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Impact parameter dependence of the disappearance of flow and in-medium
nucleon-nucleon cross section
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The impact parameter dependence of the disappearance of nuclear flow is examined within the framework of
the quantum molecular dynamics model. We confront the model with recent experimental findings of Heet al.
who measured the balance energy at different impact parameters for the reaction64Zn127Al. We simulate the
heavy ion collisions with different nucleon-nucleon cross sections which includes the energy-dependent cross
section, in-medium cross section~G matrix!, and several constant and isotropic cross sections. Our calculations
show that the balance energy in central collisions can be explained nicely with standard energy-dependent
cross section whereas one needs a larger cross section to explain the balance energy at peripheral collisions.
@S0556-2813~98!06009-9#

PACS number~s!: 24.10.Lx, 13.75.Cs, 25.70.Pq
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I. INTRODUCTION

The nuclear reaction dynamics at incident energies
tween 10 MeV/nucleon and 1 GeV/nucleon yields seve
interesting phenomena such as the incomplete fusion, m
fragmentation, nuclear flow, subthreshold particle prod
tion, etc. The reaction dynamics at low incident energies
governed by the attractive mean field whereas the repul
interaction decides the fate of a reaction at higher incid
energies. At low energies, the Pauli principle hinders
nucleon-nucleon collisions and thus, the nucleon-nucl
collisions are nearly absent. In contrast, the effect of
Pauli principle at higher incident energies is very small a
thus, the probability of nucleon-nucleon collisions increas

Very recently, it was observed~in experiments! and pre-
dicted ~in theories! that the interactions at higher incide
energies are dominated by the nucleon-nucleon scatte
which causes the particle emission in forward center of m
angles and hence the nuclear flow is positive. On the c
trary, the interaction at low incident energies is dominated
the attractive part of the nuclear mean field which results
the particle emission at backward angles and hence the
lective flow is negative. While going from low to high bom
barding energies, the attractive and the repulsive parts o
interaction balance each other at some bombarding en
and hence the flow disappears. This particular energy
which the flow disappears is termed as the balance en
@1–15#. In recent years, several efforts have been made
pin down this balance energy accurately. Several differ
types of experimental attempts are made. The first categ
of experiments deals with the central collisions and one
termines the balance energy for collisions involving a vari
of colliding partners@3,4,14#. The colliding partners can b
as light as carbon or as heavy as La. The balance energ
central collisions is found to vary asAtot

21/3 ~whereAtot is the
total mass of target1 projectile! @14#. The ~measured! bal-
ance energy for the central collision of C1 C is 127
PRC 580556-2813/98/58~6!/3494~6!/$15.00
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65 MeV/nucleon whereas it is about 50 MeV/nucleon f
La 1 La @3,4,14#. Apart from the mass dependence of t
disappearance of flow, another factor which affects the b
ance energy is the impact parameter@1,2,6–8,12,15#. Due to
less compression in peripheral collisions, a large value
incident energy is needed to compensate the attractive m
field and hence the flow disappears at larger incident ene
compared to central collisions. Recently, several system
experiments have been carried out where impact param
dependence of the disappearance of flow is investiga
@1,8,12#. He et al. did the experiment of64Zn127Al @1#
whereas Paket al. performed40Ar145Sc @8,12#. The unique
outcome of these experiments is that the balance energ
creases linearly with change in the impact parameter.

Theoretically, one has a one body model such as
Boltzmann-Uhlening-Uhlenbeck ~BUU! model @1,3–
5,11,14#, or a many body model such as the quantum m
lecular dynamics~QMD! model @7,10,15–17#. Both models
are shown to work well in explaining the disappearance
flow. The main interest in measuring the disappearance
flow or predicting the same is that the balance energy
found to be very sensitive towards different nucleon-nucle
cross sections whereas it is relatively less sensitive towa
different equations of state. In other words, by studying
balance energy, one can extract the information about
magnitude of the nucleon-nucleon cross section. In a cou
of theoretical studies, a strong dependence of momen
force on disappearance of flow has been reported@7#. Here
we confront the quantum molecular dynamics~QMD! model
with the experimental observation of Heet al. @1# who mea-
sured the balance energies as a function of impact param
in the collision of64Zn127Al. Our aim is to study the role of
different nucleon-nucleon cross sections in determining
balance energy as a function of the impact parameter.
shall show here that one needs a larger cross section to
plain the ~experimentally! observed balance energy in p
ripheral collisions. In other words, one needs an additio
repulsion which can be supplied either by assu
3494 ©1998 The American Physical Society
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ing a larger cross section or by taking momentum dep
dence of the mean field.

A similar study using the BUU model was also report
by Heet al. @1#. They simulated the64Zn127Al reaction~us-
ing the BUU model! by varying the cross section between
and 55 mb. They found that a smaller cross section expl
the data in central collisions whereas a larger cross sectio
needed to explain the data at semicentral/peripheral c
sions. Here we employ a variety of cross sections inste
which includes the standard energy-dependent, isotropic
energy-independent and in-medium cross sections. In the
lowing, we first describe briefly the QMD model and diffe
ent nucleon-nucleon cross sections and then explain ou
sults.

II. QUANTUM MOLECULAR DYNAMICS MODEL

We describe the time evolution of a heavy ion react
within the quantum molecular dynamics model@16# which is
based on the molecular dynamics picture. Here each nuc
is represented by the Wigner density of a Gaussian w
packet with a fixed width. In the QMD, each nucleon
represented by a coherent state of the form

fa~x1 ,t !5S 2

Lp D 3/4

e2[x12xa~ t !] 2
eipa~x12xa!e2 ipa

2 t/2m.

~1!

Thus, the wave function has two time-dependent parame
xa andpa . The totaln-body wave function is assumed to b
a direct product of coherent states:

f5fa~x1 ,xa ,pa ,t !fb~x2 ,xb ,pb ,t !•••, ~2!

where antisymmetrization is neglected. The initial values
the parameters are chosen in a way that the ensembleAT
1AP) nucleons give a proper density distribution as well
a proper momentum distribution of the projectile and tar
nuclei. The time evolution of the system is calculated
means of a generalized variational principle. We start
with the action

S5E
t1

t2
L@f,f* #dt, ~3!

with the Lagrange functional

L5S fU i\ d

dt
2HUf D , ~4!

where the total time derivative includes the derivatives w
respect to the parameters. The time evolution is obtained
the requirement that the action is stationary under the
lowed variation of the wave function

dS5dE
t1

t2
L@f,f* #dt50. ~5!

If the true solution of the Schro¨dinger equation is containe
in the restricted set of wave functionfa(x1 ,xa ,pa), this
variation of the action gives the exact solution of the Sch¨-
dinger equation. If the parameter space is too restricted,
-

ns
is

li-
d,
nd
l-

re-

on
e

rs

f

s
t

y
t

by
l-

e

obtain that wave function in the restricted parameter sp
which comes close to the solution of the Schro¨dinger equa-
tion. Performing the variation with the test wave functio
~2!, we obtain for each parameterl the Euler-Lagrange
equation

d

dt

]L
]l̇

2
]L
]l

50. ~6!

For each coherent state and a Hamiltonian of the formH
5( i@Ti1

1
2 ( i j Vi j #, the Lagrangian and the Euler-Lagrang

function can be easily calculated@16#:

L5(
a

ẋapa2(
b

^Vab&2
3

2Lm
, ~7!

xẆa5
pa

m
1¹pa(b ^Vab&, ~8!

pẆ a52¹xWa(b ^Vab&. ~9!

Thus, the variational approach has reduced then-body
Schröndinger equation to a set of 6n different equations for
the parameters which can be solved numerically. If one
spects the formalism carefully, one finds that the interact
potential which is actually the BrucknerG matrix can be
divided into two parts:~i! a real part and~ii ! an imaginary
part. The real part of the potential acts like a potent
whereas the imaginary part is proportional to the cross s
tion. Here we discuss each of these inputs briefly.

A. The interaction potential †16‡

The nucleons in QMD interact via a Skyrme potential a
by Coulomb interaction. One has also an option of supply
an additional momentum-dependent interaction. As we p
to discuss the role of different nucleon-nucleon cross s
tions, we restrict ourselves to a simple static interact
supplemented by the Coulomb interaction

Vi j 5Vloc
2 1Vloc

3 1VCoul. ~10!

The expectation value of these potentials is calculated a

Vloc
2 5E f i~pW i ,rW i ,t ! f j~pW j ,rW j ,t !VI

~2!~rW i ,rW j !

3d3rW id
3rW jd

3pW id
3pW j , ~11!

Vloc
3 5E f i~pW i ,rW i ,t ! f j~pW j ,rW j ,t ! f k~pW k ,rWk ,t !VI

~3!~rW i ,rW j ,rWk!

3d3rW id
3rW jd

3rWkd
3pW id

3pW jd
3pW k , ~12!

where f i(pW i ,rW i ,t) is the Wigner density which correspond
to the wave functions@Eq. ~2!#. If we deal with local Skyrme
force only, we get

VSkyrme5 (
i 51

AT1AP Fa

2S (
j 51

r̃ i j

r0
D 1

b

g11(j Þ i
S r̃ i j

r0
D gG . ~13!
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Herea, b, andg are the Skyrme parameters which are d
fined according to the ground state properties of a nucleu
the present study, we use a hard equation of state wita
52124 MeV, b570.5 MeV, andg52. The interaction
densityr̃ i j reads

r̃ i j 5
1

~4pL !3/2
e2rW i j

2/4L, ~14!

whererW i j is the distance between centroids of two Gaussia
In the present study, we also include the Yukawa interact
Note that the symmetry potential is neglected in the pres
mean field. In addition, we have an average Coulomb fo
in the simulations. These effects influences the reaction
namics at low energy whereas their effect at higher incid
energies is small.

B. The nucleon-nucleon„NN… cross sections

The carefully initialized nuclei are displayed by a certa
distance in coordinate space and boosted towards each
on Coulomb trajectories. During the propagation, two nuc
ons are supposed to suffer a collision if the distance betw
their centroidsuxa2xbu is less thanAs/p. One also checks
the availability of the final phase space with the so-cal
classical Pauli procedure. In this procedure, a collision is
blocked if the phase space of the final state particles is
ready occupied. We here assume different forms of nucle
nucleon cross sections@s# to understand their influence o
disappearance of flow or on the balance energy. In the
lowing, we describe the different nucleon-nucleon cross s
tions which will be used for analysis.

1. Energy-dependent cross section [19]

This energy-dependent cross section is a fit to the exp
mental cross section. This cross section is labeled as ‘‘Cu
In this parametrization, the elastic and in-elastic cross s
tions are calculated as

snn
~e!~mb!5H 55 if As,1.8993,

35

11100~As21.8993!
120 if As>1.8993,

~15!

and

snn→nD
~ in ! ~mb!5H 0 if As,2.015,

20~As22.015!2

0.0151~As22.015!2
if As>2.015.

~16!

HereAs is the nucleon-nucleon center-of-mass energy.
the elastic channel, the angular distribution@ds/dt#5aebt

with t522p2(12cosu). In case of inelastic channel, w
use an isotropic distribution. We shall also use a modifi
version of the energy-dependent cross section where we
the same energy dependence but with an isotropic distr
tion. This comparison will give us a possibility to examin
the role of angular distribution on flow.
-
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2. RealisticG-matrix cross section [20]

The scattering of nucleons in nuclear matter in lo
density expansion should be described in terms of the Bru
ner G matrix

G~E!5V1V
Q

E2e1 iE
G~E!, ~17!

where the Pauli operatorQ projects on unoccupied states an
e is the energy of the intermediate state,e5pW 1

2/2m1pW 2
2/2m

1U(pW 1)1U(pW 2), where pW 1 , pW 2 are the momenta of two
colliding nucleons. At higher energies, the influence of t
Pauli principle is small and the kinetic energy is large co
pared to the Hartree-Fock potentialU. In this case, theG
matrix becomes identical to the transition matrix which d
scribes the scattering between two free nucleons. The c
section, thus derived, depends not only on the energy
also on density of the surrounding nucleons~and hence on
the medium!. It gives us information about the in-medium
dependence of the nucleon-nucleon cross section. TheG-
matrix cross section is labeled as ‘‘GMC.’’

3. A constant cross section

At low energies, there are several calculations which
based on constant cross sections. Here, we also use isot
and energy independent cross sections withs555, 40, and
20 mb, respectively.

III. RESULTS AND DISCUSSION

We here simulate the64Zn127Al for 500–2000 events a
different impact parameters using the abovementioned
nucleon-nucleon cross sections. We employ~i! an in-
medium cross section based on BrucknerG matrix, ~ii ! an
energy-dependent nucleon-nucleon cross section fitted
Cugnon, and~iii ! three constant and isotropic cross sectio
with magnitudes555, 40, and 20 mb, respectively. A har
equation of state is used in present analysis. Several re
studies show that the effect of different equations of state
balance energy is small@1,2,14#. In the present study, we
neglect the momentum dependence of the force which
shown to have a strong effect on disappearance of flow
peripheral collisions@7,10,12#.

There are several methods of defining the nucl
~sidewards! flow. Usually, the balance energy is extract
from ^px /A& plots, i.e., the in-plane transverse momentum
a function of the normalized rapidity (yc.m./ybeam). By a lin-
ear fit to the slope of these curves, one can define the
called reduced flow (F). By plotting F as a function of the
beam energy, one obtains the balance energyEbal as a point
where a linear fit of the energy dependence ofF passes
through zero. Thiŝpx /A& plot is similar to a function of the
rapidity bins. One can have a rather more integrated quan
called the ‘‘directed transverse momentum’’^px

dir& which is
defined as@10,16#

^px
dir&5

1

N (
i

N

sgn@yc.m.
~ i ! #px

~ i ! , ~18!
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with px
( i ) being the transverse momentum of theith particle

and whereyc.m.
( i ) is the associated rapidity of theith particle.

In transverse momentum, all rapidity bins are taken into
count. Therefore, this provides one value as a measure o
in-plane flow instead of a complicated function such as
^px /A& plot. In several experiments, it was shown that t
balance energyEbal is nearly independent of the nature of th
particle. The balance energy is nearly the same for nucle
light, and heavy fragments. Note that the fragments h
larger flow compared to nucleons. Furthermore, the bala
energy is insensitive to the apparatus corrections and ac
tance and hence makes it possible to compare the unfilt
results of the theory with experimental findings.

It has been shown in Refs.@10,16# that ^px
dir& and^px /A&

are equivalent. We here discuss both these quantities fo
sake of completeness. In Fig. 1, we show the time evolu
of ^px

dir& at different bombarding energies using nucleo
nucleon cross sections taken from Cugnon, a constant c
sections555, 40, and 20 mb, respectively. Note that t
different curves in each part of the figure are at differe
incident energies. The~a!, ~b!, ~c!, and~d! parts of the Fig. 1
are, respectively, with cross sections of 55, 40 mb, Cugn
and 20 mb. We see that the flow first becomes negative
finally it saturates either at2ve or 1ve values depending
on the bombarding energy. The negative flow at the star
reaction signifies the attractive nuclear interactions at
start. At low incident energies, due to the lack of availa
phase space, we have few nucleon-nucleon collisions an
a result, the nuclear interactions are still attractive. At hig
incident energies, however, one has frequent nucle
nucleon collisions and therefore, nuclear flow is repulsive
the end of the simulations. One also notices that a lar
cross section can have more~allowed! collisions and thus,
the flow becomes positive at lower incident energies co
pared to that of smaller cross section. The flow^px

dir& be-
comes zero at 60, 70, 100, and 120 MeV/nucleon for sim
lations with s555, 40 mb, Cug/GMC, and 20 mb

FIG. 1. The time evolution of averaged^px
dir& as a function of

time. Here we simulate64Zn127Al for 500–2000 events at eac
bombarding energy.~a!, ~b!, ~c!, and ~d! are the simulations using
s555, 40 mb, Cugnon, and 20 mb, respectively. Note that differ
lines in different parts of the figure represent different incident
ergies.
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respectively. One also notices that it takes more time at
incident energies before the flow saturates. For example,
simulations with 55 mb at 40 MeV/nucleon take abo
120 fm/c before they saturate whereas the same reactio
200 MeV/nucleon yields the saturated flow as early
40 fm/c.

In Fig. 2, we plot̂ px /A& as a function ofyc.m./ybeam. We
show each plot at a fixed energy using five different nucle
nucleon cross sections. The~a!, ~b!, ~c!, and~d! parts of the
figure are at incident energy of 60, 70, 100, and 120 Me
nucleon, respectively. Note that^px

dir& vanishes at 60, 70
100, and 120 MeV/nucleon, respectively, for the reactio
with s555, 40 mb, Cug, and 20 mb~see Fig. 1!. The slope
of ^px /A& with s555 mb is almost zero at 60 MeV/nucleo
whereas all other cross sections yield a negative flow. In
same way, the slope of^px /A& vanishes at 70, 100, and 12
MeV/nucleon, respectively, for simulations withs
540 mb, Cug/GMC, and 20 mb. One also notices that
maximum flow is seen withs555 mb. This is followed by
s540 mb and Cug/GMC. Comparing Figs. 1 and 2, it
clear that^px

dir& and the slope of̂ px /A& vanish at same
incident energies. Thêpx

dir& is negative at incident energie
where thê px /A& plot yields a negative slope.

The above analysis of transverse momentum is done
nucleons only. We here neglect the formation of fragmen
It is relevant that the balance energyEbal is nearly indepen-
dent of the nature of particles~i.e., it is about the same fo
nucleons and fragments!. In Fig. 3, we look for the effect of
angular distribution of the nucleon-nucleon cross section
^px /A& and the rapidity distribution. We here compare t
results obtained with standard Cugnon cross section and
tropic Cugnon cross section. This gives us the possibility
examine the role of angular distribution in nucleonic flo

t
-

FIG. 2. Averaged̂ px /A& as a function ofYc.m./Ybeam. Here
each part of the figure is a result at fixed incident energies.
various curves in each part of the figure indicate the results w
different nucleon-nucleon cross sections. The solid line is
Cugnon, long dashed line for GMC, dotted for 55 mb, short das
line for 40 mb, and dash-dotted for 20 mb.~a!, ~b!, ~c!, and~d! are
at incident energies of 60, 70, 100, and 120 MeV/nucleon, resp
tively.
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and rapidity distribution. Note that while performing th
simulation with these two cross sections, we have the s
energy dependence of the cross section but a different a
lar dependence. The different angular dependence does
influence the nucleonic flow and their associated rapidity d
tribution.

In Fig. 4, we show the nucleonic flow~i.e., the transverse
nucleonic flow ^px

dir&) as a function of incident energyE.
Here we perform the simulations with a stiff equation
state. The results shown with open circles, triangles, fil
triangles, filled squares, and open diamonds show the s
lations with nucleonic cross sections taken from CugnonG
matrix, a constants555, 40, and 20 mb, respectively. W
also show the experimental data of Heet al. @1#. We see
several points: ~i! At b51 fm, the standard energy
dependent cross section or in-mediumG-matrix cross section
explains the experimentalEbal nicely. The energy-
dependent–G-matrix cross section starts deviating from t
experimental data as we shift towards larger impact par
eters. Note that the experimentalEbal is 7565, 7965, and
9065 MeV/c, respectively, atb51, 2.5, and 4 fm, wherea
the simulations with Cugnon~G-matrix! cross section predic
Ebal at 72 MeV/c (74 MeV/c), 102 MeV/c (98 MeV/
c), and 230 MeV/c (180 MeV/c), respectively, atb51,
2.5, and 4 fm. As the observed balance energy ab
54 –5 fm is an estimation, we simulate the collisions ab
54 fm ~rather than at 4.5 fm!. We see that the balanc
energy obtained with in-medium cross section does not di
much compared to the energy-dependent cross sec
Therefore, the effect of the in-medium cross section is rat

FIG. 3. ^px /A& ~right part! and rapidity distribution (dN/dY)
~left part! as a function ofYc.m.. Here we compare the results ob
tained with standard Cugnon and isotropic Cugnon cross sect
The results of the standard Cugnon cross section and the isot
Cugnon cross section are represented by the solid and long da
lines.
e
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r
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er

smaller as far as the vanishing of flow is concerned.Ebal
obtained with s555 mb overestimates the experimen
Ebal at b51 fm, whereas it explainsEbal at b54 fm nicely.
Ebal at 2.5 fm can be explained nicely with a constant cro
section of 40 mb. In Fig. 5, we plot theEbal as a function of
impact parameter. We see that a larger cross sections
555 mb), though it explainsEbal at b54 fm nicely,
reachesEbal quite early at other impact parameters. T
Cugnon parametrization explains the experimentalEbal at b
51 fm, but its slope~with an increase in the impact param
eter! increases more steeply compared to other cross sec

s.
pic
hed

FIG. 4. The averagêpx
dir& as a function of incident energy. Th

results obtained withs5Cug, G matrix, 55, 40, and 20 mb are
shown, respectively, by circles, triangles, filled triangles, fill
squares, and diamonds. The experimental data is indicated b
asterisk. The upper, middle, and lower parts of the figure are
impact parameterb51, 2.5, and 4 fm, respectively.

FIG. 5. The balance energy~where flow disappears! as a func-
tion of impact parameter. The balance energy obtained with
cross section due to Cugnon,G matrix, s555, and 40 mb are
indicated by open circles, triangles, squares, and diamonds, res
tively. The experimental data is shown by asterisks.
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or experimental data. The in-medium cross section~GMC!
does not alter the results at smaller impact parameter
affects the balance energy at larger impact parameters
b54 fm, it reaches the zero flow quite early compared
the energy-dependent cross section. Therefore, it shows
the in-medium effects can be quite important at larger imp
parameters. The failure of the standard cross section to
produce the balance energy at larger impact parameters
also been reported in several other references@1,6,8,12#. In
Ref. @8#, the QMD simulations~for the Ca-Ca system! ex-
plain theEbal at smaller impact parameters whereas it ov
estimates the results at larger impact parameters. Simila
sults are also reported for the collision of64Zn127Al @1#.
This failure of the standard cross section to reproduce
experimental balance energy at large impact parame
could be resolved if one takes the momentum dependenc
nuclear force into account@12#. In our case, we have a
additional repulsion due to the large nucleon-nucleon cr
section. Both the momentum-dependent interaction and la
cross section leads to the same effect, i.e., both produce m
repulsion. In the case of multifragmentation, both are fou
to give more fragments@17,18#. From the above findings, i
is clear that there is no unique cross section which can
plain the experimentally observed balance energy as a f
tion of the impact parameter. One needs extra repulsio
explain the experimental data at larger cross sections. Sim
conclusions and trends can be found in Ref.@1# where the
BUU model was used to simulate the64Zn127Al reaction.
There, one needs a cross section of about 45 mb to exp
the data atb54.5 fm. We need a larger cross section~5 55
mb! compared to Ref.@1#. One should keep in mind that th
transverse flow is a very sensitive quantity and differ
implementations and procedures used in the model can
B
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appreciable effects@21#. Using the BUU model, different re
sults of the disappearance of flow for the same reactions
also reported in Refs.@11# and @5#. One of the apparent dif-
ferences is the initial boost of the nuclei and also the ad
tional symmetry potential. Apart from different theoretic
results, a comparison of the experimental results of R
@12# and@1# also leads to different conclusions. While goin
from scaled impact parameterb/bmax50.28 to 0.56 in Ref.
@12#, there is an increase in the balance energy by abou
MeV, whereas for a similar increase in the impact parame
He et al. @1# reports an increase of about 11 MeV. Therefo
a detailed analysis of the disappearance of flow is needed
a clearer picture.

Summarizing, we have simulated64Zn127Al at several
impact parameters and over a wide range of incident e
gies. We have studied the balance energy~where nuclear
flow vanishes!. The nuclear flow studied within the QMD
model gives a well-known behavior, i.e., the nuclear flow
negative at low incident energies and decreases with the
crease in the bombarding energy and vanishes at same
barding energy. With further increase in the bombarding
ergy, the nucleonic flow increases. The balance energ
quite sensitive towards different forms of nucleon-nucle
cross sections. We also notice that the standard ene
dependent~and in-medium! cross sections result in simila
balance energies and explain the experimental data at s
central collisions, whereas a larger value of the nucle
nucleon cross section is needed at peripheral collision
explain the data.
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