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Superdeformed identical bands®Dy(1) and ®Tb(2) in supersymmetry
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With the supersymmetry model being extended to include many-body interactions and with the single-
particle Routhian being taken into account, the identical superdefof8®@bands'®Dy(1) and®Th(2) are
investigated. The calculated results agree with experimental data quantitatively well. It indicates that the
supersymmetry with a many-body interaction is probably a source of the identical SD bands. Meanwhile to
describe various aspects of the identical bands, the single-particle Routhian should also be taken into account.
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The new generation of large-ray detector arrays has els[9], the supersymmetric moddl$0—12, and the fermion
revealed many superdeformé8D) bands inA~190, 150, dynamical symmetry modéglL3], have also been exploited.
130, 80, and even 60 mass regions. The deexcitatiopay = Especially, realistic supersymmetric partners seem to be ob-
energies of many pairs of these bands are identical to eacterved practically by the appearance of identical bands in
other within 1/1000(isospectral or, to the same precision, even-even and neighbor oddnuclei. However, theoretical
differ by 1/2 or =1/4 of the energy spacing of the consecu-predictions in terms of supersymmetry up to now have not
tive y rays. This fascinating phenomenon is referred to ayet reproduced the experimental data quantitatively well. In
identical band€IB’s). Since the observation in different nu- this paper, by extending the supersymmetry appr¢a@H 1]
clei of long sequences of rays that have equal energies hadto include many-body interactions, we describe the most
not been expected, but for more than 50 years it had beefypical identical SD bands: the yrast SD band of
believed that each-ray spectrum uniquely belonged to a *Dy [**Dy(1)] and the first excited SD band of
specific nucleus, the phenomenon of identical bands has sd>*Tb [***Tb(2)].
licited the greatest amount of effort in both experimental The experimentally observed identical bands show that
exploration and theoretical investigatigfor a review see the superdeformed nuclear energy spectra are degenerate.
Ref.[1]). To explain this phenomenon many theoretical ap-The degeneracy in quantum-mechanical spectra is usually a
proaches have been put forward. To describe particular IB’sign of the presence of a symmetry. The appearance of iden-
in a limited region, the particle-plus-core couplifg] is tical y-ray energies in even-even and oddSD bands leads
quite powerful[3,4]. To understand the phenomenon glo- to the identical SD bands being explained in terms of certain
bally, both the nonrelativistic mean field1F) theory (see, dynamical supersymmetrigd0-12, which are often dis-
for example, Refs[5,6]) and the relativistic mean field cussed in the context of the interacting boson-fermion model
(RMF) theory[7,8] have been quite successful. Meanwhile, (IBFM) [14,10,1]. The states in a supermultiplet can be
symmetry-based approaches, such as the pseu®)-8idd- classified with the group chain

U(m,n)DUg(m)®@Ug(n)D- - - DSOs, (3)®SU:(n")DSpin3), (1)

[N] [Nelm [Neln L S I

wherem is determined by the constituent of the bosanby = whereE(Ng,Ng) is the contribution of the groupsd{m),

the single-particle energy levels of the fermion, arldby  Ug(n), etc., with boson numbeNg and fermion number
the total pseudospin of the fermioN=Ng+ N is the total Ng. L is the effective-core angular momentum which is
number of particles wittNg and Ng the boson and fermion composed of the angular momentum of the bosonic &ye
numbers, respectively. For even-even and édduclei, it and the pseudo-orbital angular momentum of the fermion

reads Ng,Ng)=(N,0), and N—1,1), respectively. The ex- R_. | is the total spin of the nucleus=L+S. Taking Ry

citation spectrum belongs to this group chain and can be ) L T B & :
given as[1,10,1] 0, we get the pseudo-$8) limit with | =R+ Sin whichR

is the total pseudo-orbital angular momentum of the fermion
andS is the total pseudospin. With an effective aligned an-
E=Ey(Ng,Ng)+C, L(L+1)+CI(l1+1), (2)  gular momentuni being introduced, Eq2) can be given as
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E=E{(Ng,Ng)+(C .+ C)(I—i)(1—i+1), (3)  and the figures we know that SD bartéDy(1) is repro-
duced excellently, but the calculated result of SD band
where 151Tp(2) does not agree with experimental data well, espe-
cially for the y-ray energies and the dynamical moment of
__&s inertia, 7, at high i
= ) , , gher rotational frequency.

CL+C However, the above calculation is not consistent with the
concept of supersymmetry. In the context of supersymmetry,
the coefficients to evaluate tife,'s of band *>*Th(2) should
be the same as those used for baAtDy(1). The calcula-

It is apparent that ifC =0, i =0, Eq. (3) gives the strong-
coupling limit. If C;=0, i=S, Eq.(3) gives the pseudospin-
decoupling limit. Adjusting the ratio o€, /C,, we can get

an arbitrary alignment. Taking!’=I—i, Eq. (3) can be tligln in this way gives the result of th&, spectrum of

rewritten as Tb(2) as listed in the column Q&) of Table I. The de-
duced dynamical moment of inertia of the band is illustrated

E=Ey(Ng,Ngp)+Cp 1" (1" +1). (4 in Fig. 3. The table and the figure show that &2 +y-ray

_ _ spectrum has not yet been described well even though the
Calculating they-ray energies of the even-even and ddld- gynamical moment of inertia 7, is reproduced pretty
nuclei with Eqg.(4), we can get the alignment. well.

It is definite that Eq(4) can only generate the rotational  Recalling the calculation procedure more carefully we

band with constant dynamical moment of inertia, if e is know that the problem may result from the teEf(Ng,Ng)
taken as a constant which has been commonly implemente(fI B °F

[1,10,11. However, experimental datéor a compilation see Wh'Ch has been taken as a constant feiTb(2). Investigat-
Ref.[15]) show that the dynamical moment of inertid? of ing the spectrum-generaiing procedure one can get
most of the SD bands changes smoothly with variation of the
rotational frequencyi w (or the angular momentumin par-
ticular, a turnover takes place in the curve8f) versush w
[16]. In the light of variable moment of inertia models
[17,18, it has been showfl9] that, with

Eo(Ng,Np)=egNg+eeNg+Eg(Ng,Ng).

It is evident that the termsgNg andEg(Ng,Ng) contribute
Co really nothing to they-ray energies. However, the contribu-
T G 5 tion of the termeN to E, cannot be ignored, since the
single fermion energy is usually rotational frequency de-
whereC,, f,, andf, are parameters, the turnover and thepende.nt, \{vhich is usually refer.red.to as a sin_gle-particle
smooth variance of the7? with #w can be reproduced Routhian, i.e.zg=gr(fw). Considering the rotational fre-
well. We can then rewrite Eq4) as quency dependence of tig we can rewrite Eq(6) as

C|r

Co
+
T+HF17 (1 +1)+f,1"2(1"+1)?

XV (1+1). ® Co o
+1+f1|/(|'+1)+f2|/2(|r+1)2| (1"+1), (8

E=Eo(Ng,Ng)

E=Ey(Ng,Ng)+&eNe

With Eg. (6) under the commonly used assumption
[1,10,11 that Ej(Ng,Ng) is a constant for a nucleus, we
calculated th&2 +y-ray energies and the dynamical moment
of inertia of SD band 1 of5Dy (with N;.=0, Ng=N; N is
the total particle numbgrand the first excited SD band of
BITh (with Ng=1, Ng=N—1). After a nonlinear least
squares fitting to the experimentally obser/eg energies,

"

where Ej'(Ng,Ng) is a constant for a nucleus with boson
numberNg and fermion numbeNg .

To fix the E2 y-ray energies with Eq(8) one should
determine the single-particle Routhian at first. Many calcu-

; . . lations (for a review see Ref[1]) and experimental data
we get the spin assignment and &2 vy-ray energies. The . o
bestgfitted pgramete?s for the baﬁi?DJ(l)yareCOg: 5393 analysis(see for example Ref20]) have indicated that SD

KeV. f.— —1.045¢10-5 andf.—5.858<10 1 and those Pand*>Tb(2) is based on thg801]1/2 Nillson orbital of the
for :[hel band 1Th(2) ’are C02= 5.256 keV, f;=—1.522 proton hole. Nevertheless, the single-particle Routhian of the
X107°, and f,=1.203<10"°. The calculat1ed results are Proton hole[301]1/2 orbital has not yet been determined

listed in the third and the C@) column of Table I, respec- Uniquely from different calculation$8,21,23. Taking the

tively. With average value of the results of Ref8,21], and[22], we can
get the single-particle Routhain approximately 8% o)
412 =-0.125¢ 0)?— 0.42%w—6.017 (MeV). With sr(%o)
,_7(2)2— (7) . .
E,(1+2)—E1)’ being taken as a perturbation, we have reevaluated the

E2 y-ray energies of SD bantP*Tb(2) with the parameters
we get the dynamical moment of inertia of the two bandsC,, f;, andf, being the same as those for battiDy(1).
The obtained results and the comparison with experimentalhe obtained result is listed in the column @)l of Table I.
data are shown in Figs. 1 and 2, respectively. From the tablBased on thigy-ray spectrum we get the dynamical moment
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TABLE I. CalculatedE2 y-ray energies of SD band®Dy(1) and 5Tb(2) and comparison with
experiment(the experimental data are taken from Hé5]). The Ca(A) refers to the calculated result with
Co, f1, andf, being fixed artificially by the fitting. C&B) denotes the result witk,, f,, andf, being
taken as the same as those for b&fdy(1). CalC) represents the result with the parameters maintained the
same as those for banti?Dy(1) and with the single-particle energy of the proton hole being considered
simultaneously.

152Dy( 1) lSlTb(z)
Spin Expt. Cal. Spin Expt. ced) Cal(B) Cal(C)
28 602.41) 602.18 28.5 602(B) 601.64 613.38 602.34
30 647.5%1) 647.25 30.5 646 (%) 646.46 658.57 646.90
32 692.71) 692.63 325 691(®) 691.60 704.02 692.71
34 738.11) 738.27 34.5 737(8) 737.05 749.72 737.72
36 784.Q1) 784.18 36.5 783(8) 782.82 795.70 783.63
38 829.91) 830.45 38.5 828(B) 828.88 841.93 829.00
40 876.41) 876.78 40.5 874(8) 875.22 888.43 875.10
42 923.21) 923.48 42.5 921@) 921.81 935.19 921.73
44 970.21) 970.43 44.5 968(H) 968.63 982.20 968.55
46 1017.41) 1017.62 46.5 1015(%) 1015.64 1029.45 1016.15
48 1064.91) 1065.04 48.5 1063(6) 1062.80 1076.93 1063.06
50 1112.71) 1112.67 50.5 1110(b) 1110.04 1124.61 1111.04
52 1160.51) 1160.36 52.5 1158(6) 1157.32 1172.49 1158.76
54 1208.61) 1208.50 54.5 1206(8) 1204.55 1220.52 1206.80
56 1256.61) 1256.63 56.5 1254(8) 1251.66 1268.68 1254.82
58 1304.81) 1304.87 58.5 1303(8) 1298.56 1316.94 1302.94
60 1352.91) 1353.17 60.5 1352(8) 1345.15 1365.25 1351.30
62 1401.81) 1401.49 62.5 1339(9) 1391.32 1413.57 1399.27
64 1449.61) 1449.79 64.5 1448(9) 1436.96 1461.85 1447.55
66 1497.82) 1498.00 66.5 1495(@1) 1481.92 1510.04 1495.44
68 1545.63) 1546.07

of inertia, 72, as illustrated in Fig. 4. The table and the Single-particle Routhian to th&,’s is taken as almost a
figure manifest that both thE2 vy-ray energies and the dy- constant(in the range 11.0214.59 keV, the final relative
namical moment of inertia can be simultaneously describe@lignment of SD bands®'Th(2) to **Dy(1) remains 1/2.
excellently with the single-particle effect being considered And the incremental alignment remains approximately zero.
Since the relative alignment is fixed as 1/2 in the calculationThis agrees with experimental data very well too.

inspired by supersymmetry and the contribution of the Along the line suggested in Rdfl8] we can identify that,
when the parameters are taken &s>0, f,>0 (or f;
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FIG. 1. Calculated result of the dynamical moments of inertia as
a function of the rotational frequency of SD band 1'6fDy and FIG. 2. The same as Fig. 1 but for the SD baiérb(2) with
comparison with experiment. The experimental data are taken frorthe E2 y-ray energies being fitted independent of those for
Ref.[15]. B52Dy(1).
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FIG. 3. The same as Fig. 2 but with paramet@gs f,, andf,
being taken as the same as those f8Dy(1).

<0, f,<0), the antipairing(or pairing favoriteé effect is
considered. When they are taken Bs>0, f,<0 (or f;
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FIG. 4. The same as Fig. 3 but with the contribution of the

single-particle energy of the proton hole being taken into account
too.

The fact that to describe the detailgeray spectra well the

<0, f,>0), both antipairing and pairing effects are takeneffect of the single particle must be taken into account dem-
into account. Their magnitudes represent the influence of thenstrates that the interplay of the collective motion resulting
effects on the rotational property. On the other hand, |OOkingr0m the many-body interaction and the Sing|e-partic|e mo-
over the calculation process one can realize that the absoluigyn dominates the superdeformed nuclear states, in particu-

values of the parametefg andf, are very small. Equation
(5) can then be expanded as

Crr=Cof{l—[fol"(I"+ 1)+l "2(I"+1)2]+[f41"(1"+1)
F ol 201+ 122 [ (1 + 1)+ 1721 +1)%]3
o (=D (D) 2+ )2+ )

Since l'(1"+1) is the eigenvalue of the interaction with
symmetries S@, (3) and Spi(3), theinteraction generat-
ing the energy shown as Eg®) and(8) is in fact a power
series of the interaction with SQg(3) and Spin(3) sym-

metries. Therefore the interaction includes all the possibl
many-body interactions among the particles. The calculatio

indicates that only the two-body interactip& is given as
Eq. (4) with C,, being a constamtcannot reproduce the ro-
tational frequency dependence of the dynamical moment

inertia. Only if the many-body interactions are taken into

account can the variation of?) againstZ» be generated

lar the identical bands of the SD nuclei.

In summary, with the many-body interaction being in-
cluded in the supersymmetry approach and the rotational fre-
quency dependence of the single-particle energy being con-
sidered simultaneously, the identical SD bands'ifDy(1)
and ®Th(2) have been described quantitatively well. It
manifests that the supersymmetry with a many-body interac-
tion is a possible source of the identical SD bands, where the
many-body interaction plays a crucial role in governing the
rotational property globally. Meanwhile the single-particle
motion contributes a great deal to the detailed energy spectra

f the states. The identical bands are dominated by not only
fhe supersymmetry but also the complicated interplay of the
many-body interaction and the single-particle property.
Then, to describe all the aspects of the identical SD bands

0(i‘letailed information about the single-particle Routhian is re-

quired as well as the global property of the rotation.
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