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Large-model-space calculation of the nuclear level density parameter at finite temperature
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We calculate the nuclear level density parametera for a broad range of temperatures (0.6<T<6 MeV)
using a microscopic model which includes important ingredients like the thermal and quantal fluctuations of
nuclear shapes, continuum corrections, and Coulomb interaction. Numerical calculations have been performed
for 40Ca and56Fe in a large model space. We find that at low temperatures, shell effects are larger for40Ca and
effects of quantal fluctuations are larger for56Fe. As temperature increases, these effects tend to disappear and
continuum corrections become important forT.3 MeV. @S0556-2813~98!04511-7#

PACS number~s!: 21.10.Ma, 21.60.2n
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The nuclear level densityr is the basic ingredient re
quired for theoretical studies of nuclear reaction and str
ture. A simple but useful phenomenological modification
Bethe’s formula@1# for r leads to the backshifted formula

rBF5
Ap

12

e2Aa~E* 2D!

a1/4~E* 2D!5/4

1

A2ps2
, ~1!

in which the pairing effects are mocked up by shifting ba
the excitation energyE* by D and s2 is the spin cutoff
factor. The influence of nuclear shell structure, shapes,
can be embedded in the the level density parametera which
ultimately leavesa dependent on the excitation energy
temperature~e.g., see Refs.@2–7#!.

Recently, there have been several attempts to obta
realistic dependence ofa on temperature in various ap
proaches@3–5,8–12#. Very recently@13#, it has been shown
that the excitation energy dependence ofa obtained in the
SPA1RPA approach@12#, which includes the thermal fluc
tuations through static path approximation~SPA! and the
quantal fluctuations about static paths using the rand
phase approximation~RPA!, for medium heavy mass nucle
agrees quite well with the recently available experimen
data @14# at low excitation energies. However, the calcu
tions were done for low excitation energies; corrections d
to continuum are therefore not included.

In the present work we adopt the SPA1RPA approach,
taking into account the effects of the Coulomb interact
and the continuum@3#. We calculate the inverse level densi
parameter (K5A/a) for 40Ca and 56Fe in a large mode
space over a wide range of temperatures, using SPA as
as SPA1RPA representation of the grand partition functi
for quadrupole-quadrupole (Q•Q) interaction model Hamil-
tonian. Effects of quantal fluctuations as well as continu
corrections are studied.

Let us start with theQ•Q Hamiltonian
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Here, H0 represents the spherical part,Q05Q08 , Q1m

51/A2(Qm8 1Q8m
† ) and Q2m5 i /A2(Qm8 2Q8m

† ) with m51
and 2 andQ8s stand for the usual quadrupole moment o
erators. The value of the quadrupole interaction strength

x5120A25/3f c MeV ~3!

(A denotes the mass number! is taken from Ref.@15# where
f c is a core polarization factor. The partition function is th
written as

Z5Z c
21H 4p2S a

2pTD 5/2

3E b4dbE usin 3gudge2ab2/2TTr@e2H8/T#CRPAJ ,

~4!

where, the quantity within braces represents the SPA1RPA
representation of the grand partition function witha
5(\v0)2/x and \v0541A21/3 MeV. The single-particle
Hamiltonian H8 and the RPA correction factorCRPA are
given as

H85H02\v0b~Q0 cosg1Q12 sing! ~5!

and

CRPA5F )
m5” 0

Nm

DetuCmuG21

, ~6!

respectively, with
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Cmn
m 5dmn1x(

i j

^ i uQmu j &^ j uQnu i &

D i j
2 1~2pmT!2

f i j D i j . ~7!

Here, f i j 5 f i2 f j and D i j 5e i2e j with f i being the Fermi
distribution function ande i is the eigenvalue ofH8. In the
above,u i & represents an eigenstate ofH8. The grand canoni-
cal trace in Eq.~4! can be performed using

Tr e2b8H85S)
i

@11e2b8e i1ap# D S)
j

@11e2b8e j 1an# D ,

~8!

where,b851/T and ap(an) is the Lagrange multiplier re
quired to adjust the proton~neutron! numbers.

The SPA representation of the partition function can
obtained by puttingCRPA51. It is clear from Eqs.~6! and~7!
that for higher temperaturesCRPA→1 ~andZ→ZSPA).

The coefficientZ c
21 @appearing in Eq.~4!# which repre-

sents continuum corrections@3–5# is obtained as

Zc5S)
i

@11e2b8e i
c
1ap# D S)

j
@11e2b8e j

c
1an# D , ~9!

where,e i
c ande j

c are the single-particle energies in the co
tinuum for protons and neutrons, respectively, as discus
in the next section. Once the partition function is known,
average number of particles (N), energy~E!, and entropy~S!
at a fixed temperature can be obtained using the therm
namical relations,

Np,n5
] lnZ
]ap,n

, ~10!

E52
] lnZ
]b8

, ~11!

S5 lnZ1b8E2apNp2anNn . ~12!

Now using Eqs.~10!, ~11!, and~12! we can determine the
level density parametera as follows:

FIG. 1. Variation of the inverse level density parameterKe

(5A/ae) with temperature for40Ca. Dotted and dashed curves
labeled by SPA and SPACC correspond to the SPA results with
and with continuum corrections, respectively. Dash-dot and
lines represent RPA results without and with continuum corr
tions, respectively.
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E* 5aeT
2, ~13!

S52asT, ~14!

S254aesE* . ~15!

Since in general the level density parameter depends on
perature, its values obtained using Eqs.~13! and ~14! are
different. However, the parameteraes5as

2/ae @Eq. ~15!#
should only be used in the Bethe level density formu
@5,6,13#.

The basis states are taken to be the eigenstates oH0
having the form

H05
p2

2m
1V0f ~r !1Vlsg~r !1hVC , ~16!

where,p and m represent the momentum and mass of
nucleon, respectively. Ther dependence in the second ter
is taken to be

f ~r !5H V0

11e~r 2R!/d
for r<Rmax

1` for r .Rmax,

~17!

whereR5r 0A1/3 is the nuclear radius,d the diffuseness pa
rameter, andRmax5R12pd as is considered in Ref.@3#. We
adopt the Thomas form factor

g~r !5H r 0
2

r

d

dr
f ~r ! for r<Rmax

0 for r .Rmax

~18!

and the strength

Vls5H 2~ l 11!Vls
0 for j 5 l 2

1

2

lVls
0 for j 5 l 1

1

2
,

~19!

where,l andj represent the orbital and total angular mome
tum quantum number for the single-particle basis states
the last term of Eq.~16!, h50 ~1! for neutron~proton! and

ut
ll
-

FIG. 2. Variation of the inverse level density parameterKes

(5A/aes) with E* /A for 40Ca. The curves labeled SPA, SPACC
RPA, and RPACC have a similar meaning to those in Fig. 1.
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VC is the Coulomb potential associated with a uniform
charged sphere of radiusRc5r cA

1/3. The value of the poten
tial parameters used in Eq.~16! are V05253.0 MeV, Vls

0

58.5 MeV, d50.65 fm, r 051.25 fm, andr c51.30 fm.
The model space spans all the single-particle states

quantum number 0<N<6 where N52n1 l , n being the
principle quantum number. This corresponds to sing
particle states with energies up to around 35 MeV above
Fermi energy. Our results for the level density parameter
therefore expected to be quite reliable for temperatures
high as the limiting temperature ('6 MeV). We use these
basis states to perform also a mean-field calculation for
Q•Q Hamiltonian given by Eq.~2! and find that the ground
state deformation of40Ca as well as56Fe agree fairly well
with the observed ones whenf c in Eq. ~3! is taken to be 0.75
The values ofec @see Eq.~9!# can be calculated by solvin
the Schro¨dinger equation with the nuclear interaction in E
~16! switched off using the boundary condition that the wa
function vanishes beyondRmax.

In Fig. 1 we display the variation ofKe(5A/ae) as a
function of temperature obtained for40Ca using SPA and
SPA1RPA approaches with and without inclusion of th
continuum corrections~CC!. In the following discussions we
shall refer to SPA1RPA simply by RPA and use CC if con
tinuum corrections are included. We see that forT
,1.5 MeV, the parameterKe is very large and decrease
rapidly with temperature. These large values ofKe ~or
smaller ae) at very low temperature are due to the sh
closure. ForT.1.5 MeV when shell effects are expected
vanish, values ofKe for 40Ca and56Fe ~see Fig. 3! become
closer. Another important point we note is that the effects
quantal fluctuations are not very significant even at very l
temperatures. ForT.1.5 MeV, Ke increases monotoni
cally. The values ofKe become slightly larger forT
.3 MeV when continuum corrections are included.

In Fig. 2, the variation ofKes(5A/aes) with E* /A ~exci-
tation energy per nucleon! for 40Ca is shown. The values o
Kes also show large variation at lowE* /A ~or temperature!.
For E* /A.0.35 MeV ~ or T.1.5 MeV), Kes increases
slowly with E* /A. However, the rate of increase as well
the effect of continuum corrections at higherE* /A is smaller
for Kes than in the case ofKe .

In Figs. 3 and 4, the results forKe andKes obtained for
56Fe are displayed. Once again, as seen for40Ca, we see
from Figs. 3 and 4 that the SPA~dotted! and the RPA~dash-

FIG. 3. Same as Fig. 1 but for56Fe.
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dot! results for 56Fe show a rapid variation ofKe(Kes) with
T(E* /A) for T,1.0 MeV (E* /A,0.3 MeV). However,
in the SPA, the value ofKe increases whereas in the RPA
the results show the opposite trend. This difference is cau
by the inclusion of the quantal fluctuation effects in the RP
approach. We would like to mention here that in the case
40Ca ~Figs. 1 and 2!, the RPA effects seem to be quite a b
smaller compared to that for56Fe. The reason for this is a
follows. Looking at Eqs.~6! and ~7! and the single-particle
spectrum, we find that the maximum contribution toCRPA for
56Fe comes from closely lyingp and f states near the Ferm
surface. On the other hand, in the case of40Ca, the contri-
bution toCRPA comes from the 0d and 0g states which are
lying far apart in energy. As temperature increases, the R
effects become less significant. ForT.1 MeV, the SPA as
well as the RPA results show slow monotonic increase ofKe
as well asKes with T ~or E* /A). The continuum corrections
to the value ofKe andKes ~seen from the label SPACC an
RPACC! are insignificant for theT,3 MeV. For T
.3 MeV, however,K increases faster with the inclusion o
continuum corrections. It may be interesting to point out th
the present results forT.1 MeV depict similar trends as
that found in Ref.@4# for the A5160 mass region.

In Fig. 5 we compareKe with Kes for 40Ca ~upper panel!
and 56Fe ~lower panel! obtained using RPACC. We see th
in general, values ofKe differ significantly from Kes at a
fixed temperature. It is interesting to note that when

FIG. 4. Same as Fig. 2 but for56Fe.

FIG. 5. Comparison ofKe and Kes at fixed temperatures fo
40Ca and56Fe.
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variation ofKe with temperature is large, the difference b
tween Ke and Kes is also large. Exploiting the thermody
namic relation

dS

dE
5

1

T
, ~20!

FIG. 6. Variation of the total level density as a function ofE*
for 56Fe. The dashed and full curves are obtained using SPACC
RPACC values forKes in the Bethe’s formula~1! with D50. The
dash-dot curve represents RPACC results obtained usingD
51.38 MeV.
e

. C
one finds that ifdKe /dT50, then only one would haveKe

5Kes ~or ae5aes).
For a light doubly closed-shell nucleus like40Ca, pairing

is expected to be small. In Ref.@16#, the contribution of
pairing to the level density parameter is reported to be v
significant for 40Ca; however, their calculated level densi
parameter with inclusion of pairing overestimates the exp
mental value. On the other hand, for the nucleus56Fe Na-
kada and Alhassid@17# find that the effect of pairing on leve
density can be simulated through a backshift in the excita
energy which isD51.38 MeV. We have also followed thi
prescription. In Fig. 6, the variation of the total level dens
r(E* ) as a function ofE* for 56Fe is shown. We calculate
r(E* ) by using in Eq.~1! the values of the level densit
parameter obtained using SPACC and RPACC. The das
and full lines are obtained withD50 ~no back shift! and
dash-dot is obtained withD51.38 MeV in Eq.~1!. The ex-
perimental data@14# available for 10,E* ,20 MeV are
also shown as squares. One finds that the RPACC res
show reasonable agreement with the observed ones, whe
the SPACC results overestimate the values ofr(E* ) as al-
ready seen in Ref.@13#.
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