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Space correlations and the pairing interaction in nuclei
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~Received 20 May 1997!

We study the space correlations induced by the pairing interaction in a superconductive nucleus. We find
that it is possible to have pairs that present short range space correlations when they are described in the full
Hilbert space, while the use of a reduced Hilbert space introduces complicated structures in the space corre-
lations. The same types of phenomena are present when ad function is described in the full or in a reduced
Hilbert space.@S0556-2813~98!01810-X#

PACS number~s!: 21.60.Jz, 21.30.Fe
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The importance of elementary excitations constructed
pairs of nucleons as building blocks to describe the nuc
excitations has been known for a long time@1,2#. During the
1960s it was realized that the pairing interaction was relev
in the description of two particle transfer reactions in norm
and superconductive nuclei@3,4#. Nevertheless, the problem
of the spatial structure of the Cooper pairs in nuclei has
attracted much attention~Refs.@5–7#!. The spatial structures
obtained have many peculiar features, as can be seen i
figures of Ref.@5#: the pairs are not well localized in spac
they depend on the shells considered in the description o
system and the maximum of the probability does not oc
for small relative distances. The relation between part
transfer reactions and correlations in space induced by
interaction has been studied before by many authors@6–9#.

We will follow the nomenclature of Ref.@5#. For a pair of
nucleons moving in the full coordinate space the total wa
function can be written as

C~rW1 ,x1 ;rW2 ,x2!5(
a,b

Ba,b@ca~rW1 ,x1! ^ cb~rW2 ,x2!#,

~1!

where this wave function is the general antisymmetric wa
function describing these two particles.a corresponds to al
the quantum numbers needed to fully describe the sin
particle states.

In order to display in a simple way the space distributi
of the nucleon pair it is convenient to introduce the cente
mass and relative coordinates and to integrate the squa
the wave function over the angular and spin variables, i.

S~r ,R!5E uC~rW1 ,x1 ;rW2 ,x2!u2dr̂dR̂dx1dx2 . ~2!

The variable displayed in Ref.@5# P(r ,R) is related to
S(r ,R) in simple terms@P(r ,R)5r 2R2S(r ,R)#.

*Permanent address: The Harrison M. Randall Laboratory
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It is convenient to use for the single particle wave fun
tions those of the harmonic oscillator~HO!. The wave func-
tions in terms of center of mass and relative coordinates
the HO case can be written by using the Brody-Moshins
brackets. In this case Eq.~2! yields

S~r ,R!5 (
a1 ,a2

Ba1 ,a1
Ba2 ,a2(L

L̂4 ĵ a1

2 ĵ a2

2

3H l a1
l a1 L

1
2

1
2 L

j a1
j a1 0

J H l a2
l a2 L

1
2

1
2 L

j a2
j a2 0

J
3 (

n,n8,N,N8,l,L
^na1

,l a1
,na1

,l a1
,Lun,l,N,L,L&

3^na2
,l a2

,na2
,l a2

,Lun8,l,N8,L,L&fnl

3~r !fNL~R!fn8l~r !fN8L~R!. ~3!

We performed our study in50Sn114 using as two-body
Hamiltonian the schematic pairing interaction. We choo
different sets of single particle levels to study the effect
the Hilbert space size on the structure of the ‘‘Cooper pair

It is convenient to use the BCS approximation to treat
pairing interaction. In this case the correlated ground can
written as

uBCS&5)
i .0

~Ui1Viai
†aī

†
!u0&

5N* exp(
i

S Vi

Ui
Dai

†aī
†u0&5N expG†

u0&, ~4!

whereai
† creates a particle with quantum numbersi andG†

creates a pair of nucleons.G† can be considered as an oper
tor that is proportional to the one that creates a ‘‘Coop
pair’’ and as we only want to display relative probabilitie
we will not take care on the normalization ofG†.

We can then use this two particle wave function as
one of Eq.~1!. Thus Ba,b5da,b(VaA2 j a11/Ua) and Eq.
~3! can be used to evaluateS(r ,R).

f
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FIG. 1. Countor plots ofS(r ,R) @~a! and~b!# andP(r ,R) @~c! and~d!#. In ~a! and~c! we use the larger Hilbert space (N50 to N56 with
Gn514.5 MeV/nucleon) while in~b! and ~d! we use the reduced one~five levels withGn521 MeV/nucleon).
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Spherical HO levels including corrections due to the c
trifugal and spin-orbit interactions were used as sing
particle levels@10,11#. We used these single-particle leve
starting atN52n1 l 50 up to N56 ~2 shells above the
Fermi energy!, except for the levels close to the Fermi su
face, were we used those from Ref.@12#. Those substitutions
were done so that the sum of the single particle energy ti
the degeneracy of the levels involved remains constant.

The contour plot of the functionsS(r ,R) andP(r ,R) de-
pend strongly on the size of the Hilbert space considere
their evaluation. We used two different Hilbert spaces:
first one was formed by all the single particle levels fro
N50 to N56. The other was formed only by the five sing
-
-

es

in
e

particle levels that are usually considered in the descrip
of 50Sn114. As the value of the pairing gapD depends on the
size of the Hilbert space we used two different strengths:
is the value that gives the rightD when using five levels
(G521 MeV/nucleon), the other one yields the same va
for D when using all the levels fromN50 to N56 (G
514.5 MeV/nucleon). The fact that the gaps have the sa
value implies that the resultingU andV factors for the levels
near the Fermi surface will almost be the same, but for
levels away from the Fermi surface, theU andV factors will
not be exactly 1 or zero.

In Fig. 1 we display the contour plot of the function
S(r ,R) @~a! and~b!# andP(r ,R) @~c! and~d!#. In ~a! and~c!
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we use the larger Hilbert space with G
514.5 MeV/nucleon, while in~b! and ~d! we use the re-
duced one withG521 MeV/nucleon.

It is found that once the system is superconductive
results are almost independent of the strength of the pai
interaction. It can also be seen that the square of the w
function S(r ,R) has less structure than the probabil
P(r ,R). On the other hand, the consideration of a larg
Hilbert space decreases dramatically the appearance of

FIG. 2. Countor plots ofPd(r ,r 8,R,R8) using r 850.01b and
R852.75b. In ~a! we use the larger Hilbert space (N50 to N
56) while in ~b! we use the reduced one~five levels!.
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plicated structures. In the larger space the pairs have st
short range correlations not only in the square of the w
function, but also in the probability distribution. The maxim
of the former take place for reasonable values not only
the relative distances but also for the value of the cente
mass.

The results obtained when using the reduced Hilbert sp
have similar features than those obtained in Ref.@5#: the
inclusion of the 0h11/2 state makes the probability distribu
tion more asymmetric, shifting it to larger values ofR and
correspondingly to smaller values ofr . Besides, the numbe
of maxima is similar toN, as was noted in Ref.@5#.

When using the larger Hilbert space it is difficult to com
pare in detail our results for50Sn114 with those of Ref.@6# but
their wave function~that includes all the shells fromN50 to
N55) has its most important feature in common with ou
it is strongly peaked for small values ofr .

It was difficult to understand how an interaction of sho
range, as one believes the pairing interaction is, may ind
spatial structures so complicated and clearly not of sh
range when working in a reduced Hilbert space. A possi
explanation can be that the effective interaction in the
duced Hilbert space~implied by the use of only five shells
close to the Fermi surface! is not really of short range but ha
a complicated structure. These structures are artifacts du
the fact that in a reduced Hilbert space one can only rep
duce functions similar to those of the basis.

To check this possibility we consider the influence of t
Hilbert space size in the representation of theJ50 part of a
short range function, such asd(rW2rW8)d(RW 2RW 8). It is

d~rW2rW8!d~RW 2RW 8!

5
1

4 (
S,S8,MS ,MS8 ,a>b,J,M

^rW,RW ,S,MSua j ab j b ,JM&

3^a j ab j b ,JMurW8,RW 8,S8,MS8&. ~5!

In order to look at the existence or not of complicat
structures depending on the Hilbert space size, it is con
nient to use the HO wave functions as a complete basi
write down the space representation of thesed8s functions.
Using Eq.~2! we can integrate over all the angles and su
over all the spins using for the intermediate states two p
ticle HO antisymmetric states. In this way we obtain for t
J50 part of thed8s

Sd~r ,r 8,R,R8!5 (
a>b

(
l

l̂4 ĵ a
2 ĵ b

2H l a l b l

1
2

1
2 l

j a j b 0
J 2

3 (
nlNLn8N8

^nal anbl blunlNLl&

3^nal anbl blun8lN8Ll&fnl~r !fn8 l~r 8!

3fNL~R!fN8L~R8!. ~6!

Of course here we do not have theBa1 ,a2
factors as in Eq.

~3! as we are considering a short range function and not
two particles wave function. In a similar way as we did wi
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the square of the wave function, we can defi
Pd(r ,r 8,R,R8)5rr 8RR8Sd(r ,r 8,R,R8).

In Fig. 2 we displayPd(r ,r 8,R,R8) for the d functions
using both the large and the reduced Hilbert spaces con
ered in the model calculation of50Sn114. In order to have a
similar display as those in Figs. 1 and 2, we used the va
r 850.01b andR852.75b. It is seen that in the small Hilber
space thed functions are poorly reproduced, while in th
larger space their representation is more appropriate.
similarities between the results shown in Fig. 1 and Fig. 2
remarkable, and prove that the assumption that connects
existence of complicated structures in the two particle co
lations with the reduction of the Hilbert space is basica
correct.

The pairing interaction, which usually is thought of as t
short range part of the interaction, is a phenomenological
and it is considered by many authors to be schematic. N
ertheless recently@13# it has been found that the pairing in
teraction is the most important part of the phenomenolog
interactions derived from several realistic forces. These
thors also suggested the convenience of using a renorma
k.

v.
id-

es

he
e

the
-

e
v-

al
u-
a-

tion of the force as one moves to levels away from the Fe
surface. We have been able to use up to 7 major shells
taining the same value for the gap parameter, therefore u
a BCS wave function that in the region near the Fermi s
face is similar for both types of Hilbert spaces. The sim
tude between these wave functions makes plausible the
planation that the increase in the Hilbert space size does
induce big changes in the pair wave function but allows
the cancellations of small parts that in the reduced Hilb
space seem to produce long range correlations.

One may conclude that the complicated structures fo
in the pair wave functions@5# are mainly due to the smal
size of the Hilbert space used. The pairing interaction in
larger Hilbert space@13# will in general yield structures for
the pairs that are short range.
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