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Multipion correlations in high energy collisions
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Any-order pion inclusive distributions for a chaotic source in high energy collisions are given, which can be
used in both the theory and experiment to analyze the any-order pion interferometry. Multipion correlation
effects on the two-pion and three-pion interferometry are discussed.@S0556-2813~98!50107-0#
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Hanbury-Brown and Twiss@1# were the first to apply the
Bose-Einstein~BE! correlations to measure the size of d
tant stars. The method was first applied to particle physics
Goldhaberet al. ~GGLP! @2# in 1959. Since then the size o
the interaction region has been measured by numerous
periments in high energy collisions using different types
particles. The two-pion BE correlation is widely used in hi
energy collisions to provide the information for the spac
time structure, degree of coherence, and dynamics of
region where the pions were produced@3#. Ultrarelativistic
hadronic collisions provide the environment for creating d
ens of pions@4–7#; therefore, one must take into account t
effects of multipion BE correlations in those processes. T
bosonic nature of the pion should affect the single andi -pion
spectra and distort thei ( i>2)-pion correlation function;
thus, it is very interesting to analyze the multipion BE co
relation effects oni -pion interferometry@8–15#. On the other
hand, one also wants to study higher-order pion interfero
etry directly to see what additional information can be e
tracted from higher-order pion interferometry. Now this a
pect has aroused great interest among physicists@6,7,13,16–
18#. Unfortunately all present analyses of multipio
correlations are based on pure ‘‘multipion interferometry f
mulas’’ without the consideration of the higher-order pi
correlation effects on the lower-order pion interferome
@6,7,13,16–18#. Thus we urgently need new multipion inte
ferometry formulas which can be used in both the theory
experiment to analyze the any-order pion interferome
This is the main aim of this Rapid Communication. In th
Rapid Communication, considering multipion BE corre
tions, we derive new multipion correlations formulas whi
can be used to analyze the any-order pion interferome
Those new multipion correlations formulas are structura
similar to the previous formulas but with modified sour
functions@see Eq.~21! for details#. This warrants the validity
of the formulas used in earlier studies of the higher-or
pion interferometry. Although we only study multipion B
correlations in this Rapid Communication, the results p
sented here are also held for kaon if the final state inte
tions are neglected.

The general definition of the ‘‘pure’’n-pion correlation
function Cn(p1 ,...,pn) is

Cn~p1 ,...,pn!5
Pn~p1 ,...,pn!

)
i 51

n

P1~pi!

, ~1!
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wherePn(p1 ,...,pn) is the probability of observingn pions
with momenta$pi% all in the samen-pion event. Then-pion
momentum probability distributionPn(p1,...,pn) can be ex-
pressed as@9,11#

Pn~p1,...,pn!5(
s

r1,s~1!r2,s~2!¯rn,s~n! , ~2!

with

r i , j5r~pi ,pj !5E d4xgwS x,
~pi1pj !

2 Dei ~pi2pj !•x. ~3!

Here s( i ) denotes thei th element of a permutation of th
sequence 1,2,3,...,n, and the sum overs denotes the sum
over all n! permutations of this sequence.gw(Y,k) can be
explained as the probability of finding a pion at pointY with
momentumk which is defined as@11#

gw~Y,k!5E d4y j* ~Y1y/2! j ~Y2y/2!exp~2 ik•y!,

~4!

with

E gw~x,k!d4xdkW5n0 . ~5!

Where j (x) is the current of the pion,n0 is the mean pion
multiplicity without the BE correlation@10,11#. From Eq.~1!
and Eq. ~2!, the puren-pion correlation functions can b
expressed as@16#

Cn~p1,...,pn!5(
s

)
j 51

n
r j ,s j

r j , j
. ~6!

The above correlation functions are widely used in both
periment and theory to analyze the multipion interferomet
But in high energy experiments, the pion multiplicity is s
large that we must take into account the multipion corre
tions effects on lower-order pion interferometry.

For np events, considering then-pion correlations effect,
the i -pion correlation function can be defined as@11#

Ci
n~p1,...,pi!5

Pi
n~p1 ,...,pi!

)
j 51

i

P1
n~pj !

, ~7!
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wherePi
n(p1 ,...,pi) is the the normalized modifiedi -pion inclusive distribution inn-pion events that can be expressed as

Pi
n~p1 ,...,pi!5

E )
j 5 i 11

n

dpjPn~p1 ,...,pn!

E )
j 51

n

dpjPn~p1 ,...,pn!

. ~8!

Now we define the functionGi(p,q) as @10,11#

Gi~p,q!5E r~p,p1!dp1r~p1 ,p2!dp2¯r~pi22 ,pi21!dpi21r~pi21 ,q!. ~9!

From the expression ofPn(p1,...,pn) @Eq. ~2!#, the one-pion to three-pion inclusive distribution can be expressed as@11#

P1
n~p!5

1

n

1

v~n! (
i 51

n

Gi~p,p!•v~n2 i !, ~10!

P2
n~p1,p¢2!5

1

n~n21!

1

v~n! (
i 52

n F (
m51

i 21

Gm~p1,p1!•Gi 2m~p2,p2!1Gm~p1,p2!•Gi 2m~p2,p1!Gv~n2 i !, ~11!

P3
n~p1,p¢2,p¢3!5

1

n~n21!~n22!

1

v~n! (
i 53

n F (
m51

i 22

(
k51

i 2m21

Gm~p1,p1!•Gk~p2,p2!•Gi 2m2k~p3,p3!

1Gm~p1,p2!•Gk~p2,p1!•Gi 2m2k~p3,p3!1Gm~p2,p3!•Gk~p3,p2!•Gi 2m2k~p1,p1!

1Gm~p3,p1!•Gk~p1,p3!•Gi 2m2k~p2,p2!1Gm~p1,p2!•Gk~p2,p3!•Gi 2m2k~p3,p1!

1Gm~p1,p3!•Gk~p3,p2!•Gi 2m2k~p2,p1!Gv~n2 i !, ~12!

with

v~n!5
1

n! E )
k51

n

dpkPn~p1,...,pn!5
1

n (
i 51

n

C~ i !v~n2 i !,C~ i !5E Gi~p,p!dp. ~13!

Herev(n) is the pion multiplicity distribution probability.
Similar expressions can be given fori ( i<n) pion inclusive distributions. From the above method thei -pion correlation

function can be calculated forn-pion events. Experimentally, one usually mixes all events to analyze the two-pion
higher-order pion interferometry. Then thei -pion correlation function can be expressed as@19,20#

Ci
f~p1,...,pi!5

Ni~p1,...,pi!

)
j 51

i

N1~pj !

. ~14!

Here thei -pion inclusive distribution,Ni(p1,...,pi), can be expressed as

Ni~p1,...,pi!5

(
n5 i

`

v~n!•n~n21!¯~n2 i 11!Pi
n~p1,...,pi!

(
n

v~n!

, ~15!

with

E Ni~p1,...,pi!)
j 51

i

dpj5^n~n21!¯~n2 i 11!&. ~16!

Then the one-pion to three-pion inclusive distribution reads

N1~p!5(
i 51

`

Gi~p,p!, ~17!
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N2~p1,p2!5(
i 51

`

Gi~p1,p1!(
j 51

`

Gj~p2,p2!1(
i 51

`

Gi~p1,p2!(
j 51

`

Gj~p2,p1!, ~18!

N3~p1,p2,p3!5(
i 51

`

Gi~p1,p1!(
j 51

`

Gj~p2,p2!(
k51

`

Gk~p3,p3!1(
i 51

`

Gi~p1,p2!(
j 51

`

Gj~p2,p1!(
k51

`

Gk~p3,p3!

1(
i 51

`

Gi~p3,p1!(
j 51

`

Gj~p1,p3!(
k51

`

Gk~p2,p2!1(
i 51

`

Gi~p2,p3!(
j 51

`

Gj~p3,p2!(
k51

`

Gk~p1,p1!

1(
i 51

`

Gi~p1,p2!(
j 51

`

Gj~p2,p3!(
k51

`

Gk~p3,p1!1(
i 51

`

Gi~p1,p3!(
j 51

`

Gj~p3,p2!(
k51

`

Gk~p2,p1!. ~19!
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A similar expression for thei ( i .3) pion inclusive distribu-
tion can be given. Following Refs.@14,15,21#, we define the
following function:

Hi j 5H~pi,pj !5 (
k51

`

Gk~pi,pj !. ~20!

Then then-pion inclusive distribution can be expressed a

Nn~p1,...,pn!5(
s

H1s~1!H2,s~2!¯Hn,s~n! . ~21!

Here s( i ) denotes thei th element of a permutation of th
sequence 1,2,3,...,n, and the sum overs denotes the sum
over all n! permutations of this sequence. One of the int
esting things about Eq.~21! is that it is very similar to Eq.
~2!. The only difference is that Eq.~2! only contains the first
term of Hi j „r(pi ,pj)5G1(pi ,pj)…. With the help of Eq.
~21!, the general form of thei -pion correlation function@Eq.
~14!# can be re-expressed as@16#

FIG. 1. Multipion correlation effects on two-pion interferom
etry. The solid line corresponds to the result of the pure two-p
interferometry. The dashed line and dotted line correspond to^n&
520,146, respectively. The input value ofR and D are 5 fm and
0.25 GeV.
-

Ci
f~p1,...,pi!5(

s
)
j 51

i
H j ,s~ j !

H j , j
. ~22!

In the derivation of Eq.~22!, we mention nothing abou
the structure of the source, so our results are in princ
independent of the detail form of the source, i.e., one can
any kind of source function~which may contain resonanc
and flow! to study higher-order pion interferometry. Assum
ing thatHi j 5uHi j uexp(ifij), it is clear that two-pion interfer-
ometry does not depend on the phasef i j which exists in
higher-order pion interferometry. So higher-order interfe
ometry can be used to extract the information for the ph
@17#. If the source distribution function is symmetric in th
coordinate space we havef i j 50. Then multipion correla-
tions contain the same information as two-pion interfero
etry does. In the following, we will use a simple model
study the multi-pion correlations effects on two-pion a
three-pion interferometry. Similar to Refs.@9–11#, we as-
sume the source distribution functiong(x,p) as

n FIG. 2. Multipion correlation effects on three-pion interferom
etry. The solid line corresponds to the pure three-pion interfero
etry. The dashed line and dotted line correspond to^n&511,45,
respectively. The input value ofR andD are 3 fm and 0.36 GeV.
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g~x,p!5n0•S 1

pR2D 3/2

exp~2r 2/R2!S 1

pD2D 3/2

3exp(2p2/D2). ~23!

Here R and D are parameters which represent the radius
the chaotic source and the momentum range of pions, res
tively. Using Eq.~9!, Eq. ~14!, and Eq.~15!, one can calcu-
late the any-order pion correlation function for any kind
source distribution@22#. Csörgő and Zimáyi have found ana-
lytical solutions for the above special source distributi
@14,15# which are quoted here:

Gn~p1,p2!5 j n expH 2
bn

2
@~g1

n/2p12g2
n/2p2!

2

1~g1
n/2p22g2

n/2p1!
2#J , ~24!
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j n5n0
nS bn

p D 3/2

, bn5
1

D2

g12g2

g1
n 2g2

n ~25!

with

g65
1

2
~11x6A112x!, x5R2D2/2. ~26!

Using this solution, one can calculate the any-order pion
terferometry for the above source distribution. The analyt
solution has the advantage over the previous method@10,11#
in that it can be used in theory analyses.

The two-pion interferometry for the different mean mu
tiplicity ^n& is shown in Fig. 1. It is clear that multipion
correlation makes the radius smaller. For the three-pion
terferometry, we choose the variableQ25(p12p2)

21(p2
2p3)

21(p32p1)
25q12

21q23
21q31

2 and integrate the othe
eight variables; then we have the three-pion correlation fu
tion C3

f(Q) as
C3
f~Q!5

E N3~p1,p2,p3!d~Q22q12
22q23

22q31
2!dp1dp2dp3

E N1~p1!N1~p2!N1~p3!d~Q22q12
22q23

22q31
2!dp1dp2dp3

. ~27!
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Three-pion interferometry for different^n& is shown in Fig.
2. It is clear that aŝn& becomes larger, the deviations of th
three-pion correlation from ‘‘pure three-pion’’ interferom
etry become larger.

In the following, we will discuss the effects of resonanc
flow, and energy conservation on the above calculations.
effects of the resonance on pure two-pion interferometry
not a new subject that has been extensively studied by
ferent authors@23#. Effects of the resonance on the highe
order pion interferometry based on pure multipion interf
ometry formulas have been recently studied by Cso¨rgő in
Ref. @16#. Because Eq.~21! is similar to Eq.~2!, all analyses
in Ref. @16# can be applied here. In principle, the resonan
should not affect the multipion correlation formulas pr
sented here, but because of the limited momentum resolu
of the data we will have modifiedn-pion BE correlation
functions as presented in Ref.@16#. The basic idea is tha
because of the limited resolution of the data, the contri
tions from the long lived resonance to the correlator are c
centrated at a lower relative momentum region that is
resolved by the two-pion interferometry. Thus the interf
ence term„G1(pi,pj),iÞ j … now mainly contains the contri
butions from directly emitted pions and pions from sh
lived resonances. While the single particle spectr
„G1(pi,pi)… is not affected by the two-particle momentu
resolution, the intercept ofn-pion interferometry is smalle
than the ideal valuen!. Based on the pure two-pion interfe
ometry formula, one has found that the flow makes the
parent radius derived from the two-pion interferome
smaller @24#. Because of the multipion BE correlation e
,
e
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if-

-

e
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-
n-
t

-

t

-

fects, it is expected that the apparent radius derived fr
two-pion interferometry will become much smaller. Consi
ering the effects of the energy constraint on the multip
interferometry, I have derived a new multipion inclusive d
tribution according to the method presented in Ref.@25#.
This new formula is similar to Eq.~21!. If we integrated the
energy from zero to infinity we will have Eq.~21! again.
According to the definition of Eq.~14!, in the calculation of
Eq. ~22!, we actually mix all events~with different multi-
plicities and different energies!. It means that in the experi
ment, one has already integrated all the possible energ
the pions, so it is not necessary for us to consider ene
constraint effects here.

In conclusion, in this Rapid Communication, we have d
rived thei -pion inclusive distribution andi -pion correlation
function for a chaotic source which can be used in exp
ment and theory to analyze multipion interferometry. Fo
simple model, multipion correlation effects on two-pion a
three-pion interferometry were discussed. It was shown
for larger mean pion multiplicity, the deviations of the thre
pion and two-pion correlation from the ‘‘pure’’ three-pio
and two-pion correlation became larger. The effects of re
nance, flow, and energy constraint on the multipion corre
tion formulas were discussed.
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@16# T. Csörgő, Phys. Lett. B409, 11 ~1997!.
@17# W. Zajc ~private communication!; Physics with Collider detec-

tors at RHIC and the LHC, edited by J. Thomas and T. Ha
man ~unpublished!; U. Heinz and Q. H. Zhang, Phys. Rev.
56, 426~1997!; H. Heiselberg and A. P. Vischer,ibid. 55, 874
~1997!; J. G. Cramer and K. Kadija,ibid. 53, 908~1996!; Q. H.
Zhang, Phys. Rev. D57, 287 ~1998!; M. Plümer, L. V. Ra-
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