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Proton drip line nuclei around Z530 to 40
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Neutron deficient collision products withZ530 to 40 at high excitations are investigated. The proton drip
line is significantly altered due to temperature and rotation. The effects of thermal and rotational excitations on
proton separation energy are investigated. The level density parameter and the nuclear level density of the
isotopes of thesef p shell nuclei are also calculated.@S0556-2813~98!07810-8#

PACS number~s!: 24.60.2k, 21.10.Ma, 21.10.Dr
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I. INTRODUCTION

Recent experiments on proton radioactivity@1,2# around
Z530 nuclei@3,4# and identification of nuclei near the pro
ton drip line @5,6# have improved our understanding abo
these nearly unstable nuclei in whichb decay and particle
capture compete to establish stability. These neutr
deficient nuclei are usually formed in heavy ion collisio
and are in a highly excited state, their decay greatly in
enced by thermal and collective excitations. Though sev
calculations are found in the literature for mapping the d
line nuclei @7–9#, like the macroscopic-microscopic@10#
method, only a few calculations have included the effects
excitation on the proton and neutron separation ener
@11–13# and neutron drip line@14#.

In the present article we have investigated the proton d
line nuclei and included both thermal and rotational exc
tions through the statistical theory@11,12,15–19# while re-
taining the macroscopic-microscopic method for the grou
state nuclei. In view of the very high spins possible in t
nucleus formed in collisions, the statistical theory of hot
tating nuclei@20,21# is used here. We present here results
proton drip line nuclei in the regionZ530 to 40, which are
f p shell nuclei. We find in some cases,Z530, 32, and 38,
that thermal excitation pushes the drip line to higher neut
numbers due to nuclear level density fluctuations. The effe
of rotation on the separation energySp of the last proton is
also investigated for these nuclei.

In Sec. II, we present the method of obtaining the grou
state proton separation energy with a macrosco
microscopic approach for neutron deficient even-even nu
with Z520 to 70, where we incorporate the Strutinsky sh
correction@22–24# to energy into the LDM mass formula o
Moller-Nix @25# and obtain the corrected proton separat
energySp . This is similar to our earlier calculation for th
neutron drip line@14#. The locus of the neutron numbers fo
which Sp→0 is the proton drip line. Experimentally, the pro
ton drip line has been mapped by the GANIL group@26# for
nuclei belowZ530. ForZ533, 35, and 37 also, the proto
drip line has apparently been reached by the NSCL gr
@3#. In Sec. III, we introduce the effect of temperature a
spin to study the changes in the proton separation energ
well as the proton drip line, with spin and temperature.
PRC 580556-2813/98/58~5!/2743~7!/$15.00
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II. THE MACROSCOPIC-MICROSCOPIC APPROACH

In the macroscopic method which is based on the liq
drop model ~LDM !, binding energy varies smoothly with
particle number. The macroscopic separation energy ca
obtained by taking the difference in LDM binding energi
of a system withZ protons andN neutrons in its ground stat
and the final system of (Z21) protons andN neutrons, i.e.,

Sp
mac5EB LDM~Z,N!2EB LDM~Z21,N!.

The macroscopic separation energy has been obtained in
work by using the LDM mass formula of Moller-Nix@25#.
The macroscopic separation energySmac is unable to accoun
for the closed shell discontinuity which arises because of
nonuniform distribution of single particle levels in th
nucleus. Nucleon shell effects can be considered as the s
deviation from the uniform distribution of nucleons an
hence the corresponding correction to macroscopic energ
made which is termed as the shell correction. Contributio
to the microscopic term come from the shell correcti
which is determined by using Strutinsky’s shell correcti
method.

Strutinsky’s shell correction to energy can be written a

dE5(
i 51

A

« i2Ẽ, ~2.1!

where the first term is the shell model energy and the sec
term is the smoothened energy. The smearing widthg
'1.2\v and levels up toN511 shells of the Nilsson mode
with Seegar parameters@27# are used; this choice ensure
that the level scheme is suitable over a wide range of m
number. The single-particle eigenvalues« i are different for
protons and neutrons~« i

Z and« i
N!. The diagonalization of the

Hamiltonian is done using cylindrical basis states@28,29#
with Hill-Wheeler @30# deformation parameters~u,d!. The
value of the angular deformation parameteru ranges from
2180° ~oblate with symmetry axis parallel to rotation axi!
to 2120° ~prolate with symmetry axis perpendicular to rot
tion axis!. The axial deformation parameterd ranges from 0
to 0.6.

When the shell correctiondE(u,d) for a given deforma-
tion is added to macroscopic binding energyELDM of the
spherical nuclei along with the deformation energyEdef, we
2743 ©1998 The American Physical Society
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2744 PRC 58M. RAJASEKARAN AND MAMTA AGGARWAL
get the total corrected binding energy which is maximiz
with respect to deformation parameters~u,d!.

EB tot~Z,N,u,d!5EB LDM~Z,N!

2Edef~Z,N,u,d!2dE~Z,N,u,d!.

~2.2!

The corrected proton separation energy is obtained fr

Sp
cor5EB~Z,N,u,d!2EB~Z21,N,u,d!, ~2.3!

or

Q5EB~Z,N,u,d!2EB~Z11,N,u,d!.

A positive Q value or a negativeSp indicates the instability
of the nucleus against proton radioactivity.

In Fig. 1,Sp vs neutron number is plotted for Zn, Ge, S
Kr, Sr, and Zr nuclei. The corrected separation energiesSp

cor

obtained by using Eqs.~2.2! and ~2.3! agree very well with
the experimental@31# values. We notice that the proton sep
ration energy decreases as neutron number decreases. O
to the Coulomb term in the mass formula, it is not possible
have nuclei with a very large proton excess and therefore

FIG. 1. One proton separation energySp
cor vs N for Zn, Ge, Se,

Kr, Sr, and Zr.

FIG. 2. Proton drip lines obtained by macroscopic separa
energy and corrected separation energy.
d

,

-
ing

o
he

proton drip line lies rather close to theN5Z line in contrast
to the neutron drip line@8,14,32#, where the neutron to pro
ton ratioN/Z52.3 approximately.

In Fig. 2 we have traced the proton drip line fromZ
520 to 70. Here we note that the inclusion of shell corre
tions alters the position of the drip line. The proton drip lin
obtained with the macroscopic mass formula is a smo
curve whereas the one obtained withSp

cor fluctuates due to
shell and deformation effects. Table I contains the values
corrected proton separation energy for nuclei fromZ520 to
40 lying on or close to the proton drip line along with th
values ofSp from Ref. @7# which agree quite well with our
results. Available experimental proton separation energ
@31# are also given.

We found that astrophysically interesting@33# isotopes of
65As and 69Br with triaxial ~u52160°, d50.2! and oblate
(u52180°, d50.2! shapes, respectively, are unstab

n

FIG. 3. ~a! Plot of Sp vs neutron number for Zn atT50 and 1
MeV. ~b! Same as~a!, but for Ge.~c! Same as~a!, but for Sr.
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TABLE I. Corrected proton separation energy for neutron deficient nuclei fromZ520 to 40 along with
calculated values from Ref.@7# and available experimental@31# values of proton separation energy.

Z A
Sp

cor

~MeV!
Sp(calc.)a

~MeV!
Sp(expt)b

~MeV! Z A
Sp

cor

~MeV!
Sp(calc.)a

~MeV!
Sp(expt.)b

~MeV!

20 32 20.397 32 62 2.438 2.54
20 34 2.045 32 64 5.053 5.0
20 36 4.108 32 66 6.490 6.2
20 38 5.404 33 61 23.187 22.7
20 40 9.919 33 63 21.860 21.3
22 36 21.295 33 65 20.595 20.4
22 38 0.671 33 67 2.190
22 40 2.580 34 62 20.239 20.14
22 42 4.071 34 64 0.997 1.0
22 44 7.889 34 66 2.190 2.5
24 40 20.448 34 68 4.619 4.7
24 42 0.953 34 70 5.843 5.8
24 44 2.986 34 72 7.035
24 46 4.818 35 65 22.957 22.8
24 48 8.578 35 67 21.583 21.7
26 42 21.776 35 69 20.502 20.6
26 44 0.021 35 71 3.571
26 46 1.548 1.4 36 66 20.528 20.001
26 48 2.993 2.7 36 68 1.171 1.3
26 50 4.637 36 70 1.944
26 52 7.592 36 72 4.993 4.67
28 46 21.257 36 74 6.986 5.8
28 48 0.849 0.5 36 76 6.464
28 50 1.920 1.5 38 68 21.158
28 52 2.985 2.6 38 70 0.428
28 54 4.674 38 72 0.649
28 56 8.170 38 74 1.428
28 58 8.764 38 76 5.461
30 52 21.937 22.1 38 78 5.425 5.9
30 54 0.171 20.23 38 80 6.396 6.6
30 56 0.429 1.2 40 74 20.177
30 58 2.002 40 76 0.961
30 60 5.085 5.1 40 78 2.075
32 56 20.775 22.2 40 80 4.078
32 58 0.546 20.2 40 82 5.143 5.5
32 60 1.001 1.08 40 84 6.185 6.3

aSee Ref.@7#.
bSee Ref.@31#.
c

u

is

en-
le-
against proton emission withSp
cor,0, in agreement with the

prediction of Refs.@3,7,34,35#. However, the macroscopi
separation energies of65As and69Br are found to be 324 keV
and 418 keV, respectively, and hence are weakly bound
der the macroscopic consideration.

III. STATISTICAL THEORY FOR HOT
ROTATING NUCLEI

The grand partition function for a hot rotating nucleus
given by

Q~aZ ,aN ,b,g!5( exp~2bEi1aZZi1aNNi1gMi !.

~3.1!
n-

where the Lagrangian multipliersaZ , aN , and g conserve
the number of protons, neutrons, and total angular mom
tum M of the system and are fixed by the following sadd
point equations:

2] ln Q/]b5^E&,

] ln Q/]aZ5^Z&,

] ln Q/]aN5^N&,

] ln Q/]g5^M &. ~3.2!
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The corresponding equations in terms of single-particle l
els for the protons« i

Z with spin projectionmi
Z , and neutrons

« i
N with spin projectionmi

N @36#, are

^Z&5( ni
Z5( @11exp~2aZ1b« i2gmi

Z!#21,

~3.3a!

^N&5( ni
N5( @11exp~2aN1b« i2gmi

N!#21,

~3.3b!

^E~M ,T!&5( ni
Z« i

Z1( ni
N« i

N , ~3.3c!

FIG. 4. ~a! Sp vs N for different angular momentaM50, 10\,
and 20\ for Zn. ~b! Same as~a!, but for Ge.~c! Same as~a!, but for
Sr.
-

^M &5( ni
Zmi

Z1( ni
Nmi

N . ~3.3d!

The Lagrangian multiplierg plays the same role as the rot
tional frequencyv in the cranking termvJ of the cranked
Nilsson Hamiltonian@37#; in fact, for biaxial deformation
they are numerically equal asT→0.

When M50, the thermal excitation energyU(T) of the
system is given by

U~T!5E~0,T!2E~0,0!, ~3.4!

whereE(0,0) is the ground-state energy of the nucleus giv
as

E~0,0!5(
i 51

Z

« i
Z1(

i 51

N

« i
N . ~3.5!

The rotational energyErot is calculated using Eq.~3.3c!

Erot~M !5E~M ,T!2E~0,T!. ~3.6!

We define an effective excitation energy

Ueff~T!5U~T!2dEshell, ~3.7!

wheredEshell is the ground-state shell correction. This is d
to the fact that a part of the excitation energy is used
overcome the shell forces which are deformation depend

The total excitation energy is obtained using

FIG. 5. ~a! Level density parameter vsN for Ge at T
50.5 MeV andM50, 10\, 20\. ~b! Same as~a!, but for Sr.
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FIG. 6. ~a! Rotational energyErot vs M (\) for Zn atT50.5 MeV. ~b! Erot vs M (\) at T50.5 MeV for Ge.~c! Same as~b!, but for As.
~d! Same as~b!, but for Br. ~e! Same as~b!, but for Sr.
s

U~M ,T!5Ueff~T!1Erot~M !. ~3.8!

The single-particle level density parametera(M ,T) as a
function of angular momentumM and temperatureT is ex-
tracted using

a~M ,T!5U~M ,T!/T2. ~3.9!

The nuclear level densityr(U) @36# for a nonrotating system
(M50) is given as

r~U !5
Ap exp~2AaU!

12U~aU!1/4 , ~3.10!
whereas, in the case of a rotating system,r(U) is evaluated
using the expression@38#

r~U !5
~\2/2u!3/2~2I 11!Aa exp~2AaU!

12~U1T!2 , ~3.11!

where the excitation energyU5@E(M ,T)2E(0,0)#2Erot .
The moment of inertiau is obtained with the expression

@39#

u15\2I ~dErot /dI !21. ~3.12a!

u25\2~d2Erot /dI2!21. ~3.12b!
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Equation~3.12b! is used only when there is band crossin
HereM5I 11/2, as mentioned in Ref.@11#.

The total binding energy of the system ofN neutrons and
Z protons at temperatureT with angular momentumM,
which should be maximized with respect to deformation
rameterh, is given as

EB~Z,N,T,M ,h!5EB~Z,N!2Edef~h!

2U~M ,T,h!2Erot~M ,h!.

~3.13!

Hereh refers to both angular and axial parameters.
The proton separation energySp , as a function of spin

and temperature, is given by

FIG. 7. ~a! Sp vs M (\) for neutron deficient isotopes of Sr.~b!
Same as~a!, but for As. ~c! Same as~a!, but for Br.
.

-

Sp~Z,N,T,M ,h!5EB~Z,N,T,M ,h!2EB~Z21,N,T,M ,h!.
~3.14!

We present here the results on the effects of thermal
collective excitations on the proton separation energies
level density parameter of the neutron deficient nuclei Z
Ge, As, Br, and Sr, lying on or close to the proton drip lin

Effects of temperature on the proton separation ene
and proton drip line are shown in Figs. 3~a!–3~c! where the
drip line is shifted towards the higher neutron number. F
the even-even nuclei Zn, Ge, and Sr, the proton drip line
reached atN522, 24, and 30, respectively, atT50; at T
51 MeV, the drip line nuclei are withN524, 26, and 32,
respectively.

Proton separation energies of nuclei withZ530, 32, and
38 for different spinsM50, 10\, and 20\ at T50.5 MeV
are shown in Figs. 4~a!–4~c!. Here we observe that the pro
ton separation energy increases significantly due to spin,
pecially near the magic neutron numberN528 for Zn. This
may be due to the transition from spherical shape~at M50!
to oblate shape~at M510\!. For Z538, the change inSp
due to spin is not very significant up to 20\.

The level density parameter that carries with it t
deformation-dependent shell effects affecting the separa
energy is plotted in Figs. 5~a! and 5~b! for Ge and Sr.

Figures 6~a!–6~e! show the variation ofErot with spin at
T50.5 MeV for neutron deficient nuclei Zn, Ge, As, Br, an
Sr. We observe a dip inErot aroundM540– 54\ due to a
sudden rise in deformation suffered by the various isoto
of the above-mentioned nuclei. In38Sr34, at M560\, the
equilibrium deformation rises suddenly to a valued50.6,
andErot drops and the separation energySp decreases by 0.3
MeV @see Fig. 7~a!#.

In Sec. II, we observe that65As has ground-state~i.e.,
with M ,T50! separation energySp

cor,0. As the spin in-
creases to 8.5\, Sp(Z,N,T,M ,h) rises to a positive value
and reaches a value 1.89 MeV at 58.5\. At M510.5\, it
suffers a shape transition from triaxial (u52160°) to oblate
shape~d50.3,u52180°!. At very high spins around 42.5\,
the deformation parameterd reaches an extremely larg
value. A similar change in deformation is observed
67–71Br isotopes also around 52.5\–58.5\. The nucleus69Br,
which has negative ground state proton separation energ~at

FIG. 8. Nuclear level density as a function of excitation ener
U for M50, 10\, and 20\ for 30

58Zn.
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M50 and T50! is weakly bound withSp(Z,N,T,M ,h)
50.188 MeV atT50.5 MeV and low spinsM.2\. As M
increases further,Sp(Z,N,T,M ,h) increases and reaches
value 1.52 MeV at 58.5\. The equilibrium shape of69Br
remains oblate (u52180°) up to M558.5\.
Sp(Z,N,T,M ,h) vs M (\) is plotted for neutron deficien
isotopes of As and Br in Figs. 7~b! and 7~c!. The proton
separation energySp increases with neutron number and sp
with small fluctuations.

Figure 8 shows the variation of nuclear level density a
function of excitation energyU for different spins. It is found
that the nuclear level density increases with excitation
ergy for all spins. WhenM50, all the excitation energy
available to the system is entirely thermal and shows hig
nuclear level density. As rotational energy increases,
nuclear level density is reduced due to part of the total
ergy being shared with the rotational degree of freedom.
A.
d
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t.
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P
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IV. CONCLUSION

We have calculated one proton separation energy from
macroscopic-microscopic model for neutron deficient nuc
from Z520 to 70. Shell structure and deformations of nuc
affect the proton separation energies and alter the drip l
Temperature and spin effects are incorporated. Proton s
ration energies are calculated for hot rotating neutron d
cient nuclei Zn, Ge, As, Br, Sr. Thermal and rotational ex
tations alter the drip line.
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