wa
functions of the corresponding pseudospin doublets will
cur.

We would like to express our gratitude to T. Wright fo
his careful reading of the manuscript.
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