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nn̄ transitions in nuclei
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It is shown that there is a double counting in the standard model ofnn̄ mixing in the medium, resulting in

full cancellation of leading terms. The direct calculation ofnn̄ transition followed by annihilation is performed.

The lower limit for the free-spacenn̄ oscillation time istnn̄;Tnn̄.1016 yr, whereTnn̄ is the lifetime of
neutron bound in a nucleus. This limit exceeds the previous one by 16 orders of magnitude.
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PACS number~s!: 11.30.Fs, 13.75.Cs
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Any information on the occurrence ofnn̄ oscillation@1,2#
is important in order to discriminate among various gra
unified theories. The most direct limit on the free-spacenn̄
oscillation time tnn̄ is obtained using free neutrons:tnn̄
.107 s @3#. Alternatively, a limit can be extracted from th
nuclear annihilation lifetime measured in proton-decay ty
experiments: tnn̄.108 s;1yr ~see, for example, Refs
@4,5#!. The process under consideration is (nucleus)→(n̄
2nucleus)→(annihilation products). The calculations we
based on the potential model ofnn̄ mixing in the medium@4#
or on the nonrelativistic diagram technique@5#. They predict
the drastical suppression ofnn̄ transition in nuclei. However
nn̄ conversion comes from the exchange of Higgs bos
with mH.105 GeV, so from the point of view of the micro
scopic theory~dynamicnn̄ conversion@2#, annihilation! the
reasons for the suppression are not clear.

In this paper it is shown that the models used previou
@4,5# are too crude or, more categorically, inapplicable to
problem under study. In particular, the potential model d
not correspond to annihilation products in the final state.
perform the direct calculation of the process (nucleus)→(n̄
2nucleus)→(annihilation products). The interaction Hami
tonian is taken in the general form. Then the basic par
calculation is model independent. However, the amplitude
this case is singular. For solving the problem the appro
with finite time interval@6# is used.

In the standard approach~later on referred to as potentia
model! the nn̄ transitions in the medium are described
Schrödinger equations

~ i ] t1¹2/2m2Un!n~x!5en̄~x!,

~ i ] t1¹2/2m2Un̄!n̄~x!5en~x!. ~1!

Here e51/tnn̄ is a small parameter@4#; Un and Un̄ are the
self-consistent neutron potential and then̄-nucleus optical
potential, respectively. ForUn5const andUn̄5const in the
lowest order ine the probability of the process is

Wpot~ t !512uUii ~ t !u252 ImTii ~ t !,
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Tii ~ t !5 i ~e/dU !2@12 idUt2exp~2 idUt !#, ~2!

where U and T are the evolution operator andT operator,
respectively;U511 iT and

dU5Un̄2Un5ReUn̄2 iG/22Un . ~3!

Here G;100 MeV is the annihilation width ofn̄-nucleus
state.

What is described byWpot(t)? Let us take the imaginary
part of Eq.~16! of Ref. @6#:

2 ImTii ~ t !5e2t22e2E
0

t

dtaE
0

ta
dtb2 ImTii

n̄ ~t!, ~4!

wheret5ta2tb . HereT(t) and Tn̄(t) are theT operators
of the whole process andn̄-nucleus interaction, respectively
For theTn̄ operatoru i &5u0n̄p& and^ f u are then̄-nucleus and
annihilation products, respectively. For the wholeT operator
u i &5u0np& is the nucleus; the physical meaning of the fin
states will be cleared up later. The probability conservat
( f uU f i u251 gives us

2 ImTii 5(
f Þ i

uTf i u21uTii u2,

(
f Þ i

uTf i~ t !u25W~ t !. ~5!

The probability of the processW(t) will be defined below;
uTf i u2;e2, whereasuTii u2;e4 @see Eqs.~2! and~15!#. So for
the left-hand side~LHS! of Eq. ~4! 2 ImTii (t)5W(t), which
was taken into account in Eq.~2!. For theT matrix of the
Tn̄(t) operator Eq.~5! has the form

2 ImTii
n̄ ~t!5(

f Þ i
uTf i

n̄ ~t!u21uTii
n̄ ~t!u2, ~6!

Tii
n̄ 5^0n̄puTn̄u0n̄p&, Tf i

n̄ 5^ f uTn̄u0n̄p&. Then̄-nucleus interac-

tion is a nonperturbative process anduTii
n̄ u2;( f Þ i uTf i

n̄ u2.
Now Eq. ~4! is
R1884 © 1998 The American Physical Society
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W~ t !5e2t22e2E
0

t

dtaE
0

ta
dtbu^0n̄puTn̄~t!u0n̄p&u2

2e2E
0

t

dtaE
0

ta
dtb(

f Þ i
u^ f uTn̄~t!u0n̄p&u2. ~7!

Let us calculateTii
n̄ and Tf i

n̄ in the framework of the po-
tential model. The wave function of initial state is describ
by the equation

i
]F

]t
5H0F, ~8!

H052¹2/2m1Un . At the momentt50 the interactiondU
is turned on. We have

i
]C

]t
5~H01dU !C, ~9!

C(0)5F(0). Theprojection to the initial state andT matrix
at t5t are

^FuC&5Uii
n̄ ~t!5exp~2 idUt!, ~10!

Tii
n̄ ~t!5 i @12exp~2 idUt!#,

(
f Þ i

uTf i
n̄ ~t!u2512uUii

n̄ ~t!u2512e2Gt5Wn̄~t!, ~11!

whereWn̄(t) is then̄-nucleus decay probability. Note thatG

corresponds to alln̄-nucleus interactions followed by annih
lation. However, the main contribution comes from the a
nihilation without rescattering ofn̄ @5#, becausesann
.2ssc . Substituting these expressions in Eq.~7!, one ob-
tains the potential model result~2!.

Therefore, the approach with the finite time interval w
verified by the example of the exactly solvable poten
model. It is involved in Eq.~4! as a special case. Solvin
Eqs. ~1! by the method of Green’s functions we will obta
the same results. We have started from Eq.~4! only for veri-
fication of the finite time approach.

Let us return to Eq.~7!. It is at least unclear.~1! The first
term is the free-spacenn̄ transition probability. The matrix

elements Tii
n̄ and Tf Þ i

n̄ describe transitions (n̄-nucleus)

→(n̄-nucleus) and (n̄-nucleus)→(annihilation prod-
ucts), respectively. So the first and the second terms co
spond to then̄ nucleus in the final states. However, in th
experiment only the annihilation products are detected~the n̄
nucleus is unobservable! and the result should be express

only in the terms ofTf Þ i
n̄ . Moreover, then̄-nucleus decays

into final states identical with the states given by the th
term. This suggests that the potential model contains
-

s
l

e-

e

double counting. Expression 12uUii u2 from Eq. ~2! de-
scribes the inclusive decay of the initial state and so thenn̄

transition with then̄ nucleus in the final state is also include
in Wpot, unless additional limits are imposed. To exclude t
double counting the annihilation products in the final st
should be fixed.~2! Let udUtu!1. ~This is the case in some
other problems.! WhenG50, the third term equals to zero
When GÞ0, the contribution of the third term is negativ
and dW/dG,0, whereas the opening of the new chann
~annihilation! should increaseW.

How big is the probable error? The contributions of t
second and third terms arex252e2t2/21F2 , x3
52e2t2/21F3 . The functionsF2,3 contain the terms pro-
portional tot and exp (2idUt). So thee2t2 term produced by
the third term is fully canceled. This is a consequence
double counting. Therein lies the reason of the discrepa
between our result and the result of the potential model.

As noted in@6#, Eqs.~11! and~2! can also be obtained b
means of microscopic variant of the potential model~zero
angle rescattering diagrams ofn̄). In this case the Hamil-
tonian of the n̄-medium interaction isH5dU. The same
calculation was repeated by Doveret al. @4#. They substitute
H52 iG/2 in Eq.~4! and obtain Eq.~2!. On the basis of this
and only this they refute the result of Ref.@6#. In other words
they refute our limit because it differs from the prediction
the potential model (H52 iG/2 @4#!.

What is wanted is( f Þ i uTf i u2, where^ f u is the annihila-
tion product. It is connected with the diagonal matrix e
ment by Eq.~5!:

2 ImTii 5(
f Þ i

Tf i* Tf i . ~12!

Calculation of Tii is determined by the right-hand sid
~RHS! of Eq. ~12!: the cut corresponding toTii must contain
only annihilation products, which is not in accordance w
Eq. ~7!. It includes redundant statesf 5(n̄-nucleus) forbid-
den by the unitarity condition. The relation~12! is not ful-
filled. Also the eigenfunctions ofH01dU do not form the
complete orthogonal set. Due to this fact then̄ nucleus~de-
scribed byUn̄) also cannot appear in Eq.~12! as the inter-
mediate state. So the model~1! is inapplicable in our case
because it leads automatically to incorrect matrix elem
Tii . Elimination of redundant trajectories fromTii means the
direct calculation ofTf i .

In Ref. @6# the first and the third terms were taken in
account. The second one was omitted. The first term co
sponds to low density limit and is meaningful fornn̄ transi-
tions in the gas. This scheme is not quite correct here. In
paper we perform the direct calculation of the proce
(nucleus)→(n̄-nucleus)→(annihilation products). We have
^ f uU~ t,0!2I u0np&5 iT f i~ t !5 (
k51

`

~2 i !k11^ f u E
0

t

dt1 . . . E
0

tk21
dtkE

0

tk
dtbH~ t1! . . . H~ tk!Hnn̄~ tb!u0np&, ~13!
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where

H~ t !5~all n̄-medium interactions!2Un ,

Hnn̄~ t !5eE d3x~C̄ n̄Cn1H.c.!, ~14!

H1Hnn̄5HI . Here u0np& is the state of the medium con
taining the neutron with the 4-momentap5(pn

2/2m
1Un ,pn), ^ f u represents the annihilation products;Hnn̄ is
the oscillation Hamiltonian@4#. In the case of the formula
tion of theS-matrix problem (t,0)→(`,2`) Eq. ~13! in the
momentum representation includes the singular propag
G51/(en2pn

2/2m2Un);1/0. Taking into account tha

Hnn̄u0np&5eu0n̄p&, we change the order of integration an
obtain

Tf i~ t !52eE
0

t

dtbiT f i
n̄ ~ t2tb!,

iT f i
n̄ ~t!5 (

k51

`

~2 i !kE
tb

t

dt1 . . .

3E
tb

tk21
dtk^ f uH~ t1! . . . H~ tk!u0n̄p&, ~15!

whereu0n̄p& is the state of the medium containing then̄ with
the 4-momentap; t5t2tb . The 4-momenta ofn and n̄ are

equal.Tf i
n̄ is an exact amplitude ofn̄-nucleus decay. It in-

cludes all then̄-nucleus interactions followed by annihila
tion. The expression forTf i(t) was obtained in perfect ana
ogy to Eq.~4! that can be considered as a test for Eq.~15!.

The two-step process was reduced to the annihilation
cay of then̄ nucleus.~The slightly different method is the
separation of the antineutron Green’s function@6#.! It is seen
from Eqs.~13! and ~15! that both pre- and post-nn̄ conver-
sion spatial wave functions of the system coincide:

u0np&sp5u0n̄p&sp . ~16!

n̄ appears in the state withdU50. We would like to stress
that in the potential model~1! the picture ofn̄-nucleus for-
mation is exactly the same: in Eq.~4! for Tii

5^0npuTu0np& and Tii
n̄ 5^0n̄puTn̄u0n̄p& condition ~16! was

fulfilled. Hereafter, the potential model of then̄-medium in-
teraction ~block Tn̄) was used andWpot was reproduced
which confirms the picture ofn̄-nucleus formation given
above. Solving Eqs.~1! by method of Green’s functions w
will obtain the same results, including Eq.~16!. The equality
of vectors of state~16! is also evident from the continuity o
solution of Eqs.~1!.

In both models the first stage of the process (nn̄ conver-
sion! is described identically. The basic difference centers

the next stage—annihilation. In the potential modelTii
n̄ is

calculated~as a result the self-energy partS5dU appears!

and is used in Eq.~7!, which is wrong. We calculateTf i
n̄

starting from the same point~16!. The result will be ex-
or

e-

n

pressed throughG @see Eqs.~19!, ~11!#, but not through
dU5RedU2 iG/2, as is usually the case in decay calcu
tions. The standarddU dependence is manifested in scatte
ing problems, when the diagonal matrix elementTii in the
RHS of Eq.~12! should be taken into account. It correspon
to the observarble process—zero angle scattering of the
cident particle.

The characteristic annihilation time ofn̄ is D51/G
;10223 s. Whent@D, Tf i

n̄ (t) reaches its asymptotic valu

Tf i
n̄ :

Tf i
n̄ ~t@D!5Tf i

n̄ ~`!5Tf i
n̄ 5const. ~17!

The expressions of this type are the basis for allS-matrix
calculations.@Measurement of any process corresponds
some intervalt. So it is necessary to calculateU(t). The
replacementU(t)→S(`) is equivalent to Eq.~17!.# Let us
take t@D. From Eqs.~15! and ~17! we have

Tf i~ t !52 i eF E
0

t2D

dtbTf i
n̄ ~ t2tb!1E

t2D

t

dtbTf i
n̄ ~ t2tb!G

;2 i etTf i
n̄ . ~18!

The contribution of the second term is negligible sin
uTf i

n̄ (t)u2<1. The probability of the whole process is

W~ t !5(
f Þ i

uTf i~ t !u2;e2t2(
f Þ i

uTf i
n̄ ~ t !u2;e2t2, ~19!

where Eq.~11! has been taken into account. The valuee2t2

5t2/tnn̄
2 is the free-spacenn̄ transition probability. Due to

the annihilation channelnn̄ conversion is practically unaf
fected by the medium. Sotnn̄;Tnn̄ , whereTnn̄ is the oscil-
lation time of neutron bound in a nucleus. In order to find t
limit for tnn̄ from experimental data on nuclear stability, th
distribution~19! should be used~but not the exponential de
cay law!. Let us takeNn ,T0 ,e1 , andu as the total number o
neutrons under observation, the observation time, the ove
n→n̄ detection efficiency, and the average number of o
servablen→n̄ events, respectively. From the inequality

Nn~T0 /tnn̄!
2~e1 /u!,1 ~20!

one obtainstnn̄.1016 yr, where the valuesT051.3 yr,
Nn52.431032, e150.33, andu52.3 @7# were used.

Our previous result@6# is different from Eq.~19! only by
a factor of 2. However, in Ref.@6# we used the limitTnn̄
.4.331031 yr @7# deduced from the experimental data b
means of exponential decay law which does not agree w
Eq. ~19!.

Let us return to the reason for the enormous quantita
disagreement between our result and the potential model
The strong sensitivity of the results should be expected.
ally, in the momentum representation theS-matrix amplitude
Ms , corresponding to thenn̄ transition followed by annihi-
lation @see Eq.~14!# diverges

Ms5e
1

en2pn
2/2m2Un

M;
1

0
, ~21!

where M is the annihilation amplitude. These are infrar
singularities conditioned by zero momentum transfer in the
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vertex. It can be seen thatMs;1/0 for any bound state wav
function of a neutron~i.e., for any nuclear model!. On the
other hand in the potential model the energy is not conser
and becomes complex:MA→MA1dU (MA is the nuclear
mass!. In this case we have instead of Eq.~21!

Mpot5e
1

en2pn
2/2m2Un̄

M5e
1

dU
M . ~22!

This is a potential model amplitude. Really, the proce
width is Gpot5*dFuMpotu2/2MA5e2G/udUu25Wpot/t,
which coincides with Eq.~2! when udUtu@1. It is seen that:
~1! There is a double counting inM andG with respect toH.
Mpot does not agree with Eq.~14! as well.~2! dU50 is the
singular point and due to zero momentum transferq50 in
the vertex corresponding toHnn̄ we are in this point. So the
result is extremely sensitive todU. ~Usually, in the reactions
and decays the momentum transferred isqÞ0. In this case
the dU dependence ofG is masked byq: G215(en2q0)
2(pn2q)2/2m2Un2dU. We deal with the 2-tail andq
50.]

Comparing Eqs.~21! with ~18! one sees that in principle
the limit dU→0 corresponds to the replacement

1/dU→t. ~23!

Certainly, we do not setdU50. Un̄ is not introduced at all.
In the calculation of Eq.~13! the multiplier t @see Eq.~18!#
arises automatically instead of 1/dU in the potential model,
or 1/Dq in the caseqÞ0. WhenqÞ0 in the e-vertex, Eq.
~13! leads to the usualS-matrix result~see below!. The for-
mal reason for the differences in the results is the full c
cellation of the terms;t2 in Eq. ~7!. The erroneous structur
of Eq. ~7! is caused by the nonperturbative and two-s
nature of the process. The fact thatq50 increases the dis
agreement.

An additional comment is necessary regarding thet de-
pendence of the whole process probabilityW(t). Equation
~19! has been obtained in the lowest order ine. The exact
distributionWpr(t) which accounts for the all orders ine is
unknown. However,W is the first term of the expansion o
Wpr and we can restrict ourselves to the lowest orderWpr
5W, as it is usually the case for rare decays.Wpot is also
calculated in the lowest order ine.

The protons must be in a very early stage of the de
process. Thus the realistic possibility is considered@8–11#
that the proton has not yet entered the exponential stage o
decay but is, instead, subject to non-exponential beha
which is rigorously demanded by quantum theory for su
ciently early times. At first sight, sincetnn̄.1016 yr for nn̄
mixing in a nuclei, the non-exponential behavior should
expected too. In fact, there is one more problem: we d
with the two-step process. When trying to calculateMs and
Gs in the framework of standardS-matrix theory we getGs
;1/0. So the decay law exp (2Gst) is irrelevant and it is
necessary to deduce the distributionW(t) as was done
above.

We have to mention the main points made
Krivoruchenko’s preprint@12#. ~1! The nn̄ transition fol-
d

s

-

p

y

its
or
-

e
al

lowed by annihilation~two-step nuclear decay! and motion
of particle in the classical field are two different problem
Describing the first one by Eqs.~1! we understand that this i
an effective procedure. From a formal standpoint in the fi
and second cases the potentials are complex and real, re
tively. Unfortunately, sometimes the literal analogy betwe
these problems is drawn@12#. ~2! The initial Eq.~11! of Ref.
@12# must describe thenn̄ transition followed by annihila-
tion. However, the LHS of Eq.~11! is free of n̄-nucleus
interaction at all. The RHS contains annihilation widthG ~we
stress this point! and coincides with the potential model re
sult. We also would be glad to get the result without calc
lations, but some difficulties emerge in reaching this goa

The interaction responsible for thenn̄ conversion is ul-
traweak. Therefore, then-nucleus interaction in the initia
state should be taken into account exactly. The neutron
entering into thenn̄ transition vertex should be the wav
function of the bound state@see Eq.~8!#, but not the propa-
gator, as in the model based on the diagram technique@5,13#.
As a result, in this model thenn̄ transition is possible only
between the acts of interactions of an oscillating particle a
a nucleus. These interactions lead to total suppresion ofnn̄
conversion, which is incorrect. This can be understood us
the analogy withb decay and taking into account thatmH
.105 GeV.

Some additional remarks on Ref.@13# are necessary.~1!
The picture described in Sec. 1 is valid only for a simp
interaction operator. We deal with products of operators@see
Eq. ~13! of this paper#. ~2! In Sec. 2 it is claimed that the
amplitude should be singular atB→0, whereB is the binding
energy. Accordingly, asB→0, the amplitude obtained is
uA1u2;1/0. In fact, they are the usual infrared singulariti
mentioned above, which must be avoided. The correct mo
should reproduce the low density limitW(t)5e2t2. ~3! The
cut corresponding to the diagonal matrix element~18! is
completely free of annihilation products.

We try to calculate the process amplitude starting fro
Eq. ~14!. The S-matrix theory gives Eq.~21!. The approach
with a finite time interval is infrared-free. Its verification fo
the diagrams withq50 was made above by the example
the potential model. For nonsingular diagrams the test is
vious. Let us haveqÞ0 in the e vertex. The appropriate
calculations with a finite time interval~adiabatic hypothesis
should be used! give the S-matrix result ~we stress this
fact because it means the verification of the approac!:

Tf i5 i e8(1/Dq)T f i
n̄ , whereT f i

n̄ is the S-matrix amplitude of

annihilation of virtualn̄ with the 4-momentak5p2q. Com-
paring with Eq.~18! one sees that the limitDq→0 corre-

sponds to the replacement 1/Dq→t,T f i
n̄→Tf i

n̄ @compare with
Eq. ~23!#. The similar problem for matrix elementTii was
solved in Ref.@14#.

The main results of this paper are given in the abstract
the next paper the following statements will be proved:~1!
All the results are true for any nuclear model.~2! The con-
tribution of the corrections is negligible.~3! Further investi-
gation and verification of the approach will be presented
well. In our opinion, it makes sense to look at some oth
problems on oscillation of particles in a medium from t
standpoint given above.
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