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Incompressibility and density distributions in asymmetric nuclear systems
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The incompressibility of asymmetric nuclear matterK` is studied analytically within the framework of the
relativistic mean field theory and the nonrelativistic Skyrme Hartree-Fock model. We investigate also the
relation betweenK` of asymmetric nuclear matter and the surface diffuseness by using the extended Thomas
Fermi approximation. The self-consistent relativistic and nonrelativistic mean field calculations are performed
for Sn isotopes, taking into account the pairing correlation, in order to extract the asymmetry parameter (N
2Z)/A dependences of the surface diffusenessa and the central densityr(r 50). Clear correlations are found
between the incompressibilityK` of asymmetric nuclear matter and the extracted surface diffusenessa, and
also betweenK` and the extracted central densityr(r 50). @S0556-2813~98!03511-0#

PACS number~s!: 21.10.Ft, 21.10.Gv, 21.60.2n, 21.65.1f
e
ta
op
n
o

-
pe
t o

ot
de
rg

r.
e
, a
w

d

om

gy

he
n

re-

aly-

e

s-

the

ith
ean-
ion
ar
s

-
er-

ion
la-

bil-
e
-
A
in
I. INTRODUCTION

The incompressibilityK` of nuclear matter is one of th
most important ingredients for the nuclear equation of s
~EOS!, which influences both ground and excited state pr
erties of nuclei, fragmentations of heavy ion collisions a
several astrophysical phenomena, for example, supern
explosion. The incompressibilityK` of nuclear matter is de
fined by the second derivative of the energy density
nucleon with respect to the density at the saturation poin
nuclear matter,

K`59Fr2
]2

]r2SHr D G
r5r0

, ~1!

wherer0 is the saturation density andH is the energy den-
sity of nuclear matter. Effective nuclear forces used in b
nonrelativistic and relativistic mean field calculations are
manded to reproduce empirical values of the binding ene
and the density at the saturation point of nuclear matte
has been known that the incompressibility is ill-determin
showing a large variety among the adopted interactions
though the mean field calculations reproduce reasonably
the binding energies and the rms radii of many nuclei in
wide range of mass table. The nuclear breathing mo
namely isoscalar giant monopole resonance~ISGMR!, can
be used as experimental information to determine the inc
pressibility of nuclear matterK` . The incompressibility of
finite nucleusKA is related with the breathing mode ener
Eb as @1,2#

KA5
m^r 2&Eb

2

\2
, ~2!

where ^r 2& is the mean square radius. By analogy of t
semi-empirical mass formula, one can make an expansio
KA with proton numberZ, neutron numberN and nucleon
numberA as
PRC 580556-2813/98/58~5!/2796~11!/$15.00
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KA~A,Z!5Kv1KsA
21/31KvsI

21KcZ
2A24/31¯ , ~3!

where I is the asymmetry parameter defined byI 5(N
2Z)/A and Kv , Ks , Kvs, and Kc, are the coefficients of
volume, surface, volume symmetry, and Coulomb terms,
spectively. The coefficients of several terms in Eq.~3! have
been determined so as to reproduce empiricalKA values
measured in many nuclei@1,2#. Other terms like curvature
and deformation terms have also been included in the an
sis @3#. Then, the coefficient of volume termKv has been
identified as the incompressibility of nuclear matterK` in
the limit of A→`. Experimental data of ISGMR led th
value of incompressibility of nuclear matter toK`'(210
630) MeV in the early 1980s@1,2,4,5#. However the value
K`'(300625) MeV was claimed by new experiments u
ing isotopic chains of Sn and Sm nuclei@6#. A serious prob-
lem in the calculation of the value ofK` is that the coeffi-
cients of several terms used in Eq.~3! are not completely
independent and cannot be determined uniquely from
experimental data. It was shown in Refs.@3,7# that the sta-
tistical error bar of the coefficients found in comparison w
experimental data were so large as to make the result m
ingless. It was also pointed out that there is a correlat
betweenKv and the third derivative of EOS of the nucle
matter at the saturation point@7#. This correlation suggest
that there is an ambiguity to identify the volume termKv in
Eq. ~3! with the nuclear matter incompressibilityK` , even
in the limit of A→`. Thus it might be concluded that reli
able incompressibility of nuclear matter cannot be det
mined from the expansion formula~3! with the systematic
data of ISGMR.

Recently, microscopic random phase approximat
~RPA! calculations were performed by using both nonre
tivistic Skyrme forces@8# and relativistic nonlinears model
@9# in order to study the relation between the incompressi
ity and the excitation energy of ISGMR, in heavy nuclei lik
90Zr and 208Pb. However, the two models give still contro
versial results for the incompressibility; the Skyrme RP
results agree well with the experimental data of ISGMR
2796 ©1998 The American Physical Society
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208Pb with the interaction which has the incompressibil
K`'220 MeV, while the results of relativistic RPA prefer
higher value forK`'(270– 300) MeV.

It was pointed out that the saturation density of nucl
matter is very sensitive to the value ofK` and the model
@10#. In this paper, we study the relation between inco
pressibility K` of nuclear matter and properties of th
nuclear density, especially the central density and the sur
diffuseness. In Sec. II, the incompressibility and the satu
tion density of symmetric and asymmetric nuclear matter
discussed based on the relativistic mean field theory and
Skyrme Hartree-Fock model. In Sec. III, we show the cor
lation between the incompressibility and the surface diffu
ness analytically by adding the derivative terms to
nuclear matter Hamiltonian density. Section IV is devoted
study the relation among the incompressibility of nucle
matter, the surface diffuseness and the central density o
r
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density distributions with the relativistic and the Skyrm
self-consistent calculations. A summary is given in Sec.

II. SYMMETRIC AND ASYMMETRIC NUCLEAR
MATTER AND NUCLEAR INCOMPRESSIBILITY

The incompressibilityK` of nuclear matter is defined b
Eq. ~1! as the second derivative of energy density with
spect to the density at the saturation point. The content of
energy densityH depends on the theoretical model. In th
paper, we adopt two models. One is the nonrelativis
Skyrme Hartree-Fock model and the other is the relativis
mean field theory.

At first, we show the formulation of the Skyrme Hartre
Fock model@11,12#. The Skyrme forceVSky is an effective
zero-range force with density and momentum depend
terms, which simulates the G matrix for nuclear Hartre
Fock calculations:
s

y

n

s

VSky~rW1 ,rW2!5t0~11x0Ps!d~rW12rW2!1
1

2
t1~11x1Ps!$kW82d~rW12rW2!1d~rW12rW2!kW2%1t2~11x2Ps!kW8•d~rW12rW2!kW

1
1

6
t3~11x3Ps!ra~rW !d~rW12rW2!1 iW~sW 11sW 2!•kW83d~rW12rW2!kW ~4!

wherekW5(¹W 12¹W 2)/(2i ) acting on the right andkW852(¹W 12¹W 2)/(2i ) acting on the left are the relative momentum,Ps is the
space exchange operator,sW is the Pauli spin matrix andr is the density atrW5 1

2 (rW11rW2). The interaction parameter
t0 ,x0 ,t1 ,x1 ,t2 ,x2 ,t3 ,x3 ,a are determined so as to reproduce nuclear matter saturation properties, whileW gives the spin-orbit
splitting.

The energy density for the Skyrme Hartree-Fock calculation is given by

H~rn ,rp!5
\2

2m
~tn1tp!1

1

4
t0~12x0!~rn

21rp
2!1t0S 11

1

2
x0D rnrp1

1

12
t3S 11

1

2
x3D ra122

1

12
t3S 1

2
1x3D ra~rn

21rp
2!

1
1

8
@ t1~12x1!13t2~11x2!#~rntn1rptp!1

1

4 F t1S 11
1

2
x1D1t2S 11

1

2
x2D G~rntp1rptn!

2
3

32
@ t1~12x1!2t2~11x2!#~rn¹2rn1rp¹2rp!2

1

16F3t1S 11
1

2
x1D2t2S 11

1

2
x2D G~rn¹2rp1rp¹2rn!

2
1

2
W~r¹W JW1rn¹W JWn1rp¹W JW p!1HCoul , ~5!

wherem is the nucleon mass,rn (rp) is the density of neutrons~protons! andr5rn1rp , while tn (tp) andJWn (JW p) are
the kinetic energy and the spin densities of neutrons~protons!, respectively.

In the following, we neglect the spin-orbit termW and the Coulomb termHCoul for nuclear matter since they do not pla
important roles in the following discussion of this section. We use the extended Thomas Fermi approximation@13# for the
kinetic energy densityt,

tn~p!5
3

5
~3p2!2/3rn~p!

5/3 1
h

36

~¹rn~p!!
2

rn~p!
1

1

3
¹2rn~p! ~6!

where the second and the third terms on the right-hand-side~RHS! are called Weizsa¨cker terms. Only nonderivative terms i
Eqs.~5! and~6! are kept for calculations of the incompressibility of nuclear matter. The value ofh is taken commonly to be
h51;2 to obtain realistic surface energy coefficient for semi-infinite matter.

Next we discuss the formulation of the relativistic mean field theory. The following relativistic Lagrangian densityL is
adopted for the interacting many-body system consisting of nucleons, scalars- , and vectorv-, andrW - mesons, and photon
@14–19#,
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L5c̄S igm]m2M2gss2gvgmvm2grgmtWbW m2egm
12t3

2
AmDc

1
1

2
~]m]ms2ms

2s2!2U~s!1
1

2
mv

2 vmvm2
1

4
FmnFmn1

1

2
mr

2bW mbW m2
1

4
GW mnGW mn2

1

4
HmnHmn, ~7!
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wherec, s, vm , bW m, andAm are the nucleon,s,v, r me-
son fields and the electromagnetic field, respectively. Thegm

is the Dirac matrix,tW is the isospin matrix,Fmn[]mvn

2]nvm , GW mn[]mbW n2]nbW m , Hmn[]mAn2]nAm . The gs ,
gv, andgr are the coupling constants between nucleons
s, v, and r mesons, respectively, whilee2/4p51/137 is
the finestructure constant. Thems , mv , mr, andM are the
masses ofs-, v-, r- mesons and nucleons, respectively. T
U(s) is a nonlinear potential ofs mesons@20#:

U~s!5
1

3
g1s31

1

4
g2s4 , ~8!

where theg1 and g2 are parameters of the potential. Th
Dirac equation for nucleons and the Klein-Gordon equati
for mesons are derived by the classical variational princ
with the time reversal symmetry and the charge conse
tion:

F2 iaW ¹W 1bM* 1gvv~rW !1grt3b~rW !1e
12t3

2
A~rW !Gc i~rW !

5« ic i~rW ! ~9!

~2¹21ms
2 !s~rW !52gsrs~rW !2g1s2~rW !2g2s3~rW !

3~2¹21mv
2 !v~rW !5gvrB~rW !

3~2¹21mr
2!b~rW !5grr3~rW !

2¹2A~rW !5erp~rW !, ~10!

whereaW andb are defined byaW 5( sW 0
0 sW ) andb5(0 2I

I 0 ) with
the Pauli matricessW and the 232 unit matrixI , respectively.
rB and rs are the baryon and the scalar densities, resp
tively, while r35rn2rp . The effective massM* is defined
by M* 5M1gss. By using Eqs.~9! and ~10!, the static
Hamiltonian density in the nuclear matter can be obtained

H5
2

~2p!3 F E
0

kFp
1E

0

kFnG~k21M* 2!1/2d3k1gvvrB

2
1

2
mv

2 v21U~s!1
1

2
ms

2s21grbr32
1

2
mr

2b2 ,

~11!

wherekFn
andkFp

are the Fermi momenta for neutrons a

protons, respectively. Furthermore, the baryon densityrB is
given byrB52kF

3/(3p2) using the Thomas Fermi approx
mation. The static Klein-Gordon equations in the nucle
matter become
d

s
e
a-

c-

s

r

ms
2s52gsrs2g1s22g2s3

mv
2 v5gvrB ~12!

mr
2b5grr3 ,

where the scalar densityrs in the nuclear matter is given b

rs5
2

~2p!3F E0

kFn
1E

0

kFpG M*

~k21M* 2!1/2
d3k. ~13!

We neglected the Coulomb term similarly to the case
Skyrme Hartree-Fock calculations.

For the symmetric nuclear matterN5Z, the neutron den-
sity rn and the proton densityrp are taken as a half of the
total densityr. In the case of the asymmetric nuclear matt
the ratio between the neutron density and the proton den
is determined to be the same as that of the neutron and
ton numbers. Figures 1~a! and 1~b! show the change of the
incompressibilityK` and the saturation densityr0 of nuclear
matter as a function of asymmetry parameterI , respectively.
The parameter sets used are NL1@17# and NLSH@21# in the
relativistic mean field calculations, and SGII@22# and SIII
@23# in the Skyrme Hartree-Fock calculations. The inco
pressibilities of the NL1 and NLSH areK`5211 andK`

5355 MeV, respectively, while the SGII and SIII haveK`

5217 andK`5356 MeV, respectively. The results for th
NL1, NLSH, SGII, and SIII parameters are shown by t
solid, dashed, dotted, and dot-dashed lines, respectively.
interesting to notice in Fig. 1~a! that theI dependence of the
incompressibility for SGII and NL1, which have almost th
same smallK` values atI 50.0, is rather weak, while the
other two interactions SIII and NLSH have strongerI depen-
dence. A similarI dependence to those of SGII and NL1
found in the asymmetric nuclear matter calculations with
alistic nucleon-nucleon interactions@24#.

The I dependence of the central density shown in F
1~b! is somewhat different from that ofK` in Fig. 1~a!. The
saturation densitiesr0 of NL1, NLSH, and SGII forces de-
crease rather rapidly as the asymmetry parameterI increases,
but that of SIII stays almost constant.

Figures 2~a! and 2~b! show the correlation between th
incompressibilityK` and the saturation densityr0 for 16
different interactions in the cases ofI 50.0 andI 50.6. The
results for the Skyrme Hartree-Fock model and relativis
mean field theory are shown by filled circles and op
circles, respectively.

At I 50.0, there is a tendency that the parameter set w
larger incompressibility gives smaller saturation density. T
interactions Skb and SkM* shown in the brackets in Fig. 2~a!
have the same results with those for the Ska and SkM,
spectively. At I 50.6, the correlation between the incom
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pressibility and the central density is opposite; the param
set with larger incompressibility gives larger saturation d
sity. The correlation between the incompressibilityK` and
the saturation densityr0 of nuclear matter is shown in Fig.
where the asymmetry parameterI is changed from 0.0 to 0.6
The change ofK` is largest for SIII as a function ofI , while
the saturation density changes only slightly@24#. The oppo-
site extreme is the NL1 set, for which the saturation den
drastically changes fromr050.152 to r050.076 as I
changes from 0.0 to 0.6, while the incompressibilityK`

changes only moderately from 211 MeV to 99 MeV.

FIG. 1. ~a! Asymmetry parameterI 5(N2Z)/A dependence of
the incompressibilityK` . ~b! I dependence of the saturation dens
r0 of asymmetric nuclear matter. The solid and dashed lines
calculated by NL1 and NLSH interactions in the relativistic me
field theory, respectively, while the dotted and dot-dashed lines
obtained by SGII and SIII parameter sets of Skyrme forces, res
tively.
er
-

y

III. INCOMPRESSIBILITY IN SEMI-INFINITE MATTER

We now discuss the relation between the incompress
ity K` of nuclear matter and the surface diffuseness of
density distribution in semi-infinite nuclear matter. At firs
we derive analytic formulas by using the Thomas Fermi
proximation for the kinetic energy density. The Hamiltonia
density of nuclear matter near the saturation densityr0 has
been parametrized in Refs.@11,13# as

H5E1rS 12
r

r0
D 2

2E0r , ~14!

whereE0 is the energy at the saturation densityr0 andE1 is
a coefficient proportional to the incompressibility. Name
E15K`/18 can be derived by the relation between t
Hamiltonian densityH and the incompressibilityK` in Eq.

re

re
c-

FIG. 2. Correlation between the incompressibilityK` and the
saturation densityr0 : ~a! is the case ofI 50.0 and~b! is the case of
I 50.6. Filled circles are the results with the parameter sets
Skyrme forces and the opened circles are those with the param
sets of relativistic mean field theory.
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~1!. Using the extended Thomas Fermi approximation~6!,
the Hamiltonian density~5! is then given by

H5
K`

18
r0y~12y!22E0r0y1Ar0

~¹y!2

y
1Br0

2~¹y!2,

~15!

wherey[r/r0 . The constantA is determined by the coeffi
cients of Weizsa¨cker terms of Eq.~6!, while constantB is
given by the Skyrme force parameters:

A5
\2h

72m
~16!

B5
1

576
@$3~h115!t11~h221!t2~514x2!%

1$2~h115!t1~112x1!1~h221!t2~112x2!%I 2#.

Notice that the coefficientB contains the asymmetry param
eter I . The Hartree-Fock condition for the saturation dens
is given by the Euler-Lagrange equation,

K`

18
r0~3y224y11!2E0r01Ar0

~¹y!2

y2

22r0S Br01
A

y D¹2y5l. ~17!

The Lagrange multiplierl becomes2E0r0 in the limit of
nuclear matter, i.e.,y→1 and¹y5¹2y50. In the model of
semi-infinite system, the derivatives in Eq.~17! are reduced

FIG. 3. Correlation between the incompressibilityK` and the
saturation densityr0 . The solid, dashed, dotted, and dot-dash
lines are calculated by NL1, NLSH, SGII, and SIII interaction
respectively. The asymmetry parameterI is changed fromI 50.0 to
I 50.6, continuously.
y

to one dimensional differentiations;¹y→dy/dx and ¹2y
→d2y/dx2. Equation~17! can then be rewritten as

dy

dx
52A K`

18~Br0y1A!
y~12y!. ~18!

In order to relate the incompressibilityK` and the surface
diffuseness, we assume a Fermi-type functiony5(1
1e(x2R)/a)21 for the density distribution. In order to dete
mine the surface diffuseness, Eq.~18! is integrated overx
from 2` to 1` and, correspondingly,y from 1 to 0. Using
the integration formulas,

E
2`

`

dx y~12y!5a ~19!

and

E
0

1

dyAy1a5
2

3
@~11a!3/22a3/2# ~20!

we obtain

a5
2

r0
A2B

K`
F S r01

A

BD 3/2

2S A

BD 3/2G . ~21!

Equation ~21! shows that the surface diffusenessa is in-
versely proportional to the square root of the incompressi
ity K` .

Figure 4 shows the correlation between the incompre
ibility K` and the surface diffusenessa for the SGII ~the
dotted line!, SIII ~the dot-dashed line! and SkM* @25# ~the

d
,

FIG. 4. Correlation between the incompressibilityK` and the
surface diffusenessa with SGII ~the dotted line!, SIII ~the dot-
dashed line!, and SkM* ~the solid line! forces. The asymmetry pa
rameterI is changed fromI 50.0 to I 50.6, continuously. The re-
sults for two different values of the multiplication factor to th
Weizsäcker term,h51 and 2, are shown with the open and th
closed symbols, respectively.
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TABLE I. Root mean square radii of Sn isotopes calculated by using the relativistic mean field t
with two parameter sets, NL1@17# and NLSH@21#. r n , r c , andr m are the root mean square neutron, char
and matter radii, respectively, whiler n2r p is the difference between the neutron and proton radii. Exp
mental data are taken from Ref.@29#. All values are given in units of fm.

NL1 NLSH

Nuclei r n r c ~Expt.! r n2r p r m r n r c ~Expt.! r n2r p r m

100Sn 4.311 4.455 20.072 4.347 4.314 4.460 20.074 4.351
104Sn 4.455 4.504 0.023 4.444 4.433 4.500 0.004 4.4
108Sn 4.581 4.545 0.107 4.531 4.529 4.537 0.063 4.5
112Sn 4.682 4.581 4.586 0.171 4.606 4.627 4.569 4.586 0.129 4.5
116Sn 4.778 4.614 4.619 0.234 4.679 4.716 4.598 4.619 0.188 4.6
120Sn 4.860 4.643 4.646 0.287 4.743 4.791 4.626 4.646 0.235 4.6
124Sn 4.934 4.669 4.670 0.334 4.802 4.858 4.652 4.670 0.275 4.7
128Sn 5.007 4.695 0.380 4.862 4.917 4.678 0.308 4.7
132Sn 5.094 4.722 0.440 4.932 4.964 4.703 0.330 4.8
136Sn 5.227 4.759 0.536 5.036 5.121 4.737 0.452 4.9
140Sn 5.340 4.793 0.614 5.129 5.221 4.769 0.520 5.0
150Sn 5.563 4.881 0.748 5.326 5.426 4.851 0.642 5.2
160Sn 5.788 4.967 0.886 5.527 5.592 4.928 0.729 5.3
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solid line! forces, respectively, in which the asymmetry p
rameterI is changed from 0.0 to 0.6. Theh in Eq. ~16! is
taken to beh51 and h52. The results withh51 and
h52 in Fig. 4 show qualitatively the sameK` dependence
but qualitatively the surface diffuseness withh52 is about
10% larger than that forh51 for all interactions. There is a
clear difference in the surface diffusenessa given by the SIII
and SGII forces reflecting the incompressibility depende
of a in Eq. ~21!. It is also interesting to notice that the SkM*
force gives a larger surface diffuseness than the SGII fo
despite the fact that they have almost the sameK` value.
Experimental data of electron scattering and the x-ray m
surements ofm-onic atoms are consistent with the surfa
diffusenessa50.54 fm for all stable nucleiA.16 @26#. The
calculated value of SGII withh51 at I 50 is close to the
empirical value, but somewhat larger atI .0.

IV. INCOMPRESSIBILITY OF Sn ISOTOPES
IN THE RELATIVISTIC AND NONRELATIVISTIC

MEAN FIELD PLUS BCS CALCULATIONS

In this section, we present the results of relativistic a
nonrelativistic mean field calculations supplemented by
BCS theory for the pairing correlation for Sn isotopes. W
use the original Hamiltonian density~5! for the nonrelativis-
tic Skyrme Hartree Fock calculations without introducing t
extended Thomas Fermi approximation, while Eqs.~9! and
~10! are adopted for the relativistic mean field calculatio
In both calculations, the pairing correlation is then taken i
account in the BCS theory by solving the gap equations
the neutrons and protons taking the strengths of the pai
interactionsGp and Gn from @27,28#. See Ref.@28# for de-
tails of the numerical calculations concerning the BCS
proximation.

In subsection A, we discuss the isotope dependence o
radii of the neutron and the proton distributions, and of
density profile for various parameter sets in the relativis
and nonrelativistic calculations. In subsection B, we u
-

e
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these results to discuss the relation among the incompr
ibility of nuclear matter, the surface diffuseness, and the c
tral density of finite nuclei. To this end, we fit the calculat
density distribution by the Fermi-type density function.

A. Radii and density profile

Tables I and II show the results of relativistic and nonr
ativistic calculations of the radii for various Sn isotop
ranging from neutron deficient to neutron rich regions. T
NL1 and NLSH, and the SGII and SIII parameter sets ha
been used for the relativistic and nonrelativistic calculatio
respectively. Ther n andr p are the root mean square radii o
neutrons and protons, respectively, while ther m is the root
mean matter radius. The charge radiir c has been obtained b
convoluting the Gaussian proton charge distribution with
root mean square radius 0.8 fm to the proton density. Fig
5 shows the root mean square charge radiusr c as a function
of the asymmetry parameterI for the NL1 ~the open circles!,
NLSH ~the open squares!, SGII ~the filled circles!, and SIII
~the filled squares! parameter sets. Qualitatively, the increa
of the empirical radiusr c with I @29# is well reproduced by
all four interactions. Among them, NL1, NLSH, and SG
give satisfactory results quantitatively as well, while the S
parameter set gives systematically larger charge radius
0.07 fm on average than the experimental value. All the f
calculations predict a kink in the change of the charge rad
with I at the doubly closed nucleus132Sn. This is similar to
that observed in the isotope shift of Pb nuclei@28#. It will be
interesting to experimentally confirm this kink at132Sn.

Figures 6~a! and 6~b! show the charge density distribu
tions of 112,116,120,124Sn calculated with the NL1 and NLSH
and SGII and SIII interactions, respectively. The dotted a
dashed lines are the calculated results, while the solid lin
the experimental data. The central density distribution
smooth in experimental data for all isotopes, while the c
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TABLE II. Root mean square radii of Sn isotopes calculated by using Skyrme Hartree-Fock mode
two parameter sets, SGII@22# and SIII @23#. r n , r c , andr m are the root mean square neutron, charge,
matter radii, respectively, whiler n2r p is the difference between the neutron and proton radii. Experime
data are taken from Ref.@29#. All values are given in units of fm.

SGII SIII

Nuclei r n r c ~Expt.! r n2r p r m r n r c ~Expt.! r n2r p r m

100Sn 4.330 4.496 20.086 4.374 4.388 4.544 20.076 4.426
104Sn 4.421 4.533 20.033 4.437 4.476 4.583 20.028 4.490
108Sn 4.499 4.567 0.010 4.495 4.554 4.620 0.012 4.5
112Sn 4.571 4.600 4.586 0.048 4.550 4.625 4.654 4.586 0.047 4.6
116Sn 4.639 4.632 4.619 0.083 4.603 4.691 4.685 4.619 0.080 4.6
120Sn 4.704 4.660 4.646 0.118 4.656 4.753 4.713 4.646 0.110 4.7
124Sn 4.764 4.685 4.670 0.149 4.704 4.810 4.739 4.670 0.137 4.7
128Sn 4.819 4.708 0.176 4.751 4.863 4.764 0.161 4.8
132Sn 4.870 4.730 0.200 4.795 4.913 4.788 0.184 4.8
136Sn 4.956 4.765 0.249 4.866 4.992 4.819 0.228 4.9
140Sn 5.032 4.799 0.289 4.930 5.063 4.851 0.265 4.9
150Sn 5.198 4.884 0.367 5.079 5.214 4.929 0.334 5.1
160Sn 5.347 4.959 0.436 5.214 5.345 4.997 0.392 5.2
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re
culated one shows fluctuations. The surface part of the
perimental density is well reproduced by the NL1 and SG
interactions, while the other two interactions show some d
crepancies.

Figures 7~a! and 7~b! show the neutron and proton densi
distributions of 100,120,140,160Sn calculated with the NL1
NLSH, SGII, and SIII forces, respectively. In each figure, w
compare the results of relativistic and nonrelativistic cal
lations using forces with a similar incompressibility, i.e.,

FIG. 5. Asymmetry parameterI dependence of the charge rad
of Sn isotopes. The open circles and squares are calculated b
relativistic mean field theory with NL1 and NLSH interactions, r
spectively, while the filled circles and squares are calculated by
Skyrme Hartree-Fock model with SGII and SIII interactions,
spectively. Experimental data~filled triangles! are taken from Ref.
@29#.
x-
I
-

-

Fig. 7~a!, we compare the results obtained by the NL1 a
SGII interactions which have relatively small incompres
ibilities, while the results of the NLSH and SIII, which hav
larger incompressibilities, are compared in Fig. 7~b!.

As seen in Tables I and II, both the neutron and pro
radii increase with the neutron number. The central den
of neutrons increases fromA5100 to A5120, and stays
almost constant for heavier isotopes, while the neutron s
grows fromA5120 to A5160. The central proton densit
decreases with the neutron number, because the st
neutron-proton interaction extends the proton distribut
outward. If one compares Figs. 7~a! and 7~b!, one notices
that the interactions with the smaller incompressibilities, i
those shown in Fig. 7~a!, lead to a larger surface diffusenes
This is consistent with what we discussed in the previo
section using Eq.~21!. However, if one sees more closel
there are noticeable differences between the relativistic
nonrelativistic calculations in each figure, especially for t
140Sn and160Sn isotopes. For example, the neutron surfa
thickness given by the SGII force is smaller than that giv
by the NL1 set and this difference becomes larger for hea
isotopes. A similar trend can be seen in Fig. 7~b!, where one
sees that the neutron surface thickness given by the n
relativistic calculations using the SIII force is systematica
smaller than that given by the relativistic calculations us
the NLSH set.

B. Correlations among the incompressibility, central density,
and surface diffuseness

We now discuss the correlations among the incompre
ibility, the surface diffuseness and the central density of
nite nuclei. To this end, we fit the calculated density dis
bution r(r )5rn(r )1rp(r ) for each isotope with the Fermi
type functionr(r )5r0 /(11e(r 2R)/a). We use the equation
A5 (4p/3) r0R3$11p2(a/R)2% to guarantee the mass num
ber A conservation and considerr 2 times the density instead

the
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FIG. 6. Charge density distributions of112,116,120,124Sn; ~a! with NL1 and NLSH, and~b! with SGII and SIII interactions. The dotted
dashed, and solid lines show calculated results and experimental data, respectively. Experimental data are taken from Ref.@29#.
es
ti

e

ibil-
of the density itself in order to extract the surface diffusen
without being suffered from the fluctuations in the theore
cal density distribution nearr 50.
s
-

Figures 8~a! and 8~b! show the correlation between th
obtained central density and the incompressibilityK` and
that between the surface diffuseness and the incompress
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FIG. 7. Neutron and proton density distributions of100,120,140,160Sn; ~a! with NL1 and SGII, and~b! with NLSH and SIII, respectively.
The solid and dashed~dashed and dot-dashed! lines show densities of neutrons~protons!, respectively.
h

he
he
ity K` , respectively, whereK` has been determined for eac
isotope from Fig. 1~a! at the correspondingI value. The re-
sults are obtained by the relativistic calculations with t
NL1 ~the open circles! and NLSH~the open squares! param-
eter sets, and by the nonrelativistic calculations with t
SGII ~the filled circles! and SIII ~the filled squares! forces.
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PRC 58 2805INCOMPRESSIBILITY AND DENSITY DISTRIBUTIONS . . .
The 13 Sn isotopes are studied by changing 4 neutron
succession betweenA5100 andA5140 and 10 neutrons in
succession betweenA5140 andA5160. The incompress
ibility K` is the largest for100Sn and the smallest for160Sn.

The correlation between the incompressibilityK` and the
central density in Fig. 8~a! is found to be very analogous t
that betweenK` and the saturation density for nuclear mat

FIG. 8. ~a! Correlation between the incompressibilityK` and
the central density in Sn isotopes.~b! Correlation between the in
compressibilityK` of asymmetric nuclear matter and the surfa
diffuseness in Sn isotopes. The open circles and squares are c
lated by the relativistic mean field theory with NL1 and NLS
interactions, respectively, while the filled circles and squares
calculated by the Skyrme Hartree-Fock model with SGII and S
interactions, respectively. The results of 13 Sn isotopes are sh
by changing 4 neutrons in succession betweenA5100 and A
5140 and 10 neutrons in succession betweenA5140 and A
5160.
in

r

shown in Fig. 3. In general, a stronger isotope dependenc
the central densityr(0) is predicted in relativistic calcula
tions than that in nonrelativistic Skyrme Hartree-Fock calc
lations.

Figure 8~b! shows the correlation between the surface d
fusenessa and K` . The surface diffuseness monotonical
increases with the neutron number except for the isotope
the vicinity of the double magic nucleus132Sn, while the
incompressibilityK` decreases. Therefore, there is a cle
correlation betweena andK` irrespective of the relativistic
or non-relativistic calculations, and of the details of the p
rameter sets within each approach.

Moreover, the figure shows that the NL1 set and the S
force which have almost the same smallK` value have very
similar correlation betweenK` anda not only qualitatively,
but also quantitatively for the isotopes betweenA5100 and
132, though the relativistic calculations predict much larg
surface diffuseness for heavier isotopes. A similar situat
holds for the NLSH set and the SIII force which have almo
the same largeK` value. The dependence of the central de
sity and the surface diffuseness on the asymmetry param
I shown in Figs. 8~a! and 8~b! will be useful to distinguish
various theoretical models through a systematic experime
study of the density distributions of Sn-isotopes.

V. SUMMARY

We studied the incompressibility of asymmetric nucle
matter in relation to the saturation density and the surf
diffuseness. First, the analytic expressions of the Ham
tonian density in the relativistic mean field theory and in t
Skyrme Hartree-Fock theory have been used to discuss
asymmetry parameterI dependence of the saturation dens
and its connection with the incompressibilityK` . We found
that the saturation density is smaller for the interaction w
larger incompressibility in the case ofI 50.0. On the other
hand, atI 50.6, the correlation is opposite; the saturati
density is larger for the interaction with larger incompres
ibility. These results for the saturation density hold irresp
tively of the relativistic or nonrelativistic models. We studie
also the relation between the incompressibility of asymm
ric nuclear matter and the surface diffuseness of the den
distribution by using the extended Thomas Fermi approxim
tion. We obtained the analytic relation in which the surfa
diffuseness is inversely proportional to the root of the inco
pressibility K` and also depends on the asymmetry para
eter I . Next we showed the correlations between the inco
pressibility of asymmetric nuclear matter and the surfa
diffuseness, and between the incompressibility and the c
tral density in the relativistic mean field calculations wi
NL1 and NLSH interactions and also in the Skyrme Hartre
Fock calculations with SGII and SIII interactions. We e
tracted the surface diffuseness and the central densitie
fitting the calculated nuclear densities of 13 Sn isotopes w
the Fermi-type function. In these analyses, we found that
correlation between the incompressibility of asymmetric n
clei and the central density of nuclei is similar to that b
tween the incompressibility and the saturation density
asymmetric nuclear matter. It was also found that there
clear model dependence of the correlation between the
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2806 PRC 58S. YOSHIDA, H. SAGAWA, AND N. TAKIGAWA
compressibility of asymmetric nuclear matter and the cen
density, even for the interactions which have almost
same incompressibility. On the other hand, the two mod
give a very similar correlation between the incompressibi
and the surface diffuseness for the isotopesA5100– 160, for
the interactions with almost the same incompressibilities
symmetric nuclear matter. This correlation is very differe
for the interaction with different incompressibility in th
same model. The above correlations could be useful to
down the validity of the models and also the interactions
comparison with future experimental data of density dis
butions in nuclei near drip lines.
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