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Enhancement of the linear polarization of coherent bremsstrahlung
by collimation of the photon beam
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A method is described to precisely predict the relative intensities and degrees of linear polarization of
coherent bremsstrahlung from diamond crystals, taking into account the collimation of the photon beam and
the lateral distribution and angular divergence of the electron beam in addition to the properties of the crystal.
It is confirmed that the increase of the degree of linear polarization through collimation of the photon beam is
a sizable effect. Compared to previous approaches considerable progress has been made in reproducing the
experimentally observed relative intensities of collimated coherent bremsstrahlung, by taking into account the
angular distribution of coherent bremsstrahlung in full detail. For the predicted degree of linear polarization
agreement with experimental data from MAMI~Mainz! is obtained on a*3% level of precision.
@S0556-2813~98!03207-5#
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I. INTRODUCTION

Linearly polarized photons produced via coherent brem
strahlung in a diamond monocrystal are an important tool
intermediate-energy photonuclear and hadron physics. W
the advent of high-duty-factor electron accelerators l
MAMI in Mainz this technique has experienced a drama
improvement since now it has become possible to comb
the coherent bremsstrahlung technique with the tagging t
nique to produce quasimonochromatic photons@1#. The main
advantages of this combination over previous techniques
as follows:~i! The intensity spectrum of secondary electro
can be measured on line with a high energy resolution~2
MeV channel width at MAMI! at a rate of typically 53105

s21 per channel. This allows one to measure intensity p
terns which may be used to determine the exact orienta
of the crystal@1# in situ. ~ii ! The intensity spectra of second
ary electrons provided by the tagger are identical with
corresponding spectra of photons before entering the c
mator. This means that these uncollimated photon spectra
known on an absolute scale with extremely good precisi

In an actual experiment the photon beam has to be c
mated in order to avoid halos around the reaction target
the case of collimation, only a fractione ~named the tagging
efficiency in the following! of the produced bremsstrahlun
intensity is available for the experiment. The collimatio
angleQc is normally chosen as a compromise between g
collimation and high tagging efficiencye and is typically of
the order of one or two times the characteristic an
QBH51/E0 of incoherent bremsstrahlung production@2#,

*Present address: Philips Forschungslaboratorium, Aachen,
many.

†Author to whom all correspondence should be addressed. E
tronic address: smend@up200.dnet.gwdg.de
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whereE0 is the electron energy in units ofm0c2. This char-
acteristic angleQBH is the polar angle of a cone around th
beam axis containing roughlye incoh550% of the incoherent
intensity. For Qc52QBH the corresponding number i
e incoh580%. For the electron energy of MAMI (E05855
MeV! we haveQBH50.6 mrad.

Collimation requires an additional measurement of
tagging efficieny. This measurement is carried out with
photon detector positioned in the direct beam, which requ
that even for a Pb glass detector the electron current has t
strongly reduced. Therefore, good statistical precision
quires a considerable amount of beam time.

Tagging-efficiency measurements carried out routinely
MAMI have clearly shown that the relative intensities in th
coherent-bremsstrahlung peaks strongly depend on the c
mation of the photon beam. This effect was predicted
Mozley and DeWire@3# a long time ago and was alread
more or less clearly seen in previous experiments@4–7# as a
narrowing of the peaks in the intensity distributions of c
herent bremsstahlung. The origin of this effect is that coh
ent bremsstrahlung is more strongly forward peaked t
incoherent bremsstrahlung. The coherent bremsstrah
may be smeared out, if the angular divergence of the elec
beam is large. However, with the high quality of the electr
beam at MAMI the forward peaking remains strong and c
be used to improve on the available degree of linear po
ization, provided the process of coherent bremsstrahl
production and the influence of collimation and other ext
nal parameters on intensity and degree of linear polariza
are well enough understood.

In general terms the understanding@1,3,8,9# of the colli-
mation effect is along the following lines: Photons belongi
to the high-energy discontinuity of a peak of coherent brem
strahlung go in the direction of the primary electron. The
fore, this discontinuity and some lower-energy part of t
peak of coherent bremsstrahlung are not influenced by c
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490 PRC 58F. RAMBO et al.
mation. With decreasing energy the photons are emitted a
increasing angle with respect to the direction of the prim
electron. Therefore, a low-energy cutoff is expected in
distribution of collimated coherent bremsstrahlung w
some rounding off from the beam divergence. However,
low-energy cutoff did not show up in the measured intens
spectra. Instead a smooth low-energy flank was observe
order to understand these measured intensity spectra of
limated coherent bremsstrahlung in detail, we found it n
essary to carry out a precise calculation of the angular
tribution of coherent bremsstrahlung and to take into acco
the lateral extension and the divergence of the electron b
in great detail.

In parallel to the present theoretical investigation the fi
measurement of the degree of linear polarization of co
mated coherent bremsstrahlung has been carried out ma
use of coherentp0 photoproduction on4He in theD range
as a linear polarimeter. A preliminary account of the expe
ment is given in Ref.@10#. The rather precise results of th
experiment serve as a proof that our new calculations
capable of reproducing both the intensity distributions of
herent bremsstrahlung and the degree of linear polarizat

II. THEORY

A. Kinematics of incoherent and coherent bremsstrahlung

In this work we use natural units (\5m05c51) unless
we quote quantities explicitly with their units. Only ex
tremely relativistic energies are considered.

In the bremsstrahlung process an electron having en
E0 and momentump0 emits a photon with energyk and
momentumk forming the angleQk with p0 . For conve-
nience we introduce the fractional photon energyx5k/E0 .
After emission, the electron has the energyE and the mo-
mentump forming the angleQe with p0 . The recoil momen-
tum q5p02p2k is transferred to a third partner in th
bremsstrahlung process. It has componentsql andqt parallel
and perpendicular top0 , respectively. The quantityql has a
minimum d[ql

min5p02p2k for forward emission of both
the electron and the photon. For this caseqt50.

The minimum ofql is related tox via

ql
min5d~x!5

x

2E0~12x!
. ~1!

It is also possible to define a maximum ofql
max'2d(x)

which, however, is not sharp. Forqt we find the lower limit
qt

min50 and the upper limitqt
max'2x which is of the order

of 1. In momentum space these limits define the ‘‘pancak
i.e., a shallow volume which is normal to, and centered
the p0 direction.

If the recoil is taken up by a free atom, each point of t
pancake can be the end point of the recoil vectorq. The
resulting photon spectrum is given by the Bethe-Heitler cr
section@2#. Its angular distribution is almost independent
the photon energy. The characteristic angleQBH51/E0 has
already been mentioned in the Introduction.

Incoherent bremsstrahlung is the sum of contributions
atoms acting independently. In the case of coherent bre
strahlung on a monocrystal the recoil is taken up by
entire lattice, without creation or annihilation of a phono
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For reviews of the theory, see, e.g.@11,12#. This process is
possible only if the recoil vectorq has its end point within
the pancake and, at the same time, is identical to a vectg
of the reciprocal lattice. The result is a peak in the pho
spectrum whose upper limit is a discontinuity at

xd5
2E0d

112E0d
. ~2!

Bremsstrahlung from a monocrystalline radiator cons
of both coherent and incoherent radiation. By suitably orie
ing the radiator with respect to the incident electron bea
one single recoil vectorg can be selected to dominate th
contributions to coherent bremsstrahlung in a selected ra
of x. In that region, then, the coherent part of bremsstrahlu
shows strong linear polarization even if averaged over a s
angle having axial symmetry aroundp0 . This is due to the
fact that the recoil vectorg is fixed in space, and defines
plane of reference for the electric vectors.

B. Orientation of the crystal

In order to describe the orientation of the crystal relat
to the incident electron beam we introduce the followi
angles~cf. Fig. 1 and Tables I and II!:

u: angle betweenp0 and b1,

a: angle between the~p0 ,b1! and the~b1 ,b2! plane.

Here b1 , b2 , and b3 are the axes of the reciprocal lattic
Usually the planes (b1 ,b2) and (p0 ,b1) are called the crysta
plane and the plane of incidence, respectively. For a gi
orientation, the longitudinal~l! and transverse~t! compo-
nents ofg with respect to the direction ofp0 are, respec-
tively,

gl~u,a!'g11u~g2cosa1g3sin a!, ~3!

gt
2'g2

21g3
2, ~4!

whereu is assumed to be small. The quantitiesg1 ,g2 ,g3 are
the components ofg with respect tob1 ,b2 ,b3 . Only those
vectors of the reciprocal lattice lie in the pancake, for whi

FIG. 1. Orientation of the crystal system (b1 ,b2 ,b3) with re-
spect to the momentump0 of the incident electron. For more detai
see Fig. 11 in the Appendix.
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PRC 58 491ENHANCEMENT OF THE LINEAR POLARIZATION OF . . .
2d~x!*gl[ql>d~x!. ~5!

The abrupt discontinuity at the high-energy side of the p
of coherent bremsstrahlung corresponds to the conditiogl

5ql
min[d(x), so that

xd5
2E0gl

112E0gl
~6!

is the fractional photon energy at the discontinuity. Stron
polarized coherent bremsstrahlung is produced if one sin
vector of the reciprocal lattice is in the pancake with
longitudinal componentgl located close to the abrupt lowe
limit d(x). For a cubic crystal like diamond the condition fo
obtaining a so-called single-point spectrum isu'60 mrad,
aÞn (p/4) . More details concerning these conditions a
discussed in our previous paper@1#.

In order to choose the reference plane for the polariza
conveniently, we define an additional angle:

w: angle between the~b1 ,e! and the~b1 ,b2! plane,

i.e., between the reference plane for the polarization of
photon and the crystal plane. It is convenient to have
reference vectore for the polarization orthogonal top0 and in
the horizontal plane of the laboratory, e.g.,e5ex . Sinceu is
small, p0 and b1 are almost parallel to each other, and t
reference plane (b1 ,ex) is, to a good approximation, horizon
tal.

III. DIFFERENTIAL CROSS SECTION FOR COHERENT
AND INCOHERENT BREMSSTRAHLUNG

May @13# has calculated the differential cross sections
bremsstrahlung with linear polarization parallel and perp
dicular to the plane of emission (p0 ,k), respectively. Bar-
biellini et al. @14# applied their results to the calculation o
coherent bremsstrahlung in monocrystals. In the pres
work we use their cross sections written differentially in e
ergy and in the angles which define the direction of the em
ted photon.

The differential cross section is the sum of a coherent p
d3s (c) and an incoherent partd3s (i) . The coherent part o
the differential cross section consists of two contributio
d3s'

(c) and d3s i
(c) having their respective planes of line

polarization perpendicular and parallel to a plane of ref
ence (k,ex), i.e., d3s (c)5d3s'

(c)1d3s i
(c) . Since in our ex-

perimental setupu and Qk are both small, we can choos
(b1 ,ex) as a reference plane instead. The incoherent
shows no polarization under the present experimental co
tions where only the photon beam is observed and avera
over a solid angle having axial symmetry aroundp0 . Hence,
the degree of linear polarization with respect to that plan
given by

P5
d3s'

~c!2d3s i
~c!

d3s'
~c!1d3s i

~c!1d3s~ i!
. ~7!

The coherent part of the differential cross section is writ
as
k
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s̄N
~d3s'

~c!1d3s i
~c!!

5$@11~12x!2#F1~d,u,a!2 2
3 ~12x!F2~c1 ,d,u,a!%

3]@U2~c1!2U2#dU2dc1dk ~8!

and

k

s̄N
~d3s'

~c!2d3s i
~c!!

52~12x!F4~c1 ,d,u,a!]@U2~c1!2U2#dU2dc1dk.

~9!

Here,N is the total number of atoms exposed to the el
tron beam,s̄5(Za)2, ] is Dirac’s delta function, andU
5QkE0 is the photon emission angle in units ofQBH . u, a,
andw have been defined above, andc1 is the angle between
the planes (k,p0) and (b1 ,p0), i.e., the azimuthal angle of th
photon direction with respect to the plane of incidence~cf.
Tables I and II!. The functionsF1 , F2 , andF4 are defined
in the Appendix.

Having chosen~i! the vectorg in the reciprocal lattice,~ii !
the orientation anglesu and a of the crystal, and~iii ! the
photon energyx, the polar emission angleU of the photon
depends only weakly onc1 :

U~c1!'G~c1 ,a!1Agl~u,a!

d
211G2~c1 ,a!, ~10!

where an additional term2gt
2/x in the radicand has bee

neglected.G(c1 ,a) is defined in the Appendix.
The vector sumk1p1 starts from the pointg in momen-

tum space. Therefore, the momentumk of a photon of co-
herent bremsstrahlung lies on a cone whose axis, in gen
is not parallel top0 but slightly tilted with respect to the
latter. This is the reason for the weak dependence of
polar angleU on c1 .

Since the angular distribution of incoherent bremsstr
lung is almost independent of the photon energy, it can
factored out of the incoherent partd3s (i) of the differential
cross section:

d3s~ i!'ds~ i!const3
UdUdv

~11U2!2
'ds~ i! f ~U !U dU dv,

~11!

with

f ~U !5@p~A1s1
21A2s2

2!#21(
i 51

2

Aiexp~2U2/si
2!, ~12!

wherev is the azimuthal angle of emission with respect
an arbitrary plane of reference, e.g., the horizontal plane
the laboratory. The second expression in Eq.~11! is a com-
putationally convenient fit to the first one with paramete
A150.7, A250.3, s150.637, ands251.41. ds (i) denotes
the incoherent part of the cross section given by@2#
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492 PRC 58F. RAMBO et al.
k

s̄N
ds~ i!5H @11~12x!2#@C1

~ i!~d!1C1
e#

2
2

3
~12x!@C2

~ i!~d!1C2
e#J dk. ~13!

TheC symbols of Eq.~13! are defined in the Appendix. Th
integration of d3s'

(c)1d3s i
(c) and d3s'

(c)2d3s i
(c) given in

Eqs.~8! and~9! yields the single differential expressions@11#

k

s̄N
~ds'

~c!1ds i
~c!!5H @11~12x!2#C1

~c!~d,u,a!

2
2

3
~12x!C2

~c!~d,u,a!J dk,

~14!

k

s̄N
~ds'

~c!2ds i
~c!!52~12x!C3

~c!~d,u,a!dk. ~15!

Again, theC functions are defined in the Appendix.
For the following discussions and comparisons with e

perimental data it is useful to define the relative cross s
tions d3s/d3s (i) and ds/ds (i) , i.e., to normalize to the in-
coherent contribution. The quantitykds(k)/dk usually is
called the intensity, with the relative intensity defined a
cordingly.

IV. COLLIMATION OF THE PHOTON BEAM

Following the suggestion by Mozley and DeWire@3# a
collimator is placed on the axis of the photon beam. T
collimator is assumed to be circular, centered on thep0 axis,
and to transmit only photons withQk<Qc . For a compre-
hensive review of the investigations done so far on this ef
we refer, e.g., to@12# and references therein. First, we di
cuss bremsstrahlung produced by an ideal electron b
having zero divergence and zero diameter and neglect e
tron scattering in the radiator. In a good approximation
can further neglect the weak dependence of the polar a
U of the coherent radiation onc1 and use

U5Agl~u,a!

d
21 ~16!

instead of Eq.~10!. We can interpret the latter expression
the following way: While the angular distribution of the in
coherent radiation does not depend on photon energy and
approximately be described as the sum of two Gaussians
coherent radiation for a given reciprocal vectorg is emitted
into a fixed polar angle, which is the smaller the closer
lower boundary of the pancake moves tog. Hence, for a
given vectorg the upper limitUc5E0Qc for the emission
angleU sets a lower limit to the fractional energy of cohe
ent bremsstrahlung, viz.,

xc5
xd

11Uc
2~11xd!

. ~17!
-
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On the other hand, the spectrum of incoherent bremsst
lung is reduced by the factor

f c5
Uc

2

11Uc
2

. ~18!

This reduction of incoherent bremsstrahlung leads to an
hancement of the degree of linear polarization as illustra
in Fig. 2~b! for an example with three different angles
collimation.

Under experimental conditions we have to consider the~i!
divergence and spatial extension of the electron beam,~ii !
multiple scattering of electrons, and~iii ! mosaic structure of
the radiator crystal. Of the quantities which depend on
actual direction of the radiating electron the polar emiss
angleU and the lower boundaryd(x) of the pancake are the
most important ones. Not only the directional distribution
the coherent bremsstrahlung is smeared out but also
lower and upper limits of the photon energy interval, viz.,xc
andxd , for the contribution of a given reciprocal lattice ve
tor g.

In order to describe the divergence of the incident el
tron beamp0 now denotes the beam axis, whereasp* 5pi
1p' is the actual momentum of a single electron havi
componentspi and p'(!pi) parallel and perpendicular to

FIG. 2. Spectra of relative intensity~a! and degree of linear
polarization~b! for different collimating angles:Qc50.6 mrad~dot-
ted lines!, 0.8 mrad~dashed lines!, and 1.2 mrad~solid lines!. The
electron energy isE05855 MeV, and the orientation angles of th
radiator areQ563.3 mrad anda5620 mrad, placing the disconti
nuity for the reciprocal vectorg5@022# in the photon spectrum a
kd5342 MeV. The radiator is at room temperature (T5295 K!.
The calculations have been performed for a radiator of thickn
d50.01 mm and an almost ideal electron beam having the par
eterssx5sy50.1 mm andspx

/E05spy
/E050.01mrad.
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PRC 58 493ENHANCEMENT OF THE LINEAR POLARIZATION OF . . .
p0 , respectively. We assume all the electrons to have
same energy andp' to be distributed according to a two
dimensional Gaussian:

P~x,l!x dx dl5
1

2pspx
spy

expS 2
x2cos2l

2spx

2

2
x2sin2l

2spy

2 D x dx dl. ~19!

Herex5p' is the polar angle betweenp0 andp* in units of
QBH andl the azimuthal angle between the divergence pl
(p* ,p0) and the horizontal plane (p0 ,ex) of the laboratory.
The standard deviationsspx

and spy
parametrize the hori-

zontal and vertical divergences of the electron beam, res
tively, in units ofQBH .

We assume the spatial extension of the beam to hav
Gaussian distribution as well. The probability for an electr
for hitting the radiator with the lateral displacementr
5(j,h) with respect to the intersection of the axis of t
electron beam and the radiator is then given by

K~j,h!dj dh5
1

2psxsy
expS 2

j2

2sx
2

2
h2

2sy
2D dj dh.

~20!

Again, the standard deviationssx and sy parametrize the
spatial dimensions of the electron beam in the horizontal
vertical directions, respectively.

Molière’s theory of multiple scattering~see, e.g.,@15#!
predicts the directional distribution of an initially ideal bea
of electrons after traversing a distances in the radiator. For
the purpose of the present work the Molie`re distribution may
be approximated by a Gaussian distribution of the po
anglesx ~expressed in units of 1/E0):

Ms~x!x dx5
2

sMol
2 ~s!

expS 2
x2

sMol
2 ~s!

D x dx. ~21!

For the calculation of the standard deviationsMol(s) see Ref.
@15#. In the case of carbon andE05855 MeV Molière’s
theory is valid fors*8 mm; in our experiments we used
diamond radiator of thicknessd5100mm. Since the electron
may radiate anywhere along its path through the radiator,
standard deviationsMol has to be averaged to

s̄Mol5
1

dE0

d

sMol~s!ds. ~22!

The resulting distribution forp' is obtained by convolution
of the distributions~19! and ~21!:

Pres~x,l!x dx dl

5
1

2ps1s2
expS 2

x2cos2l

2s1
2

2
x2sin2l

2s2
2 D x dx dl,

~23!

with the standard deviationss1 ands2 given by
e

e

c-

a
n

d

r

e

s1~2!
2 5spx~y!

2 1
s̄Mol

2

2
. ~24!

The effects of a possible mosaic structure are smaller t
those of the beam divergence and are incorporated in
effective beam divergence which is an adjustable parame

A. Influence of photon collimation on incoherent
bremsstrahlung

For incoherent radiation it is straightforward to modi
the differential cross section given in Eq.~11! to take beam
divergence and multiple scattering of electrons into accou
We only have to transform Eqs.~12! and~23! into Cartesian
coordinates in the laboratory and perform a convolution. T
result is

f * ~Ux ,Uy!dUxdUy

5
1

4pN (
i 51

2

Ai

si
2

s i1s i2
expS 2

Ux
2

2s i1
2

2
Uy

2

2s i2
2 D dUxdUy ,

~25!

where the standard deviations are given by

s i j
2 5s i

21
sj

2

2
, i , j 51,2. ~26!

A photon emitted with polar angles (Ux ,Uy) will hit the
collimator at a point

rg5
l

E0
~Ux ,Uy!1r ~27!

in the plane perpendicular to the beam axis, wherel denotes
the distance between radiator and collimator and, as defi
above,r5(j,h) is the lateral displacement of the electron
the radiator, with respect to the beam axis. Hence, un
experimental conditions a collimator with radiusR will re-
duce the incoherent radiation by the factor

f c~R!5E
r g<R

K~j,h! f * ~Ux ,Uy!dUxdUydjdh. ~28!

B. Influence of photon collimation
on coherent bremsstrahlung

The differential cross section for coherent radiation d
pends strongly on the orientation of the crystal with resp
to the incident electron. Therefore, the geometry has to
analyzed carefully. For this purpose we have to introdu
two additional azimuthal angles:

l8: angle between the~p0 ,p* ! and the ~p0 ,b1! plane,

k: angle between the~p0 ,b1! and the~p0 ,ex! plane.

As all polar angles are small, we havel5l81k and, to a
good approximation,w5a1k. Since an incident electron
has the individual momentum vectorp* , we have to define
angles describing orientation of the crystal and emission
photons with respect top* instead of the beam axisp0 , and
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we shall mark the newly defined angles by an aster
Hence, in the formulas for coherent radiation we have
consider the following replacements:

a a* ~x,l8!, c1 c1* ,

u u* ~x,l8!, U~c1! U* ~c1* ,x,l8!.

Using q:5E0u andq* (x,l8):5E0u* (x,l8) as long as
x<q, we have

q* ~x,l8!5Aq21x222qx cosl8, ~29!
ys
it
ta

at

e

, t

the
ng
ea
k.
o a2a* ~x,l8!5arcsin

x sin l8

q* ~x,l8!
. ~30!

Having made these replacements we denote the differe
cross sections obtained in analogy to Eqs.~8! and ~9! in the
following way:

d2s'
~c!~x,l8!1d2s i

~c!~x,l8!, ~31!

d2s'
~c!~x,l8!2d2s i

~c!~x,l8!. ~32!

It should be kept in mind that these cross sections are dif
ential only ink andc1* and that
U* ~c1* ,x,l8!5G„c1* ,a* ~x,l8!…1Agl„u* ~x,l8!,a* ~x,l8!…

d
211G2

„c1* ,a* ~x,l8!…. ~33!
.

As we did for incoherent radiation we use a coordinate s
tem in the plane perpendicular to the beam axis with
origin at the center of the collimator and its axes horizon
and vertical in the laboratory, respectively. In this coordin
system~see Fig. 3! the vectorp* points at

D5
x

E0
l ~cosl,sin l!. ~34!

A photon emitted with azimuthal anglec1* will hit the col-
limator at rg5D1k'1r, where

FIG. 3. The figure shows the photon collimator with radiusR.
The pointsB1 , P0 , P* , andK denote the intersection point of th
corresponding vectorsb1 , p0 , p* , andk viewed along the direction
2p0 . Since all polar angles between the latter vectors are small
angle betweenB1P0 and B1P* can be approximated bya2a* .
The photon hits the collimator plane atrg5D1k'1r , with all
vectors lying in the collimator plane and taking into account
divergence of the incident electron beam, the polar emission a
of the photon, and the lateral displacement, with respect to the b
axis, of the electron in the radiator, respectively.
-
s
l

e

k'5
U* ~c1* ,x,l8!

E0
l ~cosr,sin r! ~35!

and, assuming small polar angles,

r5c1* 1@a* ~x,l8!2a#1k. ~36!

In order to obtain the cross sectiondsR
(c) of coherent radia-

tion observed behind a collimator of radiusR we have to do
a fivefold integration of Eq.~31!, weighted with Eqs.~23!
and ~20!, over c1* , x, l, j, and h, with the constraintr g

<R:

dsR
~c!

dk
5E

r g<R
K~j,h!dj dh Pres~x,l!

3
d2s'~x,l2k!1d2s i~x,l2k!

dc1* dk
dc1* x dx dl.

~37!

In the same way we get, by integration of Eq.~32!,

ds'R
~c! 2ds iR

~c!

dk
5E

r g<R
K~j,h!dj dh Pres~x,l!

3
d2s'~x,l2k!2d2s i~x,l2k!

dc1* dk

3dc1* x dx dl. ~38!

If several reciprocal lattice vectorsg lie in the pancake, the
respective integrals in Eqs.~37! and~38! have to be summed

At the fractional photon energyx the relative intensity of
the photon beam behind the collimator is given by
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I R~x,u,a!511
dsR

~c!

f c~R!ds~ i!
~39!

and its degree of linear polarization by

PR~x!5
ds'R

~c! 2ds iR
~c!

dsR
~c!1 f c~R!ds~ i!

. ~40!

V. CALCULATIONS

The integrations in Eqs.~37! and ~38! can only be per-
formed numerically. As input parameters the code takes
electron energyE0 , the four standard deviations describin
the divergence and lateral extension of the electron beam
thickness and temperature of the diamond radiator, its or
tation anglesu and a with respect to the beam axis andw
with respect to the horizontal plane in the laboratory,
distancel between the radiator and the photon collimat
and the radiusR of the latter. It then calculates spectra
relative intensity and polarization, i.e., the relative intens
and the degree of linear polarization of the collimated pho
beam, as functions of the photon energyk. In addition, the
code calculates, for a chosen single value ofk, these quan-
tities differentially as functions of the Cartesian coordina
xc and yc of the points of traversal of the photons in th
collimator plane.

In Figs. 2 and 4 typical results of the calculations a

FIG. 4. Spectra of relative intensity~a! and degree of linear
polarization ~b! for different values of the beam parameters:~1!
spx

/E05spy
/E050.01 mrad, d51 mm, sx5sy51 mm ~dotted

lines!, ~2! spx
/E05spy

/E050.2 mrad ~dashed lines!, and ~3!

spx
/E05spy

/E050.5 mrad~solid lines!. In ~2! and ~3! the other
parameters have been kept constant:d50.1 mm,sx50.2 mm, and
sy50.06 mm. Electron energy, orientation of the radiator, and te
perature are the same as in Fig. 2.
e

he
n-

e
,

n

s

displayed. At the electron energyE05855 MeV the radiator
is oriented such that the most prominent discontinuity, v
for g5@022#, in the photon spectrum is located atkd5342
MeV. The small peaks at higher photon energies belong
other reciprocal vectorsg and are of minor importance.

In Fig. 2 the input parameters were fixed except for t
opening angle of the collimator. A very small divergence
the electron beam was chosen. For three different angle
collimation ~each much larger than the mean angle of div
gence of the electron beam! the spectra of relative intensit
and linear polarization are shown. The effects of collimati
are clearly visible: with decreasing collimation angle t
width of the peak becomes smaller, and in the vicinity of t
maximum both the relative intensity and the degree of lin
polarization increase. In Fig. 4 the collimating angle w
kept fixed, and the divergence of the electron beam was
ied in order to demonstrate its influence on the spectra. Th
curves give an explanation for our experimental observa
that above a certain beam divergence the low-energy cu
disappears~see the Introduction!.

Figure 5 shows examples of the differential distributio
of the relative intensity and the degree of linear polarizat
in the plane of the collimator. Both the electron energy a
the orientation of the radiator were the same as in Figs. 2
4; i.e., the discontinuity forg5@022# is located atkd5342
MeV. In Figs. 5~a! and 5~c! both the divergence and th
diameter of the electron beam were assumed to be neglig
small, viz., for the formerspx

/E05spy
/E050.001 mrad

and for the lattersx5sy50.1 mm. The thickness of the
radiator was very small too (d50.01 mm!. The distributions
were calculated for the photon energyk5307 MeV, i.e., 35
MeV below the discontinuity. Figure 5~a! shows the relative
intensity. Its central part, resembling the shape of a bisho
mitre, is contributed by the reciprocal vectorg5@022#. The
much smaller circular ridge at the outer edge of the figure
due tog5@044# whose discontinuity lies at a much highe
photon energy@cf. Eq.~16!#. Figure 5~c! is the corresponding
plot of the degree of linear polarization. The plots in Fig
5~b! and 5~d! are analogous to Figs. 5~a! and 5~c!. However,
for the parameters associated with the quality of the elec
beam values were assumed which are typical for the be
properties at MAMI~Mainz!: sx50.2 mm, sy50.06 mm,
spx

/E05spy
/E050.042 mrad, and thickness of the radiat

0.1 mm. As expected, the distributions in Figs. 5~a! and 5~c!
now appear strongly smeared out. Nevertheless, they
differ from simple radial distributions without azimuthal de
pendence.

Figure 6 is the same as Fig. 5 but for the photon ene
k5340 MeV, i.e., very close tokd . Here, the contribution of
g5@022# both to the relative intensity and the linear pola
ization is concentrated close to the forward direction.

The absolute intensity of the collimated beam is obtain
by converting the differential distribution of relative intensi
to that of absolute intensity and integrating the latter o
over the collimator opening. The degree of linear polariz
tion of the collimated beam is the average of the correspo
ing differential distribution~weighted by that of absolute in
tensity! over the collimator opening.

-
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FIG. 5. Differential distributions of the relative intensity and of the degree of linear polarization of the photon beam in the col
plane. The reference plane for the linear polarization is parallel to the horizontal plane of the laboratory, i.e.,w5p/4. The distributions are
calculated for the photon energyk5307 MeV. ~a! Relative intensity and~c! degree of linear polarization for a radiator of thicknessd
50.01 mm and the electron beam parameterssx5sy50.1 mm andspx

/E05spy
/E050.001 mrad.~b! and ~d! The same quantities for a

radiator of thicknessd50.1 mm and electron beam parameterssx50.2 mm,sy50.06 mm, andspx
/E05spy

/E050.042 mrad.

FIG. 6. Same distributions as in Fig. 5 but calculated for the photon energyk5340 MeV.
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VI. MEASUREMENT OF LINEAR POLARIZATION

A photon polarimeter is characterized by its analyzi
powerK which is defined as

K5
Ni2N'

Ni1N'
. ~41!

Here Ni and N' are the counting rates obtained with th
plane of polarization of a completely polarized photon be
being parallel and vertical, respectively, to the reference
rection of the polarimeter.

In the present experiment the coherent photoproductio
p0 mesons on4He nuclei served as the polarimeter reactio
Both the 4He target and thep0 product are spinless object
Therefore, the information regarding the linear polarizat
of the photon beam is transferred completely to the a
muthal distribution of the emitted pions.

If the wave function of the photon is expanded into eige
states of total angular momentumJ and parityPg , we have,
from conservation of angular momentum and parity,

Pp5~21!~21! l5~21!~J11!5Pg , ~42!

where l and Pp denote the orbital angular momentum a
the parity of the pion, respectively~the intrinsic parity of the
p0 is negative!. Hence, coherentp0 photoproduction on4He
exclusively involves magnetic transitions. In the ener
range of the present experiment the pions are emitted ap
waves followingM1 excitation of theD resonance. Denot
ing by k and k the momentum and energy of the incide
photon, respectively, bye its polarization vector, byqp the
momentum of the emitted pion, and byr(k,u) the momen-
tum transferred to the4He nucleus~all quantities referring to
the center-of-mass system!, the differential cross section o
the process is

ds

dV
~k,up ,f!5C~k!u~e3 k̂!•qp̂u2uF~r!u2

5C~k!sin2upcos2fuF~r!u2 ~43!

where carets denote unit vectors,up is the emission angle o
the pion, andf is the azimuthal angle betweene and the
normal to the (qp ,k) plane.F(r) is the form factor of the
nucleon distribution in4He. C(k) is a normalization factor
which does not depend onup :

C~k!5s tot~k!Y FpE sin3upuF~k,up!u2dupG , ~44!

with s tot(k) denoting the total cross section for coherent p
photoproduction on4He. The asymmetry of the azimutha
distribution of the pion is

A5
ds/dV~f50!2ds/dV~f5p/2!

ds/dV~f50!1ds/dV~f5p/2!
51. ~45!

The asymmetryA is identical to the analyzing powerK of a
hypothetical polarimeter in which thep0 mesons are de
tected with perfect azimuthal resolution. For a real polari
i-

of
.

n
i-

-

y

-

eter, however, the analyzing powerK depends on the metho
for detecting thep0 mesons and its azimuthal resolution.

The p0 meson decays with a probability of 0.99 into tw
photons which, in its rest frame, are emitted isotropica
with equal energies but antiparallel directions. In the labo
tory system there is a minimum angleamin between the di-
rections of the two photons, viz.,

amin5arccos~122@mp /Ep#2!, ~46!

whereEp andmp are the total and rest energies of the pio
respectively. The laboratory energyv1 of one photon is a
function of its emission anglea1 with respect to the pion
momentum:

v15
mp

2

2~Ep2qpcosa1!
, ~47!

with its upper limitv1
max5(Ep1qp)/2 corresponding toa1

50, i.e., forward emission of the photon. In the present
periment thep0 meson was detected via one of its dec
photons with an energy close tov1

max. The minimum angle
amin from Eq. ~46! prevents the detector from registerin
both decay photons of one pion and summing up their en
gies.

A competing reaction is the incoherent photoproduct
of p0 mesons on4He via formation of an excited state an
subsequent disintegration of the target nucleus. It differs
two respects from the coherent reaction, favoring its exp
mental separation from the latter:~i! The first three incoher-
ent channels have energy thresholds lying 21, 22, and
MeV, respectively, above that for the coherent reacti
Therefore, the pion decay photons have energies which
lower by at least 20 MeV than those from coherent pho
production.~ii ! The kinematics is closer to that of photopr
duction on free nucleons than to that of coherent photop
duction on 4He. Hence, the angular distribution of pions,
contrast to Eq.~43!, does not contain the form factor of4He
and, due to this, is shifted to larger angles.

The experiment was performed at MAMI~Mainz! @16,17#
using the Glasgow tagged-photon facility@18,19#. Brems-
strahlung was produced by 855 MeV electrons in a diamo
monocrystal of 100mm thickness mounted on a three-ax
goniometer. A detailed description of the goniometer and
the technique used for orienting the radiator is given in R
@1#. The collimator was made of lead 10 cm thick and ha
radiusR of either 1.75 or 1.25 mm, corresponding to col
mating anglesQc of 0.7 and 0.5 mrad, respectively. Th
characteristic angle of incoherent bremsstrahlung wasQBH
50.6 mrad.

The polarimeter setup is identical to the apparatus
scribed in Ref.@20#. It consisted of a liquid He target and th
large Mainz 48 cm diameter364 cm modular NaI~Tl! detec-
tor positioned at the laboratory angleu lab537°. This angle is
close to the maximum of the angular distribution ofp0 me-
sons from coherent photoproduction on4He at photon ener-
gies around 300 MeV. The angular distribution of pions fro
incoherent photoproduction has its maximum at considera
larger angles. A lead collimator of 13.8 cm diameter a
distance of 83 cm from the4He target defined a solid angl
of 22 msr. The energy resolution of the detector was 1.5%
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is sufficient to separate, in the energy region of interest,
cay photons ofp0 mesons from photons scattered elastica
by 4He into the detector.

The analyzing powerK of the polarimeter setup wa
calculated as a function of the incident photon energyk us-
ing the simulation codeGEANT @21#. The simulation takes
into account~i! the kinematics of the coherentp0 production
on 4He and of the subsequent pion decay, including the
gular distribution of the pions,~ii ! the geometry of the appa
ratus, and~iii ! the response of the NaI detector to photon

At fixed k the continuous decay photon spectra registe
by the NaI detector were simulated for completely polariz
incident photons having, alternatively, vertical~v! and hori-
zontal ~h! orientation of the electric vector. For display
ing the spectra the ‘‘missing energy’’Emiss5Ecoh2v1 is
used whereEcoh is the energy of photons scattered elastica
by 4He nuclei into the detector. On theEmiss scale the decay
photon spectrum has a lower limitE0 depending onk. Inter-
vals of widthEcut starting atE0 were selected in both spec
tra, and the normalized numbersNv and Nh of simulated
events in the energy intervals were used for calculating
analyzing powerK5(Nv2Nh)/(Nv1Nh). Figure 7 shows
the analyzing powerK determined by the simulation as
function of the incident photon energy and for different v
ues of the interval widthEcut. The dependence ofK on Ecut
can be understood from Eq.~47! which shows that a lowe
limit for the energy of detected decay photons correspond
an upper limit for the anglea1 and, therefore, determines th
effective angular resolution of the polarimeter setup for
p0 mesons. At incident photon energies above 250 MeV
analyzing power is larger than 0.9 forEcut520 MeV where
pion photoproduction is purely coherent and larger than
for any Ecut<60 MeV without, however, considering inco
herent pion photoproduction.

The linear polarization of the collimated bremsstrahlu
beam was measured as a function of photon energyk by
taking, in coincidence with the tagger detectors, photon sp
tra of the NaI detector. The radiator crystal was oriented s
that the prominent discontinuity corresponding to the rec
rocal vectorg5@022# was located atkd5320 MeV. The
plane of polarization was either vertical or horizontal in t
laboratory, and was interchanged regularly during the m
surements by suitably changing the orientation of the d

FIG. 7. Analyzing powerK of the polarimeter as a function o
the photon energyk calculated using the simulation codeGEANT.
Ecut is the width of the energy interval chosen for determining
number of photons from pion decay~see text for details!.
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mond radiator. As an example, Fig. 8 shows spectra m
sured for the incident photon energyk5306 MeV which is
close to the maximum of linear polarization. They are n
malized to the same number of incident photons. In b
spectra there is a clear separation between coherently
tered photons centered atEmiss50 and the continuum of pho
tons from p0 decay starting atE0'12 MeV. The hatched
areas in both spectra mark intervals of equal widthEcut
placed on the continuum, yielding the photon numbersI v and
I h from which the degree of linear polarization is determin
via

P5
1

K

I v2I h

I v1I h
, ~48!

with K being the analyzing power of the polarimeter.
The degree of linear polarization was determined from

spectra for different values ofEcut ranging from 20 to 60
MeV. At Ecut520 MeV, Eq.~48! yields the true value ofP
because only coherentp0 photoproduction is utilized. With
Ecut.20 MeV, however, incoherent photoproduction mig
contribute. WithEcut being gradually shifted from 20 to 60
MeV an almost linear decrease of the apparent degree

FIG. 8. Normalized spectra of photons measured for the co
mation angleQc50.7 mrad at the incident photon energyk5306
MeV. The diamond radiator was oriented such that the discontin
corresponding to the reciprocal vectorg5@022# was located atkd

5320 MeV. The plane of polarization of the incident photons w
oriented either vertically~upper half! or horizontally~lower half! in
the laboratory. The abscissa is the energy differenceEmiss5Ecoh

2v1 with Ecoh being the energy of incident photons scattered
herently by4He nuclei into the detector andv1 the photon energy.
The hatched areas of widthEcut were used for determining the
number of photonsI v and I h , respectively, which yield the degre
of polarization.Ecut was varied between 20 and 60 MeV.
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polarization, amounting to 7% atEcut560 MeV, was ob-
served. By using this empirical correction obtained from
spectra measured forQc50.7 mrad the statistical accuracy
the evaluation ofP for Qc50.5 mrad could be improved.

A preliminary account of the experiment is given in Re
@10#. Figures 9~a! and 9~b!, taken from that paper, show th
measured degree of linear polarization, together with t
calculated using the theory developed in the present pa
for the two collimators mentioned above. The agreement
tween measured and calculated values is excellent. In a
tion, the polarization is calculated for an uncollimated ph
ton beam. The enhancement of the linear polarization
collimation of the photon beam is clearly demonstrated. F
thermore, Fig. 10 shows typical spectra of relative intensi
obtained using theR51.25 mm collimator for two different
orientations of the crystal and the corresponding calcula
spectra. Again, the calculated spectra agree excellently
the measured data.

VII. CONCLUSION

The spectrum and the linear polarization of coher
bremsstrahlung produced by extremely relativistic electr
on a diamond monocrystal can be calculated for an elec
beam having a lateral extension as well as an angular di
gence. Results of the calculation are compared to those o
experiment using the tagged bremsstrahlung facility at
electron accelerator MAMI~Mainz!, in which a polarimeter
based on coherentp0 meson photoproduction on4He nuclei
was used. Excellent agreement between measured and c
lated quantities is observed. On the basis of this result
degree of linear polarization can be determined, without
ing a polarimeter, by fitting the beam parameters to an

FIG. 9. Degree of linear polarization of collimated cohere
bremsstrahlung measured through the beam asymmetry of coh
p0 photoproduction. Solid curve: calculated for the actual collim
tor having ~a! Qc50.7 mrad and~b! Qc50.5 mrad. Dash-dotted
curves: calculated for the case of no collimation.
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served spectrum of relative intensity and, after that, apply
Eq. ~40!. From this procedure a simplified method can
derived which directly transforms the spectrum of relati
intensity to that of linear polarization.
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APPENDIX

For the convenience of the reader we collect all plan
and angles we used to explain the theory in Fig. 11 a
Tables I and II. In addition, theF andC functions used in
Sec. III are collected. They were taken from Refs.@14,2,11#.
In the following, the summations run only over those vecto
g of the reciprocal lattice which lie in the pancake, i.e., f
which U from Eq. ~10! is real:

FIG. 11. Kinematics of coherent bremsstrahlung under exp
mental conditions. From the figure we see thatl5l81k, v5c1

1k, and w5a1k8. If we assumeu!1, we havek'k8 and,
therefore,v5c11w2a.

t
ent
-

FIG. 10. Relative intensity of collimated coherent bremsstr
lung for two different orientations of the diamond crystal measu
through a coincidence arrangement using the tagger and a lead
detector in direct beam. Solid curves: calculated for the actual
limator havingQc50.5 mrad. Dashed curves: calculated for t
case of no collimation.
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F1~d,u,a!5
8p

N0a3(g
uS~g!u2

F2~g2!

g4
e2Ag2 dgt

2

gl
2~u,a!

,

F2~c1 ,d,u,a!5
96p

N0a3(g
uS~g!u2

F2~g2!

g4

3e2Ag2
G2~c1 ,a!L~d,u,a!,

F4~c1 ,d,u,a!5
8p

N0a3(g
uS~g!u2

F2~g2!

g4
e2Ag2

3H dY~w!

gl
2~u,a!

24 cos 2~c11w2a!

3G2~c1 ,a!L~d,u,a!22 sin

32@~c11w2a!#D~c1 ,a!
d„gl~u,a!2d…

gl
3~u,a!

J ,

C1
~ i!5414E

d

1

~12e2Aq2
!
F2~q2!

q4
~q2d!2q dq,

C2
~ i!5

10

3
14E

d

1

~12e2Aq2
!
F2~q2!

q4

3S q226d2ln
q

d
13d324

d3

q Dq dq.

The quantitiesC1
e54.05 andC2

e53.94 are corrections
due to contributions by the electrons in the carbon atom@22#:

C1
~c!~d,u,a!54

~2p!2

a3

1

N0

3(
g

uS~g!u2
F2~g2!

g4
e2Ag2 dgt

2

gl
2~u,a!

,

TABLE I. Definition of all planes used in the theory~cf. Fig. 11!.

Definition Denotation

(b1 ,b2) crystal plane
(p0 ,b1) plane of incidence
(p0 ,k) plane of emission
(p0 ,q) recoil plane
(b1 ,ex) reference plane
(p0 ,ex) horizontal plane of the laboratory
(p0 ,p* ) plane of divergence
(p* ,b1) —
C2
~c!~d,u,a!524

~2p!2

a3

1

N0
(

g
uS~g!u2

3
F2~g2!

g4
e2Ag2

gt
2L~d,u,a!,

C3
~c!~d,u,a!524

~2p!2

a3

1

N0

3(
g

uS~g!u2
F2~g2!

g4
e2Ag2 d3Y~w!

gl
4~u,a!

.

In these definitionsN0 is the number of atoms in the un
cell, a3 the volume of the unit cell,F(q2)512F8(q2)
whereF8(q2) is the atomic form factor for photon scatterin
S(g) is the structure factor, ande2Ag2

the Debye-Waller
factor. The remaining quantities are

G~c1 ,a!52g2cos~c12a!1g3sin~c12a!,

L~d,u,a!5
d2
„gl~u,a!2d…

gl
4~u,a!

,

D~c1 ,a!5~g2
22g3

2!sin~2c122a!12g2g3cos~2c122a!,

Y~w!5~g2
22g3

2!cos 2w12g2g3sin 2w.

TABLE II. Definition of all angles used in the theory~cf. Figs.
3 and 11!.

Polar angles Azimuthal angles

Symbol Definition Symbol Definition

@rad# @1/E0# @rad#

Qk U /(p0 ,k) a /(p0 ,b1),(b1 ,b2)

— U* /(p* ,k) a* /(p* ,b1),(b1 ,b2)

u q /(p0 ,b1) c1 /(p0 ,k),(p0 ,b1)

u* q* /(p* ,b1) c1* /(p* ,k),(p* ,b1)

— x /(p0 ,p* ) v /(p0 ,k),(p0 ,ex)

w /(b1 ,ex),(b1 ,b2)

k /(p0 ,b1),(p0 ,ex)

k8 /(p0 ,b1),(b1 ,ex)

l /(p0 ,p* ),(p0 ,ex)

l8 /(p0 ,p* ),(p0 ,b1)
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@12# A. W. Saénz and H. Überall, Coherent Radiation Source

~Springer, Berlin, 1985!.
.

,

@13# M. M. May, Phys. Rev.84, 265 ~1951!.
@14# G. Barbiellini, G. Bologna, G. Diambrini, and G. P. Murta

Laboratori Nazionali di Frascati Report No. LNF-62/114, 19
~unpublished!.

@15# H. A. Bethe and J. Ashkin, inExperimental Nuclear Physics,
edited by E. Segre` ~Wiley, New York, 1953!, Vol. I, Secs.
D–E, p. 166.

@16# H. Herminghaus, A. Feder, K. H. Kaiser, W. Manz, and H. v
Schmitt, Nucl. Instrum. Methods138, 1 ~1976!.

@17# H. Herminghaus, K. H. Kaiser, and U. Ludwig, Nucl. Instrum
Methods Phys. Res. A187, 103 ~1981!.

@18# I. Anthony, J. D. Kellie, S. J. Miller, and J. Ahrens, Nuc
Instrum. Methods Phys. Res. A301, 230 ~1991!.

@19# S. J. Hall, G. J. Miller, R. Beck, and P. Jennewein, Nu
Instrum. Methods Phys. Res. A368, 698 ~1996!.

@20# O. Selkeet al., Phys. Lett. B369, 207 ~1996!.
@21# R. Brun et al., GEANT simulation code, version 3.16, CERN

Report No. DD/EE/84-1, 1987.
@22# J. A. Wheeler and W. E. Lamb, Phys. Rev.55, 858 ~1939!.


