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pp˜pp cross sections near threshold
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An analysis of new data for the reactionp6p→p6p1n at incident energies between 223 and 284 MeV is
presented.p1p2 cross sections are obtained via Goebel-Chew-Low techniques by extrapolation to the pion
pole using the pseudoperipheral approximation. A consistency check between the present experimental results
and previous experiments at higher energies is made using Roy equations. The isospin 0,S-wavepp scattering
length was obtained using a variety of methods. The result obtained from a threshold expansion isa0

0

50.20460.014~statistical! 60.008~systematic! in inverse pion mass units. It is shown that there are signifi-
cant differences between the reaction mechanisms for the (p2p1) and (p1p1) channels.
@S0556-2813~98!00212-X#

PACS number~s!: 13.75.Lb, 13.60.Hb, 13.60.Le, 13.75.Gx
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I. INTRODUCTION

The application of QCD in the low-energy regime throu
the use of effective Lagrangians such as employed in ch
perturbation theory@1,2# has made low-energypp scattering
of great interest.pp scattering observables provide a sen
tive tool for studying the explicit breaking of chiral symm
try in strong interactions. Interest has focused on the reg
near threshold since in the chiral limit, thepp scattering
lengths vanish there exactly. A measure of these thres
parameters is therefore an explicit measure of chiral sym
try breaking. Moreover,pp scattering observables are r
quired to establish other parameters of chiral perturba
theory and other effective low-energy models. Currently o
progress understanding these challenging problems is
dered by the absence of accuratepp scattering cross sec
tions near threshold.

pp scattering lengths and phase shifts have been ded
@3# from pN→ppN reactions in the GeV regime usin
Goebel-Chew-Low analysis@4#. In this case the required in
formation is obtained by isolating the contribution of th
one-pion exchange~OPE! diagram via extrapolation to th
pion pole. In the past, this approach has been used for
dent pion momentapp in the 4–10 GeV/c range, and a
review of these works is presented in Refs.@5–7#. The ex-
trapolation procedure is not strictly unambiguous since
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contribution of the non-OPE components (D,N* ) can affect
the reliability of the results. However, the near threshold
gion (mpp

2 *4) is most sensitive to the scattering length
and the determination ofpp cross sections in this regio
would represent an important step towards understand
pp interactions. The only Goebel-Chew-Low analysis
pN→ppN reactions in the near threshold region was a v
limited statistics photoemulsion experiment@8# which ob-
tained the resulta0

050.2460.09.
In the present paper we make an attempt to determinepp

scattering parameters in the region of prime importance
the vicinity of threshold. The data on thep2p→p1p2n
and p1p→p1p1n interactions required to this end wer
obtained for projectile kinetic energies 223<Tp

<285 MeV with the CHAOS spectrometer@9# at TRIUMF.
Details of the experiment, as well as the results of mo
calculations applied to total and single differential cross s
tions, are presented in a companion article@10#. In the
present work, we concentrate exclusively on the double
ferential cross sections, Goebel-Chew-Low analysis, and
termination of thepp scattering lengthaL

I 5a0
0 . In the fol-

lowing we make use of the variablesmpp ~the dipion
invariant mass!, t ~the square of the four-momentum transf
to the nucleon!, andu ~the angle between the two negativ
pions in the dipion rest frame!. We expressmpp

2 and t in
units of the pion mass squared (m25mp

2 ).
Previous experiments are briefly summarized in Sec.

We describe some of the experimental features most rele
to the present work in Sec. III. In Sec. IV we describe t
Goebel-Chew-Low analysis, which utilizes the new CHAO
double differential cross section data and the pseu
peripheral prescription employed by Batonet al. @3#.
3431 ©1998 The American Physical Society
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3432 PRC 58M. KERMANI et al.
In Sec. V the dispersion constraints embodied in Ro
equations are used to check whether or not the resulting n
thresholdspp(mpp) determined from the new CHAOS da
are consistent with results obtained from other experime
at much higher incident pion momenta. In Sec. VI we ma
use of the new CHAOSspp(mpp) data to determine the
S-wave scattering lengtha0

0 which can be compared directl
to the most recent predictions@11–13# from chiral perturba-
tion theory. A discussion and conclusions are presente
Sec. VII.

II. PREVIOUS EXPERIMENTS

Experimental evaluation ofpp scattering observables i
difficult because only indirect methods are available. Sev
processes have been studied in the past or are proposed
means to obtainpp scattering parameters.

To date, the most reliable measure of thepp scattering
lengths comes from the study ofKe4 decays. An analysis o
30 000 decays yielded the resulta0

050.2860.05m21 @14#. In
this method, both final state pions are on the mass shell
are the only strongly interacting particles in the final sta
however, the branching ratio is only;431025. New results
with much better statistics are expected from both BNL a
DAFNE.

The e1e2→p1p2 reaction proceeds through on
photon annihilation and provides information on the oddpp
scattering partial waves. For example, in Ref.@15# the
P-wave scattering lengtha1

150.03660.010 was obtained
from an analysis of the pion form factors.

p1p2 atoms have the potential to provide a measure
ua0

02a0
2u at the 5% level. An elegant experiment has be

proposed at CERN@16#. A search at IUCF@17# failed to
detect a signature of pionium.

So far only Ke4 decays andpN→ppN reactions have
proven useful in studyingpp scattering near threshold, an
only pN→ppN reactions can give any information abo
pp scattering parameters as a function of energy. The m
relevant pN→ppN experiments and their results for th
scattering lengths are as follows.

In 1974 a low statistics bubble chamber experiment
plored the (p1p2) and (p2p0) channels at an incident pio
momentum of 415 MeV/c @18#. Using an isobar mode
along with data acquired at higher energies, they fou
20.06m21,a0

0<0.03m21, which is consistent with zero.
The OMICRON group at CERN measured total cross s

tions and angular distributions for the (p1p2), (p2p0),
and (p1p1) channels at incident pion momenta betwe
295 and 450 MeV/c @19–21#. The OMICRON data were
analyzed in the context of the Olsson and Turner~OT! model
@22#. This model assumes that OPE is the dominant mec
nism close to threshold, and it parameterizes the thres
(p,2p) amplitude and thepp scattering lengths in terms o
the chiral symmetry breaking parameterj. The OMICRON
results forj and the scattering lengths~in units of inverse
pion mass! are j520.560.8, a0

2520.0560.02, a0
0

50.1560.03 for the (p1p0) channel,j50.120.7
10.5, a0

25

20.0360.02, a0
050.1860.04 in the (p1p2) channel,

and j51.5660.26, a0
2520.0860.01 for the (p1p1)

channel.
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A result very near thepN→ppN threshold was obtained
recently@23#, also within the context of the OT model. Tha
experiment stopped ap1 beam in a scintillator stack, an
detected the final state neutron in coincidence with the pio
The pp scattering length was determined to bea0

25
20.04060.00160.003, withj520.260.15. A similar ex-
periment@24# employing incidentp6 was analyzed in the
context of heavy baryon chiral perturbation theory, and o
tained the resultsa0

050.2360.08 anda0
2520.03160.008.

To date, these represent the experimental data acquired
est to the pion production threshold energy of 172.38 Me

Measurements of the (p0p0) channel at pion incident en
ergies ranging from 5 MeV above threshold toTp

5293 MeV were performed at Brookhaven@25#. The total
cross section data were interpreted in the context of the
model. The value ofj from this experiment is20.98
60.52. The correspondingS-wavepp scattering lengths are
a0

050.20760.028 anda0
2520.02260.011.

In 1993, the Virginia group measured total cross sectio
as well as angular distributions at LAMPF for the (p1p0)
channel at incident pion energies of 190, 200, 220, 240,
260 MeV @26,27#. They performed an analysis in which a
of the existingpN→ppN were fitted to extract partial am
plitudes in the framework of the OT model. Their resu
indicate thatj520.2560.10 anda0

2520.04160.001.

III. DATA REDUCTION

The p6p→p1p6n cross sections reported in this wor
were measured using a liquid hydrogen target and
CHAOS magnetic spectrometer@9# at TRIUMF. CHAOS is
a ;1 sr detector composed of four cylindrical, concent
wire chambers which are surrounded by an array of scin
lation and lead-glass Cerenkov counters.

Pion bombarding energies of 223, 243, 264, and 284 M
were studied. The momentum width of the incidentp1(p2)
beam wasDp/p;1%(5%). Typically 10 000p1p2 and
p1p1 events were recorded at each energy. All events w
binned into a 10310310 lattice ofmpp

2 , t, and cos(u). A
weighting factor determined from Monte Carlo simulation
the detector was applied on an event-by-event basis to
count for the detector acceptance. Phase space was us
describe the out-of-plane behavior of the reaction. Previ
experiments have shown@28,29# that for our incident pion
energies, the out-of-plane deviations from phase space ra
from only ;2% at 223 MeV to;13% at 284 MeV. Further
arguments supporting the out-of-plane assumptions mad
this work are put forward in Refs.@10,30#. The double dif-
ferential cross sectionsd2s/dmpp

2 dt obtained by integrating
over cos(u) were used as input to the Goebel-Chew-Lo
analysis. The overall normalization was checked by mea
ing p2p elastic differential cross sections at each bomba
ing energy. We estimate that the systematic uncertainty
sociated withd2s/dmpp

2 dt is ;10%. Further details of the
experimental procedure and data analysis are presente
Refs.@10,30#.

IV. GOEBEL-CHEW-LOW ANALYSIS

The extraction ofpp scattering observables frompN
→ppN data is usually based on isolating the contribution
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PRC 58 3433pp→pp CROSS SECTIONS NEAR THRESHOLD
the one pion exchange~OPE! mechanism from backgroun
processes which involve resonance and isobar exchan
This approach is referred to as Chew-Low analysis~properly,
Goebel-Chew-Low analysis!.

The basic idea behind the Goebel-Chew-Low procedur
as follows. Thet dependence of the cross section forp2p
→p1p2n has the form@5#

ds

dt
;

t

~ t21!2
1X, ~1!

where the first term represents the OPE mechanism an
stands for all other processes~background!. The t depen-
dence of the numerator is of crucial importance since it
dicates that the OPE contribution vanishes att50 ~see, for
example, Fig. 3.2.1 from Ref.@5#!. In other words, the OPE
process is peripheral. According to Eq.~1!, as t→m2 ~the
pion pole! the first term diverges, and if the second termX
remains finite, it is possible to isolate the OPE contribut
from the rest. This implies that by extrapolating tot5m2

51 one can remove off-shell effects and non-OPE contri
tions.

The Goebel-Chew-Low extrapolation functionF(t,mpp)
is defined as

F~ t,mpp!5
ppp

2

f 2

~ t21!2

mppq

d2s

dt•dmpp
2

, ~2!

where q5Ampp
2 /421, and f 250.08 is thepN coupling

constant. The pion exchanged in the OPE diagram is
shell in the physical region. In the present paper we apply
pseudoperipheral approximation method~see, for example
Ref. @3#!, in which an auxiliary functionF85F/utu is ex-
trapolated to the pion pole (t5m2). This method makes us
of the fact that in the case of OPE dominance,F8(t,mpp) is
linear in t, which impliesF(0,mpp)50. The on-shellp1p2

scattering cross section,spp(mpp) is equal to F8(t5
11,mpp).

A. OPE dominance

Although the Goebel-Chew-Low procedure assumes O
dominance in the region wheret is near the physical thresh
old, it follows from the pseudo-scalar nature of the pion th
the OPE contribution vanishes att50 @5#. In addition, the
OPE signal diminishes fort!0. Thet dependence of the firs
term in Eq.~1! is shown in Fig. 1, normalized to its max
mum in the physical region. From this figure, it is clear th
in the physical region (t,0), sOPE has a maximum att5
21 and that the region wheresOPE is at least half this maxi-
mum is26,t,20.2. In order to maximize the contributio
of OPE relative to the background, therefore, it would se
prudent to stay inside the approximate range26,t,
20.2. It should, however, be noted that the maximum ki
matically allowed value oft is less than zero. For the ene
gies covered in this experiment,tmax varies from20.6 to
20.3.

Beyond this guidance, there are two additional tests
OPE dominance, which unfortunately do not qualify
proofs. First, the OPE contribution should beS wave. Sec-
es.
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ond, F8 must be linear in thet interval over which the ex-
trapolation is performed. If linearity is not observed in th
interval where OPE is expected to dominate, then the
trapolation cannot be performed because the assumptio
OPE dominance cannot be supported. On the other han
nonlinearities inF8 are observed outside the region whe
OPE is expected to dominate, this does not prevent the
plication of the Goebel-Chew-Low procedure in the line
region. In fact, nonlinear regions are expected to app
somewhere, since it is generally known that backgroundD
and N* ) processes can contribute significantly top2p
→p1p2n. The question is only in whichmpp

2 bins, for
which incident energies, and over whicht intervals this back-
ground dominates sufficiently to destroy the linearity e
pected for the OPE mechanism.

B. Data selection

A careful selection of the data used in the Goebel-Che
Low analysis was necessary for three reasons. First, as
cussed above, the hypothesis of OPE dominance requ
that the extrapolation functionF8 be linear int, so nonlinear
regions int should be excluded from the analysis. Seco
the Goebel-Chew-Low extrapolation should yield a phy
cally meaningful result. In other words, a positive value f
F8(t51). Presumably, both of these rejection criteria c
arise when the data in question fall outside the region of O
dominance. Third, kinematic limits have the effect of rend
ing some of theF8(t) bins at the edges of the observe
distributions empty or only partially filled. These bins shou
be excluded from the fits, obviously.

Although it is easy to devise safe and rigorous tests
the latter two rejection criteria, the first requirement of li
earity is more subjective and can potentially lead to bias
the data selection. Therefore, two methods for data selec
were pursued.

For the first method~A! our philosophy was to use dat
rejection sparingly and only in clear-cut cases. A set of ru
was devised which was applied separately to eachmpp

2 bin.

FIG. 1. The first term of Eq.~1!, which represents the OPE
contribution to the cross section, is divided by its maximum a
plotted as a function oft. The physical regions where OPE reach
50% of its maximum (t521) value are indicated along with th
physical region (t,0), threshold (t50), and pion pole (t511).
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3434 PRC 58M. KERMANI et al.
~1! If the extrapolatedF8(Tp ,t51,mpp
2 ),0, then the data

for that energy andmpp
2 bin were rejected.~2! If F8 was zero

anywhere in the interval26,t,22 then the data for tha
energy andmpp

2 bin were rejected.~3! Otherwise, the data in
the interval 26,t,22 were always kept.~4! The t.
21.0 data were always excluded.~5! Data at the edges o
each distribution (t521.1,21.9 and t526.5,27.5) were
rejected if and only if either~a! the bin was empty or~b! the
point was more than five standard deviations from the l
determined without it~i.e., partially empty!.

The rationale for these rules and their impact is as
lows. The first rule simply rejected unphysical results. T
pp cross section has to be positive. If the extrapolation
livered a negative result then it was assumed that backgro
mechanisms spoiled the extrapolation. All the 300 MeV da
as well as the 280 MeVmpp

2 54.15 data were rejected thi
way. The second rule was enforced because in the inter
26,t,22, OPE should dominate. IfF8 is small in this
interval then OPE dominance cannot safely be assumed.
eliminated the sparse data at 220 MeV for all bins w
mpp

2 .4.15, and the 240 MeV data at the largestmpp
2 bin,

mpp
2 55.65.
Rule three was enforced to avoid introducing bias into

data selection. We experimented with data rejection in
interval in method B~discussed below!, and obtained much
better fits as a result. For method A we wanted to pay thex2

penalty, keep all the points in the primary interval26,t
,22, and compare the results to those obtained with
more restrictive data selection method B.

The fourth rule accounted for the fact that the first tw
bins att520.3 and20.6 were almost always empty, and
the few cases where they were not empty it was likely t
they were only partially filled. The kinematic limits, couple
with the steept dependence of the OPE mechanism in t
region ~see Fig. 1!, made use of data in this interval que
tionable. Finally, the last rule also tried to account for em
and partially empty bins at the edges of our distributio
which reflected the kinematic limits available. At a give
incident pion energy and dipion invariant mass, the kinem
cally allowed region int is limited. It is possible that the
diminishing contribution of OPE asutu increases may also b
responsible for some of the nonlinearity occasionally o
served at largeutu. Empty bins were discarded for allmpp

2

bins at t527.5, 240 MeV as well ast526.5, mpp
2

54.15, 220 MeV. The 5s test eliminated a few points at th
edges of the three highestmpp

2 bins for 240 and 260 MeV.
Data selection method B took the opposite philosophy

method A, and attempted to identify and reject statisti
outliers which affected the quality of the fits but not th
extrapolatedspp . Method B started with the data whic
were selected by method A. Each global Goebel-Chew-L
fit was examined to find the point with the largest individu
x2 contribution greater than 5. This point was then dropp
and the Goebel-Chew-Low fit repeated to check whethe
not the resultingspp(mpp

2 ) moved by more than one stan
dard deviation or not. If it did~only at mpp

2 54.45! then the
point was kept, otherwise it was rejected. The procedure
repeated until no more points with an individualx2 greater
than 5 were found, checking each time that the extrapola
spp(mpp

2 ) did not move more than 1s. As a result, severa
e
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points were rejected by method B in eachmpp
2 bin which had

been accepted by method A.
The points rejected by method B are listed in Table I. T

overallx2 of the Goebel-Chew-Low fits using data selecti
method B were markedly better than method A, however,
results of the extrapolations were the same to within 1s for
both methods.

C. Analysis of the p2p˜p1p2n reaction

The Goebel-Chew-Low extrapolations must be perform
under conditions which enhance the OPE contribution a
suppress the background. In the present work this was
complished by carefully choosing thet intervals over which
the Goebel-Chew-Low fits were made. Suitablet intervals
were selected such thatF8(t,mpp) could be described by a
linear function. The parameters of the linear fit were used
determine the on-shellp1p2 scattering cross section by ex
trapolation to the pion pole. The central values of thet bins
in units of inverse pion mass squared were20.250,
20.625, 21.125, 21.875, 22.625, 23.500, 24.500,
25.500,26.500, and27.500.

The OPE contribution should beS wave @31#. A partial
wave decomposition@10# of the cosu angular distributions
measured in thep2p→p1p2n channel indicate aP-wave
scattering amplitude between 5 and 10 % of theS-wave am-
plitude, depending on the incident pion energy. This furth
emphasizes the importance of a careful data selection for
Goebel-Chew-Low extrapolations, since someP wave is
present in the data. The worst case is at 305 MeV~10% P

TABLE I. Table of points dropped in the data selection proce
B, and the corresponding effect on the cross section andx2 of the
fit. Entries tagged gbl and A indicate the starting values associ
with the global fit using data selection method A. The next to l
column indicates the totalx2. Ndata refers to the number of data
points used in each global fit.

mpp
2 Tp (MeV) t s (mb) x2 Ndata

4.15 gbl A 4.3860.61 45 21
264 -2.63 5.0860.65 32 20
223 -3.50 4.3560.69 24 19

4.45 gbl A 4.8960.45 96 23
264 -1.88 5.4060.48 78 22
243 -5.50 4.8760.49 56 21

4.75 gbl A 6.4260.58 100 23
284 -7.50 6.2160.59 55 22
264 -1.88 5.9260.60 45 21
243 -2.63 5.9660.60 35 20
243 -1.88 6.2660.61 29 19

5.05 gbl A 7.2660.77 44 22
264 -1.13 6.6760.79 28 21
243 -1.88 7.8560.87 18 20

5.35 gbl A 9.2162.03 38 17
264 -4.50 8.0362.07 27 16
243 -5.50 7.3062.09 20 15

5.65 gbl A 4.8561.99 30 11
284 -6.50 5.4162.07 22 10
284 -7.50 5.7062.65 14 9
264 -5.50 5.8463.15 9 8
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FIG. 2. The values ofF8(Tp ,t,mpp
2 ) are plotted as a function oft for each of the incident energies andmpp

2 bins used in the
Goebel-Chew-Low analysis. Solid points indicate those chosen by the data selection method A, open points were dropped. T
Goebel-Chew-Low fits according to Eq.~3! are also plotted as straight lines. The points att511 shown for eachmpp

2 bin were not
measured, they indicate the value of the extrapolation and correspond tospp(mpp

2 ).
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wave!. That energy was eliminated from the analysis.
Those regions where the background is competitive w

OPE have to be avoided. Since there is no way to guara
these regions have been successfully avoided in our anal
however, it is impossible to be certain that the cross sect
derived here correspond to OPE, or that the scattering le
we obtain is reliable in this context. This clearly weakens
impact of our results, and underscores the importance of
taining more preciseKe4 results for the scattering length.

No attempt was made to remove potential backgrou
contributions in this work, since there exists no reliab
model for such a procedure. Instead, we relied on the tes
OPE dominance discussed above, restricted our analys
those regions whereF8 was linear int, and otherwise fol-
lowed the same Goebel-Chew-Low procedure as has b
applied at higher energies@3# with one important difference
our experiment enjoys the advantage relative to previ
Goebel-Chew-Low analyses that we have results at sev
energies.

We capitalized on this by using all the available data
eachmpp

2 bin ~for all incident energies!. In other words, a
global fit was performed for eachmpp

2 bin which simulta-
neously made use of the data available at each energy. I
extrapolated value ofF8(Tp ,t511,mpp

2 ) is spp(mpp
2 ),

then in practice we must obtain the same result indep
dently of the initial energy. In this case we can write

F8~Tp ,t,mpp
2 !5spp~mpp

2 !1a~Tp ,mpp
2 !3~ t21!,

~3!
h
ee
is,

ns
th
e
b-

d

of
to

en

s
ral

r

he

n-

wherespp(mpp
2 ) anda(mpp

2 ,Tp) are free parameters, an
F8 was derived from the individual measured double diffe
ential cross sections according to Eq.~2!. The fits were per-
formed using a multiple linear regression method@32# which
accounted for the statistical uncertainties in the data. Ty
cally, each bin ofmpp

2 for which the global fit was per-
formed consisted of 7 or 8 values ofF8(t), at each of three
energies, corresponding to a total of four free parameters@the
spp(mpp

2 ), and a slope at each energy# determined from
more than 20 data points.

The data, fits, and extrapolations are shown in Fig. 2.
the data used in the determination ofspp anda0

0 ~discussed
below! are included in these figures as solid points. Op
points denote those which were dropped from the anal
according to the data selection criteria A discussed abo
The extrapolated cross sections are listed in Table II. T
errors shown in Table II reflect the uncertainty in the fitt
parameterspp(mpp

2 ), which accounts for the statistical erro
of each data point, but not the systematic (;10%) uncer-
tainty in the cross sections. The impact of the system
error on the determination ofa0

0 is discussed in Sec. VI.
The overallxn

2 obtained from the global fits with metho
A for each bin was poor. We obtainedxn

252.5, 4.6, 5.0, 2.2,
2.7, and 3.4 for the dipion invariant mass binsmpp

2 5 4.15,
4.45, 4.75, 5.05, 5.35, and 5.65, respectively. The low
energy data in eachmpp

2 bin contribute the most to thesexn
2

values, especially for the two worst cases atmpp
2 5 4.45 and
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TABLE II. Table of pp results.

Obs. Data Method mpp
2 54.15 4.45 4.75 5.05 5.35 5.65 a0

0 b0
0

F8 (mb) A 1 4.3860.61 4.8960.45 6.4260.58 7.2660.77 9.2162.03 4.8561.99 0.20460.014 0.42060.118
xn

2 2.5 4.8 5.0 2.3 2.7 3.3 1.2
A 2 0.22960.008 0.184

xn
2 2.1

d0
0 (deg) A 3 2.2960.15 4.2960.19 6.4060.28 8.1260.42 10.3961.08 8.6361.60 0.19560.013 0.42460.071

xn
2 1.1

F8 (mb) B 1 4.3560.69 4.8360.49 6.2560.60 7.8560.87 7.3262.09 5.8463.15 0.19860.011 0.48260.103
xn

2 1.6 3.3 1.9 1.1 1.8 1.8 1.2
B 2 0.22960.008 0.184

xn
2 2.1

d0
0 (deg) B 3 2.2860.16 4.2760.19 6.3260.29 8.4260.40 9.3361.21 9.3861.47 0.19360.013 0.43560.071

xn
2 1.0

F8 (mb) C 4 3.260.5 8.060.7 6.860.8 7.565.4 5.763.6 0.20960.011
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4.75. On the other hand, the two higher energies in eachmpp
2

bin are typically nearly colinear, have smaller uncertainti
and dominate the global fits.

The poor values ofxn
2 obtained from the global Goebe

Chew-Low fits incorporating data selection method A we
the motivating factor behind reanalysis of the data w
method B. Thexn

2 of the global fits with data selectio
method B were 1.6, 3.3, 1.9, 1.1, 1.8, and 1.8 for the sa
mpp

2 bins listed above. Although in a couple of cases
slopes of the lines through the data differed considerabl
methods A and B, the extrapolatedF8(t511,mpp

2 ) was the
same to within much less than one standard deviation in b
methods. This fact alleviated much of the initial concern
had with the poorxn

2 obtained with method A. At the sam
time it is reassuring to see that an almost complete data
lection gives the same results as a much more restrictive
Thepp cross sections derived from data selection B are a
provided in Table II.

For the largestmpp
2 bins (mpp

2 .5.65), linear regions in
F8 could not be found. A typicalF8 distribution for one of
these largempp

2 bins is shown in Fig. 3. Although it is un
fortunate that some of the available data could not be use

FIG. 3. The Goebel-Chew-Low extrapolation functionF8 at 284
MeV, mpp

2 56.55, is shown to illustrate the nonlinearity observ
for these higher dipion invariant mass bins.
,

e
e
in

th
e

e-
e.
o

in

the Goebel-Chew-Low analysis, it is on the other hand co
forting to see regions where background mechanisms ap
ently do dominate, since we know they contribute to t
overall strength of the reaction. Fortunately, there seem to
other regions (mpp

2 ,5.65) where they do not dominate
Even more fortunately, these regions are close to thresh
where the sensitivity to the scattering length is greatest.

D. Analysis of the p1p˜p1p1n reaction

In principle the same Goebel-Chew-Low technique m
also be applied to the (p1p1) data, and the results used
determinea0

2 . In practice, however, this was not possib
Figure 4 compares results obtained for the Goebel-Ch
Low extrapolation functionF8 in the (p1p1) channel with
the corresponding results obtained in the (p1p2) channel.
The results shown are formpp

2 54.45, at 260 and 280 MeV
and are typical of the results at other values ofmpp andTp .
At the incident energies studied in this experiment, the m
mum value ofutu attainable experimentally is slightly greate
than zero, which explains the sharp drop inF8 near utu50.
The same behavior is seen in the phase-space distributio
t. Since thet dependence ofF8 has no distinguishable linea
region in the (p1p1) channel, it was not possible to app
the same formalism to this channel in our energy range.
interesting to note that the cos(u) distributions measured in
the p1p1 channel~see Ref.@10#! are not as flat as for the
(p1p2) data.

Although mechanisms withD intermediate states contrib
ute to the non-OPE background in both channels, cha
conservation forbidsN* exchange in thep1p→p1p1n
channel. Therefore it seems rather surprising that the d
seem to suggest that OPE dominance can be found in lim
kinematic regions of thep1p2 channel whereas in the
p1p1 channel it cannot. We have no rigorous explanat
to this puzzle, but offer the following qualitative argumen

The p1p2 channel is predominantly isospin zero whi
only isospin two contributes to thep1p1 channel. The
threshold cross sections for the two reaction channels
thus be estimated in terms of theS-wave isospin zero and
two scattering lengths ass th

11;4p(a0
2)2 and s th

12

;4p( 2
3 a0

0)2. Here the small contribution of the isospin tw
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FIG. 4. Typical plots of the Goebel-Chew-Low function,F8(t,mpp), for the (p1p1) channel~left! compared to those obtained in th
(p1p2) channel~right! at 280 MeV ~upper! and 260 MeV~lower!. All results are atmpp

2 54.45. The linearity evident in the (p1p2)
results is absent in the (p1p1) results, precluding the application of the Goebel-Chew-Low procedure in the (p1p1) channel.
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S-wave scattering length in thep1p2 channel has been ne
glected. Assuming the contribution at threshold is predo
nantly OPE, and usinga0

050.209m21 anda0
2520.041m21

@13#, the ratio of the cross sections is then

sOPE
12

sOPE
11

5S 2a0
0

3a0
2D 2

;12. ~4!

On the other hand, at the energies studied in this exp
ment, the total cross sections forp2p→p1p2n are about 7
times greater than those forp1p→p1p1n ~see Ref.@10#!.
In other words,

sOPE
121sBKG

12

sOPE
111sBKG

11
;7, ~5!

wheresBKG refers to all non-OPE contributions. Combinin
Eqs.~4! and ~5!, we obtain

sBKG
11

sOPE
11

;
12sBKG

12

7sOPE
12

1
5

7
. ~6!

Several interesting observations can be drawn from Eq.~6!.
First, sBKG

11 cannot be zero, whereassBKG
12 can be. In fact,

sBKG
11 /sOPE

11 has to be greater than about 70%, where
sBKG

12 /sOPE
12 can be zero. We do not know what value

associate withsBKG
12 /sOPE

12 . However, Eq.~6! implies that
whatever it is, the corresponding ratio of background to O
in the p1p1 channel is at least nearly twice as much. F
example, if the background is comparable to OPE in
i-

ri-

s

E
r
e

p1p2 channel (sBKG
12 /sOPE

1251), then the background is 2.
times larger than OPE in thep1p1 channel. It is thus not so
surprising after all that the application of the Goebel-Che
Low formalism to thep1p1n data is problematic, since on
is trying to observe a signal which is>2 times smaller than
in the p2p→p1p2n reaction, relative to the backgroun
processes.

V. ROY EQUATIONS

Once thep1p2 cross sections were determined, disp
sion constraints embodied in the Roy equations were use
check whether the extrapolated cross sections were co
tent with results obtained at much higher incident momen

Pion-pion phase shifts constrained by unitarity, analyt
ity, crossing, and Bose symmetry were studied by Roy@33#
and Basdevantet al. @34,35#, resulting in a set of relations
known as the ‘‘Roy equations.’’ These equations pred
partial-wave amplitudes in the threshold and even subthre
old region frompp amplitudes determined from data in th
physical region (4<mpp

2 <60). Dispersion-type constraints
expressed in terms of Roy equations, determinepp ampli-
tudes from high-energy data, which is quite useful given
sparcity of data in the more interesting region belowmpp

'500 MeV (mpp
2 <13m2).

One of the most recent attempts to use Roy equations
a model-independent analysis ofpp scattering phase shift
from pN→ppN was made in Ref.@36#. The averageS- and
P-wave phase shifts were determined by fitting all of t
then-available experimental data in the dipion mass reg
up to 1 GeV for 5 reaction channels at largepp’s ~within the
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range 4–15 GeV/c). The Roy equations were then applie
to find self-consistentpp-scattering partial amplitudes fo
the wholempp region. Thepp scattering lengths were var
ied to find the solutions which best described the amplitu
derived from experiment. Partial amplitudes obtained in t
way satisfy unitarity, analyticity and crossing constraints
the energy range up to 1 GeV and are completely s
consistent for a restricted range ofS-wave scattering length
0.205,a0

0,0.270, and20.048,a0
2,20.016 ~in inverse

pion mass units!. The method is described in detail in Re
@36#.

Given thepp scattering partial amplitudes, otherpp ob-
servables can be calculated for anympp from threshold to 1
GeV. Thep1p2 scattering cross section near threshold
calculated using the following formula:

spp~mb!5
4p

q2
~ uSu213uPu2!, ~7!

where

S5
2

3
A0

01
1

3
A0

2 , P5A1
1 , ~8!

and

Al
I5sin~d l

I !3exp~ id l
I ! ~9!

are the partial amplitudes in the elastic region, and\c51. It
is interesting to compare the cross sections obtained in
present paper using the Goebel-Chew-Low technique to
viously determined values based on the same method@8#, as
well as those calculated on the basis of phase shifts w
were determined in Ref.@36#. As shown in Fig. 5, the presen
results are consistent with the band of allowed values p
dicted from the Roy equations using only higher energy d
This fact suggests that the Goebel-Chew-Low method ca
applied in the same manner to both high energy and n
thresholdpN→ppN data. The figure also demonstrates th

FIG. 5. The cross sections obtained in this experiment~data
selection A! plotted againstmpp

2 . The solid points denote the ex
trapolated values from the Goebel-Chew-Low analysis, and
open points are from Ref.@8#. The dashed lines represent dispersi
constraints from the results of Ref.@36#, using the Roy equations
with only higher momenta data included as input.
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the CHAOS results are in reasonable agreement with
results of Ref.@8#. A determination ofa0

0 using the Roy
equations, and including the presentpp cross sections, is
discussed in the next section.

VI. SCATTERING LENGTHS

The dipion invariant mass region near threshold is v
sensitive to the scattering lengths. In fact, data in the thre
old region may be used without any experimental inform
tion from higher energies to determine the scattering leng
We used thepp cross sections obtained in this work
determine theS wave, isospin zeropp scattering lengtha0

0

in a variety of ways. Although the methods differ conside
ably from one another, consistent results fora0

0 were ob-
tained from each determination.

We begin by collecting a few of the needed expressio
spp may be expressed in terms of theS-wave isospin 0 and
2 phase shifts by combining Eqs.~7!–~9!, and making use of
the approximations sin2d1

1;0 and cos(d0
02d0

2);1. In ourmpp
2

range,d1
1<0.2 °, and cos(d0

02d0
2)>0.985@36#:

spp;
4p

9q2
~4 sin2d0

01sin2d0
214 sind0

0sind0
2!. ~10!

In our region so close to threshold we can also make
of the threshold approximation:

sin~2d l
I !52As24

s
@al

I1bl
I
•~q/m!2#, ~11!

wheres5mpp
2 . Combining Eqs.~10! and ~11! a useful ex-

pression connecting the scattering lengths tospp may be
obtained:

spp~s!;
16p

9~q/m!2S s24

s D @~a0
0!21a0

0a0
212a0

0b0
0~q/m!2#.

~12!

Here terms of orderq4 and higher have been dropped, a
use has been made of the fact that cosdl

I;1 andd0
2/d0

0!1.
Using canonical values foral

I andbl
I we find that the terms

which have been dropped from Eq.~12! occur in pairs with
approximately equal magnitudes@;1% of the leading (a0

0)2

term# and opposite signs.
The cross sectionsspp(s) depend only weakly on the

value of a0
2 , as one would expect, since the reactionp2p

→p1p2n deals predominantly with the isospin 0 chann
For this reason we can use the well-known correlation

2a0
025a0

250.6260.05 ~13!

~see, for example, Ref.@38#!, which is known as the ‘‘uni-
versal curve.’’

As a first step we provide an upper limit fora0
0 . The

dispersion constraints as well as our results forspp(mpp
2 )

shown in Fig. 5 confirm a trend observed from all oth
available information, namely, that the slope parameterb0

0 is
positive. Even though the precision with whichb0

0 has been
determined in the past has been poor, it is clear t

e
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spp(mpp
2 ) is an increasing function ofmpp

2 . As such the
value of the cross section at threshold is not bigger than
average cross section

spp~4!,sav , ~14!

wheresav55.5360.28 mb is the~weighted! average of the
cross sections over our region ofmpp

2 ~data selection A!.
Inserting this result into Eq.~12! with b0

050, and making use
of the universal curve to eliminatea0

2 , an analytic solution
may be obtained for an upper limit toa0

0 , a0
0<0.238

60.006.
Next, Eq.~12! is used to determinea0

0 @method~1!#. The
experimental values ofspp tabulated in Table II were fit
using Eq.~12! with a0

0 and b0
0 as free parameters, anda0

2

from the universal curve. The valuea0
050.20460.014 was

obtained with data selection A. The error quoted here
cludes the uncertainty in the fit, the statistical error of t
data, as well as the60.05 uncertainty ascribed to the un
versal curve. The fitted slope parameter wasb0

050.420
60.118. Thexn

2 of the fit was 1.2. The fit is plotted alon
with thespp in Fig. 6. In order to illustrate the sensitivity t
a0

0 in our region, the fit to Eq.~12! is also plotted in this
figure witha0

0 fixed at two limiting values. The upper dotte
curve corresponds toa0

050.26, which is theKe4 result@14#.
The lower dotted curve corresponds to the original Weinb
result @37# of a0

050.16.
In order to estimate the uncertainty in this result asso

ated with the 10% systematic error in the double differen
cross sections, the Goebel-Chew-Low analysis and fit
procedure were repeated with the cross sections floate
and down by 10%. The resulting change ina0

0 was60.008.
It would of course also be interesting to estimate the unc
tainty associated with the assumption of OPE domina

FIG. 6. The cross sections obtained in this experiment plo
againstmpp

2 . The solid points denote the extrapolated values fr
the Goebel-Chew-Low analysis~data selection A!. The solid line is
the result of the threshold expansion fit~Table II!, method~1!. The
dotted lines indicate the results of fixinga0

0 at 0.26~upper! and 0.16
~lower!, and are provided to highlight the sensitivity to the scatt
ing length in this kinematic regime. The dashed lines repres
dispersion constraints from the results of Ref.@36#, using the Roy
equations, with the present results as well as higher momenta
included as input.
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upon which this work is predicated. Unfortunately, in th
absence of any reliable model for the non-OPE backgrou
this was not possible in the present work.

The rest of the methods we now describe may be con
ered as checks of the first method. A second determina
~2! of a0

0 was made using a one parameter fit, by making
of the approximation@34,14#

b0
02a1

150.192~a0
020.15!260.04, ~15!

wherea1
150.035m23. In this case, we obtain the resulta0

0

50.22960.008, but thexn
2 is 2.1. The reason for the poore

xn
2 in this case is that the slope parameter given by Eq.~15!

is too flat compared to the data. Equation~15! implies b0
0

50.184, whereas in the two parameter fitb0
0 was determined

to be 0.42060.118.
Method~3! made use of Eq.~10! directly. In this case, the

values ofd0
2 were taken from Ref.@36#, andd0

0 was deter-
mined from fitting the measuredsppvalues to Eq.~10!. The
values obtained ford0

0 are tabulated in Table II. These phas
were then used to determinea0

0 by fitting the threshold ex-
pansion, Eq.~11!. In this case we obtain the resulta0

0

50.21460.011.
Methods~1!, ~2!, and ~3! were performed for both data

selection choices A and B. Table II provides the results of
six combinations.

A fourth determination was made@30# by choosing an
even more restrictive data selection~C! than in method B,
and performing an energy independent Goebel-Chew-L
analysis@method~4!#. In parallel, using the results of Re
@36#, near-thresholdpp scattering cross sections were calc
lated as a function ofa0

0 at mpp values matching those of th
present experiment. Ax2 based on the difference betwee
the experimental~Goebel-Chew-Low! cross sections deter
mined in the energy independent analysis, and those c
puted using the Roy equations was calculated as a func
of a0

0 . We found thatx2 depended only weakly on the valu
of a0

2 , as one would expect. However,x2 developed a very
sharp minimum as a function ofa0

0 . Keepinga0
2 fixed at

20.04, we obtaineda0
050.2160.02.

Another way~5! to determine thepp scattering length is
purely within the context of a dispersion analysis, using
Roy equations. The extrapolatedp1p2 cross sections from
this work ~Table II!, along with appropriate values ofd0

2

from @36# were used to determined0
0 as a function ofmpp

2 .
These phase shifts were added as input to an analysis
formed according to Ref.@36#. The value ofa0

0 obtained was
0.200,a0

0,0.250 with a central~optimal! valuea0
050.223.

This compares favorably with the previous results of R
@36# which quotes a central value of 0.225 and a ran
0.205,a0

0,0.270.
Our results are also in good agreement with calculati

based on chiral perturbation theory to one loop@11# (a0
0

50.2060.01 anda0
2520.04260.002), and more recently

to two loops@13# a0
050.217. In contrast to the standard cas

generalized chiral perturbation theory~GChPT! @2# allows
for a range of values for the scattering lengths, depending
the value of the quark condensate in the chiral limit. T
scattering length obtained from GChPT isa0

050.263
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3440 PRC 58M. KERMANI et al.
60.052@2#, which corresponds to a small quark condensa
We point out, however, that this value was obtained by
ing one of the parameters in GChPT using theKe4 data of
Roseletet al., @14#. The Roselet data by themselves lead t
value fora0

0 of 0.2660.05. Although the value fora0
0 found

here is more consistent with the Gell-Mann-Oakes-Ren
picture, where the quark condensate is large, our resu
also within 1s of the GChPT prediction. Until the accurac
of the GChPT prediction is improved, it will be difficult to
discriminate between the two approaches based on any
perimental measure ofa0

0 . A summary of otherS-wave scat-
tering length predictions and experimental results may
found, for example, in Ref.@36#.

VII. CONCLUSIONS

An exclusive study of the elementary pion induced pi
production reactionsp2p→p1p2n andp1p→p1p1p at
incident pion energies of 223, 243, 264, and 284 MeV w
presented. One of the main goals of this experiment wa
determine thepp scattering parameters near threshold.
this end, the experimentalpN→ppN double differential
cross sections were used to obtain on-shell pion-pion sca
ing cross sections via the Goebel-Chew-Low technique.

The Goebel-Chew-Low procedure was applied to
measuredp2p→p1p2n double differential cross section
over carefully chosen intervals int, whereF8(t,mpp) could
be described by a linear function. Stated differently, th
were the intervals where the dominance of one-pi
exchange could be assumed. The resulting cross section
consistent with dispersion constraints based on previo
measured pp observables at higher energies (mpp

>500 MeV).
Consistent results were obtained using several diffe

methods and data selections to obtain the scattering le
a0

0 . Use of the threshold expansion, coupled with the univ
sal curve, provided the result a0

050.20460.014
(statistical) 60.008 (systematic) andb0

050.42060.118.
Roy equations were also applied in order to obtain a s

consistent determination ofpp scattering partial amplitudes
Taking into account the presentpp cross sections, the isos
pin zeroS-wave scattering lengtha0

0 was determined to be
a0

050.22320.023
10.027.

We have shown that there are significant differences
tween the reaction mechanisms for the (p2p1) and
(p1p1) channels. An attempt to use the same Goeb
Chew-Low method on thep1p→p1p1p data failed.

The Goebel-Chew-Low analysis presented in this w
was predicated on the assumption of OPE dominance. A
ments supporting this assumption were based primarily
the observation oft intervals linear inF8 for a subset of the
p2p→p1p2n data. However, the linearity ofF8 does not
guarantee the absence of non-OPE signals. This is a v
criticism of this approach and in fact applies to allpN
→ppN data. In the case of the present work, the obser
tion of a P-wave contribution in the cos(u) angular distribu-
.
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tions (<10% of theS wave!, coupled with the relatively
poor xn

2 obtained in the global fits, suggests that some n
OPE background was in fact present. It is, however, reas
ing that the results of the current Goebel-Chew-Low analy
are consistent with the phase shifts obtained from the h
incident energy data. This work is not meant to prove
validity of the Goebel-Chew-Low technique as a tool f
studying pp scattering. However, it suggests that t
Goebel-Chew-Low method can be applied in the same m
ner to both high energy and thresholdpN→ppN data. In
order to circumvent questions associated with the validity
the assumption of OPE dominance, high statisticsKe4 mea-
surements should ultimately be used to measurea0

0 .
Pion-pion interactions are one of the most fundamen

strong interactions, and as such they are of crucial imp
tance to our understanding of the manifestation of QCD
the low-energy domain. However, the experimental study
these processes is not a trivial task, and all experimentalpp
scattering data have been obtained via indirect means.
though numerous experiments have been performed to s
elementary pion induced pion production reactions~mostly
total cross sections and studies in the GeV region!, the pre-
scription for determining pion-pion scattering paramet
from pN→ppN data is hampered by theoretical uncertain
and ambiguity. In the recent work of Ref.@12#, the chiral
expansion ofpN→ppN threshold amplitudes was provide
in the framework of heavy baryon chiral perturbation theo
This work improved the theoretical situation near thresho
but the procedure for extractingpp scattering observable
from pN→ppN data above threshold still remains unce
tain. The largest obstacle to extractingpp scattering observ-
ables frompN→ppN data is the lack of a reliable mode
for describing the non-OPE background. As a result, the
pact of the assumption of OPE dominance made in this w
cannot be properly gauged.

Clearly a large theoretical effort is required in order
fully utilize the existingpN→ppN data to determine accu
rate pion-pion scattering observables. It is certain that
theoretical effort can be fruitful without significant exper
mental guidance. The results presented here should pla
important role in this arena.
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