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Noncoplanarity effects in proton-proton bremsstrahlung
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Noncoplanarity in proton-proton bremsstrahlung is investigated. Significant effects are observed for certain
photon polar angles,cg . Such noncoplanarity effects, not of dynamical origin, are possibly responsible for
past disagreements between theory and experiment. The Harvard noncoplanar coordinate system, which avoids
kinematic singularities in the cross section, is used in our calculations and is recommended for use in the
analysis of experimental data. Alternative methods of presenting cross sections are discussed.
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During the last three decades proton-proton bremsst
lung (ppg) has been studied with great interest experim
tally and theoretically, primarily because of its promise a
probe of the off-shell properties of the nucleon-nucleon
teraction. Because sensitivity to off-shell effects increase
the bombarding energy is increased and the scattering a
of the two final-state protons is decreased, recentppg experi-
ments@1,2# measured cross sections and analyzing power
energies between 190 MeV and the pion production thre
old and for small scattering angles; additional experime
have gone above the threshold for pion production@3,4#;
measurements reported in Refs.@5, 6# were only for cross
sections. The cross section measurements@1#, which showed
unexpected large discrepancies with theoretical expectati
were particularly exciting. The discrepancies remain un
solved and challenged experimentalists to perform more
cise measurements and theorists to improve their model
culations.

Various theoretical avenues have been explored in the
fort to resolve differences with the data. Because theppg
process involves two identical protons, the leading elec
dipole terms cancel and no photon emission results fr
single-meson exchange between the two protons at the
level. Therefore, most theorists have focused their atten
upon higher order effects and corrections such as rescatte
terms, relativistic spin corrections, negative energy sta
D-isobar admixtures, electromagnetic form factors, hig
order exchange currents, and the difference between pse
scalar and pseudovectorpN couplings. Estimates for contri
butions from some of these effects have been signific
especially at extreme~forward and backward! photon angles.
However, the magnitude of the overall correction has
resolved the discrepancy between theory and experim
The discrepancy in angular dependence of the cross se
for asymmetric proton angles has been a particular probl

The primary purpose of this Rapid Communication is
report on the noncoplanarity aspect of proton-proton bre
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strahlung, a significant effect which has not been system
cally investigated.

The first successful measurement ofppg noncoplanar
cross sections was performed by the Harvard group@7# some
30 years ago. The experimental arrangement has since
come known as the ‘‘Harvard geometry.’’ The two outgoin
protons and the photon in the final state have momenta
noted bypW 18 , pW 28 , and KW , respectively. In the conventiona
spherical coordinate system, these three momenta are
pressed in terms of the polar angleu and the azimuthal angle
f as

pW i85pW i8~pi8 ,u i ,f i !, ~ i 51,2!

[pi8 sin u i cosf i êx1pi8 sin u i sin f i êy

1pi8 cosu i êz , ~1a!

KW 5KW ~K,ug ,fg!

[K sin ug cosfgêx1K sin ug sin fgêy

1K cosugêz . ~1b!

The Harvard noncoplanar coordinate system is instead
fined by introducing two new angles,ū and f̄. ~See the
Appendix of Ref.@8# for the definitions.! By using these new
angles, one can writepW 18 , pW 28 , andKW as

pW 185pW 18~p18 ,ū1 ,f̄1!

[p18cos f̄1sin ū1êx

1p18cos f̄1cos ū1êz1p18sin f̄1êy , ~2a!
R1880 © 1998 The American Physical Society
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pW 285pW 28~p28 ,ū2 ,f̄2!

[2p28cos f̄2sin ū2êx

1p28cos f̄2cos ū2êz1p28sin f̄2êy , ~2b!

KW 5KW ~K,ūg ,f̄g!

[K cos f̄gsin ūgêx1K cos f̄g

3cos ūgêz2K sin f̄gêy . ~2c!

There is another important photon polar anglecg employed
in the Harvard noncoplanar coordinate system. It is defi
as follows: There are the three noncoplanarity anglesf̄ i , i

51,2,g. The anglef̄5(f̄11f̄2)/2 has a kinematically al-
lowed limit f̄max, termed the maximum noncoplanari
angle. The corresponding photon in this limiting case
called ‘‘the limiting gamma ray’’; its momentum is
qW 5qW (q,ū0 ,f̄0), which is given by Eq.~2c! with (K,ūg ,f̄g)
replaced by (q,ū0 ,f̄0), respectively. To definecg , one con-
structs a new photon momentumKW 85KW 8(K8,cg,0) from KW

andqW , KW 85KW 2aqW , where the scalara is chosen such tha
KW 8 lies in the XZ reference plane and has a polar an
equivalent tocg .

FIG. 1. Noncoplanarppg cross sections d3s/dV1dV2dcg as a

function of the noncoplanarity anglef̄ at an incident energy of 190

MeV for ū15 ū258° and variouscg . The solid curves were cal
culated using aTuTts amplitude@11,12#, while the dashed curve
represent results from an OBE model@10#.
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In terms of the spherical coordinate system we can cho
the set (u1 ,f1 ,u2 ,f2 ,ug) to be independent variables an
express the differential cross section in the for
d3s/dV1dV2dug . For the coplanar case, this cross section
well behaved when plotted as a function ofug over the entire
range from 0° to 360°. However, this form isnot recom-
mended for the noncoplanar situation, because the cross
tion exhibits kinematic singularities@9# when plotted as a
function of ug ; the range of allowedug no longer extends
from 0° to 360°.

The purpose of introducing the more complex Harva
noncoplanar coordinate system is to remove the kinem
singularities. Using that coordinate system we can choose
set (ū1 ,f̄1 ,ū2 ,f̄2 ,cg) to be the independent kinematic var
ables and express the cross section in the fo
d3s/dV1dV2dcg . There are three advantages to express
the cross section in this form:~i! d3s/dV1dV2dcg reduces to
d3s/dV1dV2dug ascg reduces toug in the coplanar case;~ii !
the anglecg always runs through 2p, so that the cross sec
tion can be defined as a function ofcg for the full 0°<cg
<360° range;~iii ! d3s/dV1dV2dcg is free of kinematic sin-
gularities. Therefore, we have investigated the noncopla
d3s/dV1dV2dcg cross section as a function ofcg , the non-
coplanarity anglef̄, and the bombarding energy.

Most theorists have calculated coplanar cross section
the form d3s/dV1dV2dug . Because the measured cross se
tions involve contributions from noncoplanar events, the e
perimental cross sections must be ‘‘corrected’’ in order
compare with these theoretical predictions. Historically o
has calculated the double differential cross section~often re-
ferred to in the literature as the integrated cross section!,

d2s/dV1dV25E~d3s/dV1dV2dcg!dcg , ~3!

as a function of the noncoplanarity anglef̄ and has used the
result to determine a constant correction factor for convert
the experimental~noncoplanar! cross sections into a coplana

FIG. 2. The cross section ratio d3s/dV1dV2dcg /
~d3s/dV1dV2dcg!f̄50 as a function ofcg at an incident energy of

190 MeV for ū15 ū258° and f̄50°,2°,4°,6°,8°. Calculations
were made using aTuTtsamplitude@11,12#.
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result. As was shown in Refs.@8,10#, this double differential
cross section d2s/dV1dV2 is typically a monotonically de-
creasing function off̄. This feature is rather general, as it
fairly independent of the theoretical model used and this
been confirmed by other experiments. The correction fac
obtained via this procedure is a constant. That is, one rel
the experimental noncoplanar cross secti
(d3s/dV1dV2dcg)exp at cg to an ‘‘experimental’’ coplanar
cross section (d3s/dV1dV2dug)exp at ug as follows:

~d3s/dV1dV2dug!exp5C@~d3s/dV1dV2dcg!exp#cg5ug
,
~4!

where C is the constant correction factor. It is in this appro
mation that (d3s/dV1dV2dug)exp has been obtained for com
parison with theoretical calculations of d3s/dV1dV2dug .

We point out that (d3s/dV1dV2dug)exp, obtained in this
manner from Eq.~4!, is not an actual coplanar (f̄50°) cross
section. Therefore, it should not be used to compare w
theoretical coplanar cross section calculations. The rea
can be seen from the result of our investigation on the
pendence of the noncoplanar cross section d3s/dV1dV2dcg

uponf̄ for the entire range ofcg . In Fig. 1 we plot various
noncoplanar curves forū15 ū258° at an incident energy o
190 MeV, the energy of the high statistics KVI experime
@2#. Each curve represents the noncoplanar cross section
function of f̄ for a givencg . For this case one hasf̄max
58.46°. In order to demonstrate that the shape of these n
coplanar curves is fairly independent of the theoretical
proach, we have used both aTuTtssoft-photon approxima-
tion @11,12# and a one-boson-exchange model@10# in our
calculations. The noncoplanarity effect~the dependence o
d3s/dV1dV2dcg upon f̄! differs markedly as a function o
cg . In particular, for a given cg the cross section
d3s/dV1dV2dcg is not necessarily a monotonically decrea
ing function off̄. Any noncoplanarity correction factor wil
not be a constant in the angular range 0°<cg<180°. For
example, we see from Fig. 1 that the noncoplanarity effec

FIG. 3. The cross section ratio d3s/dV1dV2dcg /
~d3s/dV1dV2dcg!f̄50 as a function ofcg at an incident energy of

190 MeV for ū15 ū2516° and f̄50°,1°,3°,5°,7°. Calculations
were made using aTuTtsamplitude@11,12#.
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significant in the regionscg,15° andcg.150°, while it is
quite small aroundcg590°. Because of this significant an
gular dependence of the noncoplanarity, a better procedur
use in approximating the ‘‘experimental’’ coplanar cross se
tion is

~d3s/dV1dV2dug!exp5@C~cg!~d
3s/dV1dV2dcg!exp#cg5ug

,
~5!

where C(cg) is an angular dependent correction factor. Fo
givencg , the curves shown in Fig. 1 can be used to estim
C(cg).

To make this noncoplanarity effect clear, we illustrate
Figs. 2 and 3 the calculated cross section ratio

FIG. 4. Noncoplanar cross sections d3s/dV1dV2dcg as a func-

tion of cg at 190 MeV for (ū1 ,ū2)5(8°,16°) and f̄
50°,1°,3°,5°,7°. Calculations were made using aTuTts ampli-
tude @11,12#.

FIG. 5. Noncoplanar cross sections d3s/dV1dV2dcg as a func-

tion of cg at 190 MeV for (ū1 ,ū2)5(16°,8°) and f̄

50°,1°,3°,5°,7°. The curves forf̄51° and f̄50° are indistin-
guishable. Calculations were made using aTuTts amplitude
@11,12#.
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d3s~f̄!

d3s~f̄50!
[

d3s/dV1dV2dcg

~d3s/dV1dV2dcg!f̄50
, ~6!

as a function ofcg for variousf̄. The maximum noncopla
narity anglef̄max is 7.69° for (ū1 ,ū2)5(16°,16°) at 190
MeV. If the noncoplanarity effect is small, then the value
the ratio should be approximately unity. In Figs. 4 and 5
show the actual cross section d3s/dV1dV2dcg as a function
of cg for selectedf̄. These figures also demonstrate expl
itly that the noncoplanarity effect is significant for somecg
and that the correction factor C(cg) varies withcg .

A comparison of Figs. 4 and 5 reveals, for the first tim
that the noncoplanarity correction~in the range 0°<cg
<180°! is much more important for the case in whic
( ū1 ,ū2)5(8°,16°) than for the case in which (ū1 ,ū2)
5(16°,8°). Although it requires further study, one may a
ticipate better overall agreement between theory and exp
ment for cases withū1. ū2 than for cases withū1, ū2 .

Even though Eq.~5! provides a significant improvemen
in estimating the coplanar cross section from the experim
tal data, obtaining C(cg) represents a practical problem
some consequence. Furthermore, presenting ‘‘data’’ in
manner may leave unspecified the exact procedure use
f
e

-

,

-
ri-

n-

is
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obtain C(cg). To avoid this uncertainty, experimentalis
should preferably present their data as a function off̄, as
was done by the Harvard group@7#. If it is not possible to
measure noncoplanar cross sections as a function off̄, then
(d3s/dV1dV2dug)exp should be quoted along with the exper
mental constraints, bins, efficiencies, etc. In that less t
ideal situation, theorists could then compare with the exp
mental data by calculating the noncoplanar cross sec
d3s/dV1dV2dcg as a function off̄ and then averaging ove
the published constraints to obtain the appropriate cross
tion for comparison. Alternatively, theorists must provid
noncoplanar results with which experimentalists can ‘‘Mon
Carlo’’ a proper comparison with the data.
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