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Faddeev-type calculation ofhd threshold scattering
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The scattering length for theh-meson collision with deuteron is calculated on the basis of rigorous few-body
equations~AGS! for varioushN input. The results obtained strongly support the existence of a resonance or
quasibound state close to thehd threshold.
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The production ofh mesons and their collisions with nu
clei have been studied experimentally and theoretically w
increasing interest during the last years. To a large extent
is motivated by the fundamental questions of char
symmetry breaking and the breakdown of the Okubo-Zwe
Iizuka rule. Another relevant question concerns the poss
formation ofh-nucleus quasibound states.

In many respects theh meson is similar to thep0 meson
despite being four times heavier. Both are neutral and s
less, have almost the same lifetime (;10218 sec), and are
the only mesons that have a high probability of pure rad
tive decay, that is, their quarks can annihilate into on-sh
photons. However, when they are involved in nuclear re
tions they behave rather differently. TheS11-resonance
N* (1535), for instance, is formed in bothpN andhN sys-
tems, but at different collision energies,

EpN
res~S11!51535 MeV2mN2mp'458 MeV,

EhN
res~S11!51535 MeV2mN2mh'49 MeV.

Thus, due to the large mass of theh meson~547.45 MeV!,
this resonance is very close to thehN threshold. Furthermore
it is very broad, withG'150 MeV, covering the whole low
energyhN region. As a result the interaction of nucleo
with h mesons in this region, where theS-wave interaction
dominates, is much stronger than with pions.

After its creation theN* (1535) resonance decays intohN
andpN channels with equally high probabilities@1#

N* ~1535!→H N1h ~35255%!,

N1p ~35255%!,

other decays ~<10%!,

~1!

which indicates that thehN and pN interactions are to be
treated by a coupled channel analysis. The resultinghN in-
teraction, obtained in this way, turned out to be attractive@2#.
This raises the question of whether the attraction is str
enough to supporth-nucleus quasibound states. Let us rec
in this context that, because of their short lifetime,h mesons
can only be observed in final states of certain nuclear re
tions. Within nuclei they are considered to undergo multi
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absorption and production processes via theS11 resonance,
with a final transition into pions. Such quasibound sta
therefore would be of considerable interest for studyingh-
meson properties in more detail.

For the calculation of these states various model tre
ments were employed, among them the optical poten
method @3–6#, the Green’s function method@7#, and the
modified multiple scattering theory@8#. Calculations, based
on the exact Alt-Grassberger-Sandhas~AGS! equations@9#,
for the hd system were also made in Ref.@10# in the early
1990s.

The predictions concerning the possibility ofh-mesic
nucleus formation are very diverse. One obvious reason
such a diversity is the poor knowledge of thehN forces.
Another reason comes from the differences among the
ployed approximations, some of which might be detrimen
in view of the resonant character of thehN dynamics and the
delicacy of the quasibound state problem. As was shown
Ref. @10# this problem cannot be adequately addressed b
meson-nucleus optical model or any low-order perturbat
theory.

Among the approximate approaches the few-body dyna
ics of theh-nucleus systems was most explicitly treated
our previous calculations@11–15# based on the finite-rank
approximation ~FRA! of the nuclear Hamiltonians. The
shortcoming of these calculations is the neglect of exc
tions of the nuclear ground states. This appears justified
theh 4He and possibly in theh-triton (3He) case, but is quite
questionable inh-deuteron collisions.

In the present paper we therefore treat theh-deuteron sys-
tem on the basis of the exact few-body equations~AGS!.
Both theNN andhN amplitudes entering them are chosen
separable form, which reduces the dimension of these e
tions to one. The samehN amplitude has been used in th
FRA calculations. This allows us to compare our pres
calculations of thehd scattering length with the previou
approximate results, i.e., to examine the effect of the neg
of nuclear excitations employed in the FRA. It turns out th
the discrepancies are not large for most of thehN parameter
sets. This indicates that the conclusions drawn in our pre
ous investigation@11–15# were already fairly reliable and
should be even more reliable in the less sensitiveh-triton or
h 4He cases.
R3055 ©1998 The American Physical Society
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Theh-deuteron scattering length is the value of the ela
scattering amplitude

f ~p18 ,p1 ;z!52~2p!2m1^p18 ;cduU11~z!up1 ;cd& ~2!

at zero collision energy. Here the subscript 1 labels
h(NN) partition and the h-deuteron channel whos
asymptotic states are normalized as

^p18 ;cdup1 ;cd&5d~p182p1!.

The transition operatorU11 obeys the system of AGS equa
tions

Ui j ~z!5~12d i j !g0
21~z!1 (

k51

3

~12d ik!tk~z!g0~z!Uk j~z!,

i , j 51,2,3, ~3!

where g0 is the free Green’s function in the three-bod
space, andt i the two-body T matrix for the i th pair
(t15tNN). For boththN andtNN we used one-term separab
forms

t i~z!5ux i&t i~z!^x i u. ~4!
e

ef
c

e

For theNN subsystem Eq.~4! implies that the asymptotic
wave function is related to the form-factorux1& according to

up1 ;cd&5g0~z!ux1&up1&, ~5!

at z5p1
2/2m11Ed with Ed being the deuteron energy. Due

Eqs.~4! and~5! the scattering amplitude~2! can be rewritten
as

f ~p18 ,p1 ;z!52~2p!2m1^p18uX11~z!up1&, ~6!

where the operatorsXi j , defined as

Xi j ~z!5^x i ug0~z!Ui j ~z!g0~z!ux j&,

obey the system of equations

Xi j ~z!5Zi j ~z!1 (
k51

3

Zik~z!tkS z2
pk

2

2mk
DXk j~z! ~7!

with

Zi j ~z!5~12d i j !^x i ug0~z!ux j&.

The identity of the nucleons implies thatX315X21, t35t2 ,
andZ315Z21, which reduces the system~7! to two coupled
equations:
X11~z!52Z21~z!t2S z2
p2

2

2m2
DX21~z!,

X21~z!5Z21~z!1Z21~z!t1S z2
p1

2

2m1
DX11~z!1Z23~z!t2S z2

p2
2

2m2
DX21~z!.

~8!
Eventually, after making theS-wave projection of the matrix
elementŝ pi8uXi j upj& and ^pi8uZi j upj&, we end up with one-
dimensional integral equations that can be solved num
cally by replacing the integrals by Gaussian sums.

The S-wave separable nucleon-nucleon andh-nucleonT
matrices of the form~4! were adopted from Refs.@16# and
@11#. However the parameters originally proposed in R
@16# for the T matrix

tNN~p8,p;z!5
1

4p
v~p8!

A~z!

12A~z!B~z!
v~p!,
ri-

.

v~p!5
g

b21p2 ,

A~z!52tghS 12
z

Ec
D ,

B~z!5E
0

` p2v2~p!

z2p2/mN1 i«
dp,

were slightly modified toEc50.816 fm21, b51.604 fm21,
andg251.883 fm22, which correspond to more recent val-
or
TABLE I. Comparison ofhd scattering lengths~in fm!, obtained using the AGS and FRA methods, f
nine combinations of the parameters of thehN potential.

a52.357 (fm21) a53.316 (fm21) a57.617 (fm21) ahN (fm)

AGS 0.711 i0.79 0.711 i0.84 0.711 i0.92
0.271 i0.22

FRA 0.661 i0.82 0.651 i0.85 0.621 i0.89
AGS 0.791 i0.68 0.811 i0.73 0.831 i0.81

0.281 i0.19
FRA 0.751 i0.73 0.741 i0.76 0.721 i0.81
AGS 1.811 i2.44 1.641 i2.99 0.751 i4.00

0.551 i0.30
FRA 1.531 i2.00 1.381 i2.15 1.141 i2.22
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TABLE II. Results of the AGS and three different approximate calculations ofAhd with a53.316 fm21.

hN input ExactAhd (fm) ApproximateAhd (fm)
Ref. ahN (fm) AGS MST I @8# MST II @8# FRA

@20# 0.251 i0.16 0.731 i0.56 0.661 i0.71 0.661 i0.58 0.651 i0.70
@2# 0.271 i0.22 0.711 i0.84 0.571 i0.97 0.641 i0.81 0.591 i0.96
@21# 0.2911 i0.360 0.381 i1.36 0.171 i1.35 0.421 i1.25 0.211 i1.35
@3# 0.301 i0.30 0.611 i1.22 0.391 i1.28 0.581 i1.11 0.421 i1.27
@21# 0.4301 i0.394 0.501 i2.07 0.141 i1.91 0.651 i1.73 0.241 i1.88
@2# 0.441 i0.30 1.151 i1.89 0.631 i1.93 1.011 i1.50 0.681 i1.86
@20# 0.461 i0.29 1.311 i1.99 0.721 i2.04 1.111 i1.54 0.761 i1.96
@22# 0.4761 i0.279 1.491 i2.06 0.811 i2.15 1.221 i1.56 0.841 i2.05
@23# 0.511 i0.21 2.371 i1.77 1.481 i2.31 1.651 i1.39 1.381 i2.22
@3# 0.551 i0.30 1.641 i2.99 0.611 i2.73 1.401 i1.98 0.691 i2.51
@21# 0.5791 i0.399 0.341 i3.31 20.131 i2.64 0.931 i2.41 0.131 i2.52
@24# 0.621 i0.30 1.801 i4.30 0.361 i3.36 1.651 i2.41 0.551 i2.95
@22# 0.8761 i0.274 28.811 i4.30 22.761 i4.24 2.421 i5.55 20.671 i3.98
@22# 0.8881 i0.274 28.631 i3.49 22.901 i4.12 2.371 i5.79 20.731 i3.99
@25# 0.981 i0.37 24.691 i1.59 22.751 i2.77 20.061 i6.20 21.181 i3.59
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ues of the tripletNN scattering length,aNN55.424 fm, and
the effective ranger NN51.759 fm @17,18#. With these pa-
rameters the deuteron is bound at 2.205 MeV and has an
radiusA^r 2&d51.887 fm.

Instead of treatinghN andpN as a two-channel system
is customary to describe thehN interaction by a one-channe
complex potential. The strength parameterl of the corre-
spondingT matrix,

thN~p8,p;z!5
l

~p821a2!~z2E01 iG/2!~p21a2!
, ~9!

FIG. 1. The values ofAhd calculated for ImahN50.30 fm while
ReahN is changing from 0.25 fm to 1 fm with the step 0.01 fm. A
increase of ReahN moves the points in the anticlockwise directio
along the curve trajectories that correspond to three choices o
range parametera.
ms

is chosen to reproduce the complexh-nucleon scattering
lengthahN ,

l5
a4~E02 iG/2!

~2p!2mhN

ahN , ~10!

the imaginary part of which accounts for the flux losses in
thepN channel. The range parametera in Eq. ~9! is fixed in
a somewhat more complicated way~see Refs.@2,19#!, while
E0 andG are the parameters of theS11 resonance@1#,

E051535 MeV2~mN1mh!, G5150 MeV.

The two-body scattering lengthahN , which defines the
strength parameterl via Eq. ~10!, is not accurately known
Different analyses@20# provided for ahN the values in the
range

0.27 fm<Re ahN<0.98 fm,

he

FIG. 2. The values ofAhd calculated for ReahN50.60 fm while
Im ahN is changing from 0.2 fm to 0.4 fm with the step 0.005 fm
An increase of ImahN moves the points in the anticlockwise dire
tion along the curve trajectories that correspond to three choice
the range parametera.
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0.19 fm<Im ahN<0.37 fm. ~11!

The parametera is also known with large uncertainty. Thre
different values are given in the literature, namely,a
52.357 fm21 @2#, a53.316 fm21 @19#, anda57.617 fm21

@2#. We therefore calculate theh-deuteron scattering lengt
Ahd for values ofahN and a covering these intervals. Th
results of our calculations are given in Tables I, and II, a
also shown in Figs. 1 and 2.

In order to check our numerical procedure, we perfo
test calculations of the scattering length with decreasing
ues of the meson mass, and compare the results obta
with the corresponding scattering lengths given by

Ahd
FSA52

m

pa4 E
0

` H m

pa4r F r 1
e2ar

2a
~31ar !2

3

2a G
2

1

l S E02
i

2
G D J 21

uud~r !u2dr,

whereud is the radial wave function of the deuteron. Th
formula is easily derived in the fixed scatterer approximat
~FSA!. As it should be, the AGS and FSA results converge
each other when the target particles become much hea
than the incident one~see Table III!.

In Table I we compare the present AGS calculations w
our previous results obtained by means of the FRA@11#. In
Table II we presentAhd calculated witha53.316 fm21 for
various values ofahN given in the literature. For comparison
we show also the results of three different approximate
culations: that of Ref.@8# where two versions of the multiple
scattering theory~MST! were used, and a new FRA calcul
tion that we performed with the deuteron wave function~5!.
In contrast to our previous FRA calculations this wave fun
tion ~which in the coordinate representation is of the Hulth

TABLE III. Convergence of the AGS and FSA results for d
creasing sequence of the meson mass values. The parameters
hN potential are fixed by ahN5(0.751 i0.27) fm and
a52.357 fm21.

h mass Ahd
AGS (fm) Ahd

FSA (fm)

mh 3.9411 i6.702 1.9361 i3.162
mh/2 1.5481 i0.596 1.3741 i0.856
mh/3 0.8911 i0.283 0.8781 i0.439
mh/4 0.6291 i0.185 0.6401 i0.292
mh/5 0.4871 i0.138 0.5031 i0.218
mh/10 0.2301 i0.061 0.2421 i0.095
mh/20 0.1131 i0.029 0.1191 i0.045
mh/30 0.0751 i0.019 0.0791 i0.029
mh/40 0.0561 i0.014 0.0591 i0.022
mh/50 0.0451 i0.011 0.0471 i0.017
d
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form! provides the sameNN input as in the AGS calcula
tions. The dependences ofAhd on ReahN and ImahN are
shown in Fig. 1 and Fig. 2.

The curves depicted in Fig. 1 are similar to Argand plo
though they represent the scattering amplitude as a func
of the coupling constant instead of the collision energy. D
spite this the circular movement of the points on these cur
is of the same nature as in the genuine Argand plot. Inde
to draw an Argand plot one moves the point on the ene
axis from left to right in the vicinity of a resonance pole. It
clear that if we fix the energy instead and move the re
nance pole itself from right to left, the behavior of the am
plitude should be similar to the Argand circle. An increase
ReahN makes thehN interaction more attractive, which
moves thehd resonance poles towards negative energ
i.e., from right to left. The Argand-like shape of the curves
Fig. 1 implies therefore that at a certain value of ReahN
~within the interval from 0.25 fm to 1 fm! the resonance pole
bypasses~from below! the pointE50 and becomes a quas
bound pole.

It should be emphasized here that, in contrast to the ge
ine Argand plot, all the points depicted in Fig. 1 correspo
to the same energy,E50, and therefore the range in whic
the h-deuteronS-matrix pole moves on the energy plan
when ReahN varies within its uncertainty interval, cannot b
inferred from these circular curves. They, however, definit
indicate that such a pole exists and crosses the threshold
ReE50. The positions of this pole for different values o
ReahN were explicitly calculated in a previous publicatio
@15#, where the FRA approximation was employed. Rec
measurements ofh production in the reactionp1n→d1h
show a substantial enhancement of the cross section
threshold, as compared to what is expected from phase s
analysis@26#, implying the existence of such a pole.

As can be seen in Table II, both MST and FRA fail
give the correctAhd ~especially its real part! in the case of
strong hN interaction ~when ReahN.0.5 fm) while for
small values of ReahN these methods work reasonably we
Their failure in the case of strong two-body forces might
due to poor convergence of the multiple scattering series
to increased influence of the break-up channel.

To summarize, in the present work we perform exa
AGS calculations for thehd scattering length for various
hN input that include new data which appeared since
first calculation in 1991@10#. The results obtained with thes
new data suggest strongly that a resonance or quasibo
state could exist near thehd threshold, in agreement with th
prediction of Ref.@10#.
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