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An analysis of new data for the reactiar p— 7= 7" n at incident energies between 223 and 284 MeV is
presentedsr™ 7~ cross sections are obtained via Goebel-Chew-Low techniques by extrapolation to the pion
pole using the pseudoperipheral approximation. A consistency check between the present experimental results
and previous experiments at higher energies is made using Roy equations. The is8spav@s 7 scattering
length was obtained using a variety of methods. The result obtained from a threshold expanagon is
=0.204+0.014(statistical =0.008(systematitin inverse pion mass units. It is shown that there are signifi-
cant differences between the reaction mechanisms for the w(") and (@'#") channels.
[S0556-28188)00212-X

PACS numbg(s): 13.75.Lb, 13.60.Hb, 13.60.Le, 13.75.Gx

I. INTRODUCTION contribution of the non-OPE components,(N*) can affect
the reliability of the results. However, the near threshold re-
The application of QCD in the low-energy regime throughgion (mfmz4) is most sensitive to the scattering lengths,
the use of effective Lagrangians such as employed in chirednd the determination ofrm cross sections in this region
perturbation theory1,2] has made low-energym scattering would represent an important step towards understanding
of great interestar 7 scattering observables provide a sensi-m interactions. The only Goebel-Chew-Low analysis of
tive tool for studying the explicit breaking of chiral symme- mN— 7 aN reactions in the near threshold region was a very
try in strong interactions. Interest has focused on the regiofimited statistics photoemulsion experime@] which ob-
near threshold since in the chiral limit, ther scattering tained the resulag=0.24+0.09.
lengths vanish there exactly. A measure of these threshold In the present paper we make an attempt to deterrmime
parameters is therefore an explicit measure of chiral symmescattering parameters in the region of prime importance: in
try breaking. Moreoverza scattering observables are re- the vicinity of threshold. The data on the p—=" 7 n
quired to establish other parameters of chiral perturbatio@nd 7" p— =" 7 "n interactions required to this end were
theory and other effective low-energy models. Currently ourobtained  for  projectile ~ kinetic  energies 223,
progress understanding these challenging problems is hir=285 MeV with the CHAOS spectrometf3] at TRIUMF.
dered by the absence of accurater scattering cross sec- Details of the experiment, as well as the results of model
tions near threshold. calculations applied to total and single differential cross sec-
m scattering lengths and phase shifts have been deducdi@ns, are presented in a companion artitk]. In the
[3] from #N—7aN reactions in the GeV regime using Present work, we concentrate exclusively on the double dif-
Goebel-Chew-Low analysigl]. In this case the required in- ferential cross sections, Goebel-Chew-Low analysis, and de-
formation is obtained by isolating the contribution of the termination of ther scattering lengtta; =ag. In the fol-
one-pion exchangéOPE) diagram via extrapolation to the lowing we make use of the variables,, (the dipion
pion pole. In the past, this approach has been used for inclavariant masg t (the square of the four-momentum transfer
dent pion momenta,, in the 4-10 GeW¢ range, and a to the nucleopy and é (the angle between the two negative
review of these works is presented in Rgf5-7]. The ex- pions in the dipion rest frameWe expressmf,,T andt in
trapolation procedure is not strictly unambiguous since thanits of the pion mass squarefl{=m3).
Previous experiments are briefly summarized in Sec. Il.
We describe some of the experimental features most relevant
*Corresponding author. Electronic address: smith@triumf.ca  to the present work in Sec. lll. In Sec. IV we describe the
TPresent address: University of Colorado, Boulder, CO 80309. Goebel-Chew-Low analysis, which utilizes the new CHAOS
*Present address: Physikalisches Institut, Universiiingen,  double differential cross section data and the pseudo-
72076 Tibingen, Germany. peripheral prescription employed by Batehal. [3].
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In Sec. V the dispersion constraints embodied in Roy’'s A result very near therN— 77N threshold was obtained
equations are used to check whether or not the resulting nearecently[23], also within the context of the OT model. That
thresholdo . .,(m,,,) determined from the new CHAOS data experiment stopped a* beam in a scintillator stack, and
are consistent with results obtained from other experimentdetected the final state neutron in coincidence with the pions.
at much higher incident pion momenta. In Sec. VI we makeThe = scattering length was determined to lg§=
use of the new CHAOSr,.(m,,) data to determine the —0.040+0.001+0.003, withé=—0.2+0.15. A similar ex-
Swave scattering length) which can be compared directly periment[24] employing incidentr= was analyzed in the
to the most recent predictiofi$1—13 from chiral perturba- context of heavy baryon chiral perturbation theory, and ob-
tion theory. A discussion and conclusions are presented itined the result®=0.23+0.08 anda3= —0.031+0.008.
Sec. VIl To date, these represent the experimental data acquired clos-
est to the pion production threshold energy of 172.38 MeV.

Measurements of ther’7°) channel at pion incident en-
ergies ranging from 5 MeV above threshold 0O,

Experimental evaluation ofrr scattering observables is =293 MeV were performed at BrookhavéR5]. The total
difficult because only indirect methods are available. Severg#ross section data were interpreted in the context of the OT
processes have been studied in the past or are proposed a@@del. The value of§ from this experiment is—0.98

Il. PREVIOUS EXPERIMENTS

means to obtainr 7 scattering parameters. +0.52. The correspondingwave 77 scattering lengths are
To date, the most reliable measure of the scattering ag=0.207+0.028 andaj= —0.022+0.011.
lengths comes from the study &f,, decays. An analysis of In 1993, the Virginia group measured total cross sections

30000 decays yielded the resaf}=0.28+0.05. 1 [14]. In  as well as angular distributions at LAMPF for the{7°)

this method, both final state pions are on the mass shell arghannel at incident pion energies of 190, 200, 220, 240, and
are the only strongly interacting particles in the final state 260 MeV [26,27. They performed an analysis in which all
however, the branching ratio is only4x10™°. New results ~ Of the existingmN— 7N were fitted to extract partial am-
with much better statistics are expected from both BNL anddlitudes in the framework of the OT model. Their results

DA®NE. indicate thaté=—0.25+0.10 anda?): —0.041+0.001.
The e*e”—=m" 7~ reaction proceeds through one-
photon annihilation and provides information on the ot Ill. DATA REDUCTION

scattering partial waves. For example, in Rgt5] the
P-wave scattering Iengtta}=0.036t0.010 was obtained

from an analysis of the pion form factors. 1CHAOS magnetic spectrometfd] at TRIUMF. CHAOS is

77~ atoms have the potential to provide a measure o S .
0 _2 . a ~1 sr detector composed of four cylindrical, concentric
|ag—ag| at the 5% level. An elegant experiment has been

. wire chambers which are surrounded by an array of scintil-
Sgt)ggtsgdsigi\eifr?gﬂioﬁiusriamh at IUCH17] failed to lation and lead-glass Cerenkov counters.

So far onlyK,, decays andrN— maN reactions have Pion bombarding energies of 223, 243, 264, and 284 MeV

. ! . were studied. The momentum width of the incident( )
proven useful in studyingrs scattering near threshold, and beam wasA p/p~1%(5%). Typically 100007 7~ and
only 7N—maN reactions can give any information about * 7" events were recordéd at each energy. All events were

7rar Scattering parameters as a function of energy. The mo%{inned into a 16 10X 10 lattice ofm2_ . t. and cosg). A

. - mT !
relevant N — wN experiments and their results for the weighting factor determined from Monte Carlo simulation of

scattering lengths are as follows. the detector was applied on an event-by-event basis to ac-

In 1974 a low statistics bubble chamber experiment ex-
plored the -+ ) and (~ #r°) channels at an incident pion count for the detector acceptance. Phase space was used to

momentum of 415 MeW [18]. Using an isobar model describe the out-of-plane behavior of the reaction. Previous

dong i data acqured at higher encrges, they foun€DenTISNS have ShonRSZ9 bt fr our e pon
—0.06u*1<a8<0.03u*1, which is consistent with zero. gies, b b P 9

from only ~2% at 223 MeV to~13% at 284 MeV. Further
The OMICRON group at CERN measured total cross S’E’Cérguments supporting the out-of-plane assumptions made in

. . . . — — 0
tions and angular distributions for ther( =), (7~ 7), i work are put forward in Ref$10,30. The double dif-

+,_+ . ;
ggg g; dw45)0crl\1/|aen\zel[slgli2|r]1]cu_jrir: g'mcrlggneggatabsvtgzenferential cross sectiord?o/d m,zﬂ,dt obtained by integrating
X over cosf) were used as input to the Goebel-Chew-Low

analyzed in the context of the Olsson and Tu@T) model analysis. The overall normalization was checked by measur-

[22]. This model assumes that OPE is the dominant mecha- -z oo : .
: . . Ing 7~ p elastic differential cross sections at each bombard-
nism close to threshold, and it parameterizes the threshold

(,2) amplitude and ther scattering lengths in terms of INg energy. We estimate that the systematic uncertainty as-

. . 2 2 . - 0 -
the chiral symmetry breaking parameterThe OMICRON souat'ed withd“o/dm’,,dt is ~10%. Furthgr details of the .
results foré and the scattering lengti@n units of inverse experimental procedure and data analysis are presented in

pion masy are é=-0.5+0.8, aj=-—0.05-0.02, a3 Refs.[10,30.
=0.15+0.03 for the ¢r* 7°) channel,é=0.1"33, a3=
—0.03+0.02, a=0.18+0.04 in the ¢ =) channel,

and £=1.56+0.26, az=-—0.08+0.01 for the @™ =") The extraction of7# scattering observables fromN
channel. —arrN data is usually based on isolating the contribution of

The #*p— =" 7*n cross sections reported in this work
were measured using a liquid hydrogen target and the

IV. GOEBEL-CHEW-LOW ANALYSIS
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the one pion exchang@®PE mechanism from background threshold pole
processes which involve resonance and isobar exchange &
This approach is referred to as Chew-Low analygisperly, , %

Goebel-Chew-Low analysis
The basic idea behind the Goebel-Chew-Low procedure is
as follows. Thet dependence of the cross section forp 054

— ot 7 n has the forn{5] g ! i

do t {C’ 0.0 i i

dt (t—1)2+x’ @ = ] | ! [

5 _o5 <~ useful region %: i

where the first term represents the OPE mechanism and > ] ! ! i
stands for all other processéBackground Thet depen- ] : :
dence of the numerator is of crucial importance since it in- —1~0_8 — '—"6 S A
dicates that the OPE contribution vanisheg-aD (see, for b (1)
example, Fig. 3.2.1 from Ref5]). In other words, the OPE
process is peripheral. According to E@), ast— u? (the FIG. 1. The first term of Eq(1), which represents the OPE

pion pole the first term diverges, and if the second teXm contribution to the cross section, is divided by its maximum and
remains finite, it is possible to isolate the OPE contributionplotted as a function of. The physical regions where OPE reaches
from the rest. This implies that by extrapolating tte u? 50% of its maximum (= —1) value are indicated along with the
=1 one can remove off-shell effects and non-OPE contribuPhysical region{<0), threshold {=0), and pion polet=+1).
tions.

The Goebel-Chew-Low extrapolation functiéi{t,m,_,)  ond,F’ must be linear in the interval over which the ex-

is defined as trapolation is performed. If linearity is not observed in the
interval where OPE is expected to dominate, then the ex-
mp2 (t—-1)2 d%o trapolation cannot be performed because the assumption of
F(t,m,,)= (20  OPE dominance cannot be supported. On the other hand, if

2 2 - comihan . )
f¢ Mzz0 dt-dmy nonlinearities inF’ are observed outside the region where

OPE is expected to dominate, this does not prevent the ap-
where g=m7,_/4—1, and f*=0.08 is themN coupling plication of the Goebel-Chew-Low procedure in the linear
constant. The pion exchanged in the OPE diagram is offregion. In fact, nonlinear regions are expected to appear
shell in the physical region. In the present paper we apply theomewhere, since it is generally known that backgrouhd (
pseudoperipheral approximation meth@e, for example, and N*) processes can contribute significantly o p
Ref. [3]), in which an auxiliary functionF’=F/|t| is ex-  _ z*77n. The question is only in whicm?_ bins, for
trapolated to the pion polet € x%). This method makes use which incident energies, and over whitintervals this back-
of the fact that in the case of OPE dominangé&(t,m.,) is  ground dominates sufficiently to destroy the linearity ex-

linear int, which impliesF(0,m_,.)=0. The on-shellr" 7~ pected for the OPE mechanism.
scattering cross sectiong,.(m,,) is equal to F'(t=
+1m,.). B. Data selection

A careful selection of the data used in the Goebel-Chew-
Low analysis was necessary for three reasons. First, as dis-

Although the Goebel-Chew-Low procedure assumes OPEussed above, the hypothesis of OPE dominance requires
dominance in the region whetds near the physical thresh- that the extrapolation functioR’ be linear int, so nonlinear
old, it follows from the pseudo-scalar nature of the pion thatregions int should be excluded from the analysis. Second,
the OPE contribution vanishes &t 0 [5]. In addition, the the Goebel-Chew-Low extrapolation should yield a physi-
OPE signal diminishes fdr=0. Thet dependence of the first cally meaningful result. In other words, a positive value for
term in Eq.(1) is shown in Fig. 1, normalized to its maxi- F’(t=1). Presumably, both of these rejection criteria can
mum in the physical region. From this figure, it is clear thatarise when the data in question fall outside the region of OPE
in the physical regiont0), oopg has a maximum at= dominance. Third, kinematic limits have the effect of render-
—1 and that the region wheregpeis at least half this maxi- ing some of theF'(t) bins at the edges of the observed
mum is—6<t<—0.2. In order to maximize the contribution distributions empty or only partially filled. These bins should
of OPE relative to the background, therefore, it would seenbe excluded from the fits, obviously.
prudent to stay inside the approximate range<t< Although it is easy to devise safe and rigorous tests for
—0.2. It should, however, be noted that the maximum kinethe latter two rejection criteria, the first requirement of lin-
matically allowed value of is less than zero. For the ener- earity is more subjective and can potentially lead to bias in
gies covered in this experimert,,, varies from—0.6 to the data selection. Therefore, two methods for data selection
-0.3. were pursued.

Beyond this guidance, there are two additional tests for For the first methodA) our philosophy was to use data
OPE dominance, which unfortunately do not qualify asrejection sparingly and only in clear-cut cases. A set of rules
proofs. First, the OPE contribution should Bavave. Sec- was devised which was applied separately to eraﬁl;; bin.

A. OPE dominance
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(1) If the extrapolatedm’ (T, ,t= mem)<0, then the data TABLE I. Table of points dropped in the data selection process

for that energy an(hfm bin were rejected2) If F’ was zero B and _the corresponding effgct_on the cross _sectionxindf the _

anywhere in the intervat- 6<t<—2 then the data for that flt_. Entries tagge_d gb_l and A |nd|cat_e the starting values associated
dn?_ bin were rejected(3) Otherwise, the data in with the global fit using data selection method A. The next to last

e”ergy anan; ] ‘ ! column indicates the tota}?. Ny, refers to the number of data

the interval —6<t<—2 were always kept(4) The t> points used in each global fit.

—1.0 data were always exclude(h) Data at the edges of

each distribution {=—1.1-1.9 andt=—6.5,—7.5) were m2._ T. (MeV) t o (mb) X2 Nata
rejected if and only if eithefa) the bin was empty ofb) the
point was more than five standard deviations from the line*15 gbl A 438061 45 21
determined without iti.e., partially empty. 264 -263 508065 32 20
The rationale for these rules and their impact is as fol- 223 -350 435069 24 19
lows. The first rule simply rejected unphysical results. The4.45 gbl A 4.8%-0.45 96 23
77T Cross section has to be positive. If the extrapolation de- 264 -1.88  5.460.48 78 22
livered a negative result then it was assumed that background 243 -5.50  4.8%0.49 56 21
mechanisms spoiled the extrapolation. All the 300 MeV data4.75 gbl A 6.42:0.58 100 23
as well as the 280 MeWh? _=4.15 data were rejected this 284 -7.50  6.2+0.59 55 22
way. The second rule was enforced because in the interval 264 -1.88  5.920.60 45 21
—6<t<—2, OPE should dominate. F’ is small in this 243 -2.63  5.960.60 35 20
interval then OPE dominance cannot safely be assumed. This 243 -1.88  6.260.61 29 19
eliminated the sparse data at 220 MeV for all bins withs 05 ghl A 7.26:0.77 44 22
mfm>4.15, and the 240 MeV data at the Iargeﬁw bin, 264 -1.13 6.670.79 28 21
m2_=5.65. 243 -1.88  7.850.87 18 20
Rule three was enforced to avoid introducing bias into thes.35 gbl A 9.212.03 38 17
data selection. We experimented with data rejection in this 264 450 8.032.07 27 16
interval in method B(discussed beloy and obtained much 243 550  7.36:2.09 20 15
better fits as a result. For method A we wanted to paythe 5 g5 gbl A 4.85-1.99 30 11
penalty, keep all the points in the primary intervalb<t 284 650 5.4%+2.07 22 10
<—2, and compare the results to those obtained with the 284 750 5.762.65 14 9
more restrictive data selection method B. 264 550 5843.15 9 8

The fourth rule accounted for the fact that the first two
bins att= —0.3 and— 0.6 were almost always empty, and in
the few cases where they were not empty it was likely thapoints were rejected by method B in eaof),, bin which had
they were only partially filled. The kinematic limits, coupled been accepted by method A.
with the steept dependence of the OPE mechanism in this The points rejected by method B are listed in Table I. The
region (see Fig. 1, made use of data in this interval ques- overall y? of the Goebel-Chew-Low fits using data selection
tionable. Finally, the last rule also tried to account for emptymethod B were markedly better than method A, however, the
and partially empty bins at the edges of our distributionsresults of the extrapolations were the same to withinfar
which reflected the kinematic limits available. At a given both methods.
incident pion energy and dipion invariant mass, the kinemati-
cally allowed region int is limited. It is possible that the C. Analysis of the w~p—a* 7 ™n reaction

diminishing contribution of OPE d$|. increases may also be The Goebel-Chew-Low extrapolations must be performed
responsible for some of the nonlinearity occasionally ob-

. ) 2 under conditions which enhance the OPE contribution and
sgrved at larget|. Empty bins were discarded for aﬂ'g’f suppress the background. In the present work this was ac-
bins att=-7.5, 240 MeV as well a¥=-6.5, Mz,  complished by carefully choosing thentervals over which
=4.15, 220 MeV. The & test eliminated a few points at the he Goebel-Chew-Low fits were made. Suitablitervals

edges of the three highest, , bins for 240 and 260 MeV.  ere selected such th&t (t,m..) could be described by a
Data selection method B took the opposite philosophy ofinear function. The parameters of the linear fit were used to
method A, and attempted to identify and reject statisticaljetermine the on-shett* = scattering cross section by ex-

outliers which affected the quality of the fits but not the ygpolation to the pion pole. The central values of thgns
extrapolatedo .. Method B started with the data which iy ynits of inverse pion mass squared were0.250,

were selected by method A. Each global Goebel-Chew-Low_q g25 —1.125 —1.875, —2.625, —3.500, —4.500,

fit was examined to find the point with the largest individual _ 5 500, — 6.500, and— 7.500.

x? contribution greater than 5. This point was then dropped The OPE contribution should b8 wave [31]. A partial

and the Goebel-Chew-Low fit repeated to check whether ofyave decompositioi10] of the co® angular distributions

not the resultingo,.(m7,,) moved by more than one stan- measured in ther_p— " 7 n channel indicate ®-wave
dard deviation or not. If it didonly atm?_=4.45 then the  scattering amplitude between 5 and 10 % of $a@ave am-
point was kept, otherwise it was rejected. The procedure waglitude, depending on the incident pion energy. This further
repeated until no more points with an individuygd greater  emphasizes the importance of a careful data selection for the
than 5 were found, checking each time that the extrapolateGoebel-Chew-Low extrapolations, since sorRewave is
am(mfm) did not move more thand. As a result, several present in the data. The worst case is at 305 M&®% P
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m?  (u?) = 4.75
20 1 ] 1 3 FRURA RUETE INSTY FEYTY PRTTY SVATH FRTTY FRTTY

l#— 280 Mev
1w T 260 Mev

1®- [ 240 MeV

—8-7-6-5-4-3-2-10 8-7-6-5-4-3-2-10 1 2
t (u?) t (u?) t (u?)
m?_ (u?) = 505 m?_ (u?) = 5.35 m?_ (u?) = 565

60 -n..Innl.“.Iu..I....I....I....I....I....I.... 120 -....I..nlnnInnlunlnnl.n.l....l..ul..... 120 -..ul-n-InnlnnI....I....l....l....l....l....-
]@— 280 Mev | s ]e— 280 MeV | s ]o— 280 MeV | s
S07m — 260 Mev | F 003m — 260 Mev | F 1009@ — 260 MeV | -
] | F gpd® T 240 Mev | g0 ® 240 MeV | b
L Bely { | |

I | |

S | I
3 o | | a

8-7-6-5-4-3-2-10 1 2 8-7-6-5-4-3-2-10 1 2 -8-7-6-5-4-3-2-10 1 2
t (u?) t (2% t (p9)

FIG. 2. The values oF’(T,T,t,mfm) are plotted as a function df for each of the incident energies almn‘fT7T bins used in the
Goebel-Chew-Low analysis. Solid points indicate those chosen by the data selection method A, open points were dropped. The global
Goebel-Chew-Low fits according to EB) are also plotted as straight lines. The pointsat+1 shown for eackmfw bin were not
measured, they indicate the value of the extrapolation and correspang, (on? -

s

wave. That energy was eliminated from the analysis. whereo ,(m2_) anda(m?_,T.) are free parameters, and

Those regions where the background is competitive withg’ was derived from the individual measured double differ-

OPE have to be avoided. Since there is no way to guarantggtial cross sections according to Eg). The fits were per-

these regions have been successfully avoided in our analysig, o using a multiple linear regression metlia#] which

hovyever, it is impossible to be certain that the Cross Sectiong. qunted for the statistical uncertainties in the data. Typi-
derived here correspond to OPE, or that the scattering lengt

we obtain is reliable in this context. This clearly weakens theca"y’ ;aCh t.)m gfn;? fo; Wh|ICh tg? global fit hwafs hper
impact of our results, and underscores the importance of ngrme consisted of 7 or 8 values Bf (1), at each of three

taining more precis& e, results for the scattering length. ~ €"€'9'es, corresponding to a total of four free parameéties

No attempt was made to remove potential background==(Mz-), and a slope at each enefggetermined from
contributions in this work, since there exists no reliablemore than 20 data points.
model for such a procedure. Instead, we relied on the tests of The data, fits, and extrapolations are shown in Fig. 2. All
OPE dominance discussed above, restricted our analysis tbe data used in the determinationef, and ag (discussed
those regions wher€'’ was linear int, and otherwise fol- below) are included in these figures as solid points. Open
lowed the same Goebel-Chew-Low procedure as has begvints denote those which were dropped from the analysis
applied at higher energi¢8] with one important difference: according to the data selection criteria A discussed above.
our experiment enjoys the advantage relative to previoughe extrapolated cross sections are listed in Table Il. The
Goebel-Chew-Low analyses that we have results at severatrors shown in Table Il reflect the uncertainty in the fitted
energies. _ _ _ parameterr,.(m2 ), which accounts for the statistical error

We (Z:aplt.allzed on .th|§ by using a.\II the available data for ¢ oach data point, but not the systematie 10%) uncer-
eachmz. bin (for all incident energ231|e)s In other words, & ainty in the cross sections. The impact of the systematic
global fit was performed for eadh,, bin which simulta- — oror on the determination @ is discussed in Sec. VI.
neously made use of the data available at each energy. If the The overallxﬁ obtained from the global fits with method

' — 2 : 2
extrapolated value of (T, t=+1Mz;) IS oqr(Myn), A for each bin was poor. We obtaingd=2.5, 4.6, 5.0, 2.2,

then in practice we must obtain the same result 7iTndepen- N . .
e ; ; 2.7, and 3.4 for the dipion invariant mass bim§_= 4.15
dently of the initial energy. In this case we can write ! ok '
y oy 4.45, 4.75, 5.05, 5.35, and 5.65, respectively. The lowest
F' (T, t,m2 )=0, (M2 )+a(T,,m2 )x(t—1), energy data in eacin®_ bin contribute the most to theg€
(3)  values, especially for the two worst casess’ré;T: 4.45 and
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TABLE II. Table of 77 results.

Obs. Data Method m? _=4.15  4.45 4.75 5.05 5.35 5.65 ad bJ
F' (mb) A 1 438061 48%045 6.42-0.58 7.26:0.77 921203 4.851.99 0.2040.014 0.426:0.118
X2 2.5 4.8 5.0 2.3 2.7 3.3 1.2

A 2 0.229+0.008 0.184
X 2.1
8 (deg) A 3  229-0.15 4.29-0.19 6.40-0.28 8.12-0.42 10.3%1.08 8.63-1.60 0.1950.013 0.424:0.071
% 1.1
F' (mb) B 1 435069 483049 6.250.60 7.850.87 7.32:2.09 5.84-3.15 0.1980.011 0.482-0.103
x2 1.6 33 1.9 1.1 1.8 1.8 1.2

B 2 0.229+0.008 0.184
% 2.1
8 (deg) B 3  228:0.16 4.270.19 6.320.29 8.42:0.40 9.33121 9.381.47 0.1930.013 0.435%0.071
% 1.0
F' (mb) C 4 32-05 80:0.7 6.8:08 7554 5736 0.20%0.011

4.75. On the other hand, the two higher energies in esich  the Goebel-Chew-Low analysis, it is on the other hand com-
bin are typically nearly colinear, have smaller uncertaintiesforting to see regions where background mechanisms appar-
and dominate the global fits. ently do dominate, since we know they contribute to the
The poor values oj(,z, obtained from the global Goebel- overall strength of the reaction. Fortunately, there seem to be
Chew-Low fits incorporating data selection method A wereother regions ifi%..<5.65) where they do not dominate.
the motivating factor behind reanalysis of the data withEven more fortunately, these regions are close to threshold
method B. Thexﬁ of the global fits with data selection where the sensitivity to the scattering length is greatest.
method B were 1.6, 3.3, 1.9, 1.1, 1.8, and 1.8 for the same
m?2_ bins listed above. Although in a couple of cases the D. Analysis of the w*p— @™ @™ n reaction
slopes of the lines through the data differed considerably in
methods A and B, the extrapolat€éd(t=+1,m?2 ) was the
same to within much less than one standard deviation in bot
methods. This fact alleviated much of the initial concern we
had V.V't.h the poo_r)(i obtained with method A. At the same Low extrapolation functiorF’ in the (=" 7*) channel with
time it is reassuring to see that an almost complete data Sthe corresponding results obtained in the*¢r—) channel.

lection gives the same results as a much more restrictive on 2
g The results shown are fonZ  =4.45, at 260 and 280 MeV,

The 7o cross sections derived from data selection B are also .
provided in Table II. and are typical of the results at other valuesmf, andT ..

. . . . At the incident energies studied in this experiment, the mini-
For the largesm? _ bins (m2_>5.65), linear regions in - . DT
™ T T mum value ofjt| attainable experimentally is slightly greater
F’ could not be found. A typicalF’ distribution for one of fit| b y ghtly @

than zero, which explains the sharp dropFh near|t|=0.
these Iargemfm bins is shown in Fig. 3. Although it is un- z - xpal b P N

, The same behavior is seen in the phase-space distribution of
fortunate that some of the available data could not be used in Since thet dependence df’ has no distinguishable linear

In principle the same Goebel-Chew-Low technique may
Iso be applied to thef™ #*) data, and the results used to
eterminea3. In practice, however, this was not possible.
Figure 4 compares results obtained for the Goebel-Chew-

region in the @+ #*) channel, it was not possible to apply
the same formalism to this channel in our energy range. It is
interesting to note that the ca®( distributions measured in
the =+ 7" channel(see Ref[10]) are not as flat as for the
(m*77) data.

Although mechanisms with intermediate states contrib-
ute to the non-OPE background in both channels, charge
1 _ conservation forbiddN* exchange in ther " p—=#"a*n
40 u B channel. Therefore it seems rather surprising that the data

1 _ seem to suggest that OPE dominance can be found in limited
u r kinematic regions of ther™ 7~ channel whereas in the

i «* 7" channel it cannot. We have no rigorous explanation

100_....!;.:;!1... I B NN NS SN RS E)

80

60

F' (mb)
|
]

1 r to this puzzle, but offer the following qualitative argument.
0 —B—r——rrr - The w* 7~ channel is predominantly isospin zero while
, only isospin two contributes to ther™ 7% channel. The

t () threshold cross sections for the two reaction channels can
FIG. 3. The Goebel-Chew-Low extrapolation functiehat 284 thus be estimated in terms of ti#wave isospin zero and

; ++ 22 +—
MeV, m2_=6.55, is shown to illustrate the nonlinearity observed WO Scattering lengths asoy, " ~4m(ag)” and oy,
for these higher dipion invariant mass bins. ~47T(§a8)2. Here the small contribution of the isospin two
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FIG. 4. Typical plots of the Goebel-Chew-Low functid®,(t,m,), for the (w* 7*) channel(left) compared to those obtained in the
(w"a~) channel(right) at 280 MeV (uppe) and 260 MeV(lowen. All results are atm?_=4.45. The linearity evident in then(" 7 )
results is absent in then(" #*) results, precluding the application of the Goebel-Chew-Low procedure insttert) channel.

Swave scattering length in the* =~ channel has been ne- ++ = channel Coxe/ 7ope=1), then the background is 2.4
glected. Assuming the contribution at threshold is predomisjmes larger than OPE in the* = channel. It is thus not so

nantly OPE, and usingg=0.209+~* andag=—0.041u""  grprising after all that the application of the Goebel-Chew-

[13], the ratio of the cross sections is then Low formalism to therr™ =" n data is problematic, since one
_ 2 is trying to observe a signal which ¥2 times smaller than
o 2ad ; - - ; ;
OPE_[Z%0) 19 4) in the 7~ p— 7" 7~ n reaction, relative to the background
obee |\ 3a3 processes.
On the other hand, at the energies studied in this experi- V. ROY EQUATIONS

ment, the total cross sections fer p— 77 n are about 7
times greater than those far' p— 7" 7*n (see Ref[10]). Once thewr™ 7~ cross sections were determined, disper-
In other words, sion constraints embodied in the Roy equations were used to

check whether the extrapolated cross sections were consis-
tent with results obtained at much higher incident momenta.
, 5 Pion-pion phase shifts constrained by unitarity, analytic-
ity, crossing, and Bose symmetry were studied by R28]
and Basdevanet al. [34,35, resulting in a set of relations
known as the “Roy equations.” These equations predict
partial-wave amplitudes in the threshold and even subthresh-
++ +— old region froms 7 amplitudes determined from data in the
OBKG 120'BKG 5 h . | . 2 - . . ~ .
— ~ — + . (6) physical region (&m: <60). Dlspersmn type_constramts,
oope  [OopE 7 expressed in terms of Roy equations, determirne ampli-

) ) _ tudes from high-energy data, which is quite useful given the
ngeraLlfterestlng observations can+b7e drawn from(&q. sparcity of data in the more interesting region belowy,,
F|£s+t, O'EKE cannot be zero, whereasgg can be. In fact, ~g5gg MeV (Mm2_<13u?d).
ogke/oope has to be greater than about 70%, whereas One of the most recent attempts to use Roy equations for
ogxe! Tope Can be zero. We do not know what value to a model-independent analysis sfr scattering phase shifts
associate Withogcs/odpe. However, Eq.(6) implies that  from #N— 77N was made in Ref:36]. The averag&- and
whatever it is, the corresponding ratio of background to OPHEP-wave phase shifts were determined by fitting all of the
in the 7" 7" channel is at least nearly twice as much. Forthen-available experimental data in the dipion mass region
example, if the background is comparable to OPE in theup to 1 GeV for 5 reaction channels at lagggs (within the

+— +—
Topet OBKG
T, v+
Oopet OBKG
whereogkg refers to all non-OPE contributions. Combining
Egs.(4) and(5), we obtain
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14 ' the CHAOS results are in reasonable agreement with the
1 results of Ref.[8]. A determination ofag using the Roy
127 C equations, and including the presentr cross sections, is
0 2 discussed in the next section.
g 8 5 C VI. SCATTERING LENGTHS
56 C The dipion invariant mass region near threshold is very

sensitive to the scattering lengths. In fact, data in the thresh-
old region may be used without any experimental informa-
tion from higher energies to determine the scattering length.

2 C We used themrs cross sections obtained in this work to
0 ] determine theS wave, isospin zerers scattering lengttag

T T T T T T . . . 2
40 45 50 55 6.0 in a variety of ways. Although the methods differ consider-

ably from one another, consistent results &§ were ob-

tained from each determination.

We begin by collecting a few of the needed expressions.
o, May be expressed in terms of tBavave isospin 0 and
% phase shifts by combining Eq§)—(9), and making use of
the approximations sfié;~0 and coso— &2)~1. In ourm? _
range,5;=0.2°, and cosf— 63)=0.985[36]:

FIG. 5. The cross sections obtained in this experimgiata
selection A plotted againsmfm. The solid points denote the ex-
trapolated values from the Goebel-Chew-Low analysis, and th
open points are from Reff8]. The dashed lines represent dispersion
constraints from the results of R¢86], using the Roy equations,
with only higher momenta data included as input.

range 4-15 Ge\.d). The Roy eq'uations.were thgn applied o~ 4_77(4 sir?58+sin25§+4 Sinégsinég). (10)
to find self-consistentrr-scattering partial amplitudes for 99?
the wholem,_ . region. Therar scattering lengths were var-
ied to find the solutions which best described the amplitudes In our region so close to threshold we can also make use
derived from experiment. Partial amplitudes obtained in thisf the threshold approximation:
way satisfy unitarity, analyticity and crossing constraints in 2
the energy range up to 1 GeV and are completely self- . o (ST 2
consistent for a restricted range $fvave scattering lengths Sin(24)=2 s (& +by- (a/w)7], (12)
0.205<aJ<0.270, and—0.048<a3<—0.016 (in inverse
pion mass units The method is described in detail in Ref. wheres=mZ_. Combining Egs(10) and (11) a useful ex-
[36]. pression connecting the scattering lengthsotg, may be
Given therr scattering partial amplitudes, otherr ob-  obtained:
servables can be calculated for amy, . from threshold to 1
GeV. Thew " 7~ scattering cross section near threshold is 167 [(s—4
calculated using the following formula: o - W

5| [(a0)®+agag+ 2aghg(a/w)?].

(12

wT

4
_ 7T Q2 2
T 7r(Mb) = 9 (ISI*+3IP[%), @ Here terms of ordeg* and higher have been dropped, and

use has been made of the fact that&ed and 83/ 59<1.

where Using canonical values fa andb| we find that the terms
which have been dropped from E{.2) occur in pairs with
S= EA8+ EAS: P:Ai, (8) approximately equal magnitudgs- 1% of the leading 48)2
3 3 term] and opposite signs.
and The cross sections . ,(s) depend only weakly on the

value of aﬁ, as one would expect, since the reactmnp
Al =sin(8) x exp(i o)) (9) —m* w7 n deals predominantly with the isospin 0 channel.
For this reason we can use the well-known correlation
are the partial amplitudes in the elastic region, &= 1. It
is interesting to compare the cross sections obtained in the
present paper using the Goebel-Chew-Low technique to pre- L .
viously determined values based on the same mdibas  (S€€, for exa,r’nple, Ref38]), which is known as the “uni-
well as those calculated on the basis of phase shifts whick€rsal curve. _ o
were determined in Ref36]. As shown in Fig. 5, the present ~ AS a first step we provide an upper limit f@g. The
results are consistent with the band of allowed values predispersion constraints as well as our results dqr,(m?2.,)
dicted from the Roy equations using only higher energy datashown in Fig. 5 confirm a trend observed from all other
This fact suggests that the Goebel-Chew-Low method can bavailable information, namely, that the slope parambges
applied in the same manner to both high energy and neapositive. Even though the precision with whibf) has been
thresholdmN— 7r7rN data. The figure also demonstrates thatdetermined in the past has been poor, it is clear that

2a3—5a3=0.62+0.05 (13)
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14 =t e upon which this work is predicated. Unfortunately, in the

1 i absence of any reliable model for the non-OPE background,
this was not possible in the present work.

The rest of the methods we now describe may be consid-
ered as checks of the first method. A second determination
(2) of ag was made using a one parameter fit, by making use
of the approximatiori34,14

bJ—al=0.19-(aJ—0.152+0.04, (15)

2_ 3 whereal=0.035. 2. In this case, we obtain the resl}
] =0.229+0.008, but they? is 2.1. The reason for the poorer

O+———T 7 x2 in this case is that the slope parameter given by (E§)

4.0 4.5 5.0 5.5 6.0 . . . . 0

m2 (42 , is too flat compared to the data. Equatitk®) implies b,

=0.184, whereas in the two parametetfjtwas determined
FIG. 6. The cross sections obtained in this experiment plottedo be 0.426-0.118.

againstm? . The solid points denote the extrapolated values from  Method (3) made use of Eq10) directly. In this case, the

the Goebel-Chew-Low analysfdata selection A The solid lineis  yalues ofgg were taken from Ref[36], and 58 was deter-

the result of the threshold expansion(fiiable 1)), method(1). The  mined from fitting the measured._,_values to Eq(10). The

dotted lines indicate the results of fixilaxﬁ at 0.26(upped and 0.16 values obtained f058 are tabulated in Table II. These phases

(lower), and are provided to highlight the sensitivity to the scatter- ere then used to determirﬁ by fitting the threshold ex-

ing length in this kinematic regime. The dashed lines represen . . .
dispersion constraints from the results of R&6], using the Roy pansion, Eq.(11). In this case we obtain the restmg

equations, with the present results as well as higher momenta dafa0-214+0.011.
included as inpui. Methods (1), (2), and(3) were performed for both data

selection choices A and B. Table Il provides the results of all
o.-(m2 ) is an increasing function o2 _. As such the Six combinations. _
value of the cross section at threshold is not bigger than the A fourth determination was madg0] by choosing an

average cross section even more restrictive data selecti¢@) than in method B,
and performing an energy independent Goebel-Chew-Low
Ton(B) <0y, (14) analysis|method(4)]. In parallel, using the results of Ref.

[36], near-thresholdr7r scattering cross sections were calcu-
whereo,,=5.53+0.28 mb is thgweighted average of the lated as a function a3 atm,,, values matching those of the
cross sections over our region of>_ (data selection A present experiment. A2 based on the difference between
Inserting this result into Eq12) with b8=0, and making use the experimentalGoebel-Chew-Low cross sections deter-
of the universal curve to eliminatj, an analytic solution mined in the energy independent analysis, and those com-
may be obtained for an upper limit tag, a8s0_238 puted using the Roy equations was calculated as a function
+0.006. of ag. We found thaty? depended only weakly on the value

Next, Eq.(12) is used to determinal [method(1)]. The  of a3, as one would expect. Howevey? developed a very
experimental values of,, tabulated in Table Il were fit sharp minimum as a function &f3. Keepingaj fixed at
using Eq.(12) with a3 and b as free parameters, am§ ~ —0.04, we obtainecd=0.21+0.02.
from the universal curve. The vala)=0.204+0.014 was Another way(5) to determine ther scattering length is
obtained with data selection A. The error quoted here inpurely within the context of a dispersion analysis, using the
cludes the uncertainty in the fit, the statistical error of theRoy equations. The extrapolated 7~ cross sections from
data, as well as the-0.05 uncertainty ascribed to the uni- this work (Table I, along with appropriate values af
versal curve. The fitted slope parameter \/\b;&OAZO from [36] were used to determinég as a function oinfw.
+0.118. They? of the fit was 1.2. The fit is plotted along These phase shifts were added as input to an analysis per-
with the o, in Fig. 6. In order to illustrate the sensitivity to formed according to Ref36]. The value ofag obtained was
a3 in our region, the fit to Eq(12) is also plotted in this 0.200<a$<0.250 with a centraloptima)) value ag=0.223.
figure with a3 fixed at two limiting values. The upper dotted This compares favorably with the previous results of Ref.
curve corresponds taJ=0.26, which is theK,, result[14].  [36] which quotes a central value of 0.225 and a range
The lower dotted curve corresponds to the original Weinberd.205<ag<0.270.
result[37] of agzo_ls_ Our results are also in good agreement with calculations

In order to estimate the uncertainty in this result associbased on chiral perturbation theory to one lodd] (ag
ated with the 10% systematic error in the double differential=0.20=0.01 andaj=—0.042+0.002), and more recently
cross sections, the Goebel-Chew-Low analysis and fittingo two loops[13] a8=0.217. In contrast to the standard case,
procedure were repeated with the cross sections floated weneralized chiral perturbation theot@GChPT) [2] allows
and down by 10%. The resulting changeaiglwasio.oo& for a range of values for the scattering lengths, depending on
It would of course also be interesting to estimate the uncerthe value of the quark condensate in the chiral limit. The
tainty associated with the assumption of OPE dominancscattering length obtained from GChPT i88=0.263
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+0.052[2], which corresponds to a small quark condensatetions (<10% of theS wave, coupled with the relatively
We point out, however, that this value was obtained by fix-poor y2 obtained in the global fits, suggests that some non-
ing one of the parameters in GChPT using tg data of  OpE hackground was in fact present. It is, however, reassur-
Roseletet al, [14]. The Roselet data by themselves lead to gng that the results of the current Goebel-Chew-Low analysis
value fora§ of 0.26+0.05. Although the value foag found  are consistent with the phase shifts obtained from the high
here is more consistent with the Gell-Mann-Oakes-Renneincident energy data. This work is not meant to prove the
picture, where the quark condensate is large, our result igalidity of the Goebel-Chew-Low technique as a tool for
also within 1o of the GChPT prediction. Until the accuracy studying w scattering. However, it suggests that the
of the GChPT prediction is improved, it will be difficult to Goebel-Chew-Low method can be applied in the same man-
discriminate between the two approaches based on any eRer to both high energy and threshoidN— 77N data. In
perimental measure @fy. A summary of otheSwave scat- order to circumvent questions associated with the validity of
tering length predictions and experimental results may béhe assumption of OPE dominance, high statisigs mea-

found, for example, in Ref.36]. surements should ultimately be used to meaagre
Pion-pion interactions are one of the most fundamental
VII. CONCLUSIONS strong interactions, and as such they are of crucial impor-

tance to our understanding of the manifestation of QCD in

An exclusive study of the elementary pion induced pionthe low-energy domain. However, the experimental study of
production reactionsr p—#" 7 nandw'p—7 m'pat  these processes is not a trivial task, and all experimental
incident pion energies of 223, 243, 264, and 284 MeV wasscattering data have been obtained via indirect means. Al-
presented. One of the main goals of this experiment was tehough numerous experiments have been performed to study
determine thers scattering parameters near threshold. Toelementary pion induced pion production reactignsostly
this end, the experimentarN— 77N double differential  total cross sections and studies in the GeV regitire pre-
cross sections were used to obtain on-shell pion-pion scattegcription for determining pion-pion scattering parameters
ing cross sections via the Goebel-Chew-Low technique.  from #N— 7#N data is hampered by theoretical uncertainty

The Goebel-Chew-Low procedure was applied to theand ambiguity. In the recent work of Refl2], the chiral
measuredr p— "7 n double differential cross sections expansion ofrfN— 7N threshold amplitudes was provided
over carefully chosen intervals thwhereF’(t,m..) could in the framework of heavy baryon chiral perturbation theory.
be described by a linear function. Stated differently, theserhis work improved the theoretical situation near threshold,
were the intervals where the dominance of one-pionhut the procedure for extractings scattering observables
exchange could be assumed. The resulting cross sections &em =N— 7N data above threshold still remains uncer-
consistent with dispersion constraints based on previouslin. The largest obstacle to extractingr scattering observ-
measured wm observables at higher energiesm (.  ables frommN— 7N data is the lack of a reliable model
=500 MeV). for describing the non-OPE background. As a result, the im-

Consistent results were obtained using several differensact of the assumption of OPE dominance made in this work
methods and data selections to obtain the scattering lengétannot be properly gauged.
ag. Use of the threshold expansion, coupled with the univer- Clearly a large theoretical effort is required in order to
sal curve, provided the result a8=0.204t 0.014  fully utilize the existingmN— 7N data to determine accu-
(statistical) =0.008 (systematic) anld8=0.420t 0.118. rate pion-pion scattering observables. It is certain that no

Roy equations were also applied in order to obtain a selftheoretical effort can be fruitful without significant experi-
consistent determination ef7 scattering partial amplitudes. mental guidance. The results presented here should play an
Taking into account the presentr cross sections, the isos- important role in this arena.
pin zeroSwave scattering length was determined to be

0_ 0.027

aJ=0.223 5927
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