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Effects of hyperons on the dynamical deconfinement transition in cold neutron star matter
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The influence of the presence of hyperons in dense hadronic matter on the quantum nucleation of quark
matter is examined at low temperatures relevant to neutron star cores. We calculate the equation of state and
the composition of matter before and after deconfinement by using a relativistic mean-field theory and an MIT
bag model, respectively; the case in which hyperons are present in the hadronic system is considered, together
with the case of the system without hyperons. We find that strangeness contained in hyperons acts to reduce a
density jump at deconfinement as well as a lepton fraction in the hadronic phase. As a result of these reduc-
tions, a quark matter droplet being in a virtual or real state has its effective mass lightened and its electric
charge diminished into nearly zero. The Coulomb screening of leptons on the droplet charge, which has
significance to the droplet growth after nucleation in the absence of hyperons, is thus shown to be of little
consequence. If the effective droplet mass is small enough to become comparable to the height of the potential
barrier, the effect of relativity brings about an exponential increase in the rate of droplet formation via quantum
tunneling, whereas the role played by energy dissipation in decelerating the droplet formation, dominant for
matter without hyperons, becomes of less importance. Independently of the presence of hyperons, the dynami-
cal compressibility of the hadronic phase is unlikely to affect the quantum nucleation of quark matter at
temperatures found in neutron star interiors. For matter with and without hyperons, we estimate the overpres-
sure needed to form the first droplet in the star during the compression due to stellar spin-down or mass
accretion from a companion star. The temperature at which a crossover from the quantum nucleation to the
Arrhenius-type thermal nucleation takes place is shown to be large compared with the temperature of matter in
the core. We also determine the range of the bag-model parameters such as the bag constant, the QCD fine
structure constant, and the strange quark mass where quark matter is expected to occur in the star.
@S0556-2813~98!01910-4#
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I. INTRODUCTION

A neutron star core, at densities near and just above
normal nuclear densityn0'0.16 fm23, consists of uniform
nuclear matter being electrically neutral and roughly inb
equilibrium between its components such as neutrons,
tons, electrons, and muons. For still higher densities, i
possible that various forms of matter including hypero
meson~pion or kaon! condensates, quark matter drople
and/or quark-gluon plasmas might become energetically
vorable; their presence is predicted to play an important
in determining the structure and evolution of neutron st
@1#. Basically, these forms are thought to occur via pressu
induced phase transitions, whose nature, both static and
namical, is still uncertain in the absence of adequate in
mation about the properties of matter in the core such as
mutual interactions between its possible constituents and
equation of state.

The possible existence of quark matter in neutron s
started to be considered about two decades ago mainl
comparing the energies of hadronic and quark matter at
temperature@2#. Using a separate physical description of t
two phases, the transition from uniform hadronic matter
uniform quark matter, which proceeds suddenly at cons
pressure, was expected to occur in the density ra
;5 – 10n0 . The presence of uniform quark matter would e
hance neutrino luminosity and neutron star cooling via qu
Urca processes@3# as well as soften the equation of sta
PRC 580556-2813/98/58~4!/2538~22!/$15.00
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effectively @4#. However, the transition in theb-equilibrated
matter, which contains two conserved charges, i.e., elec
charge and baryon number, should proceed through a m
phase persisting over a finite range of pressure, as pred
by Glendenning@5# according to Gibbs’ criteria for phas
equilibrium. In the low pressure regime of the mixed pha
as asserted by Glendenning@5# and Heiselberget al. @6#,
quark matter droplets form a Coulomb lattice embedded
sea of hadrons and in a roughly uniform sea of electrons
muons. This spatial structure can arise because the pres
of strange and down quarks in the negatively charged qu
phase plays a role in decreasing the electron and muon F
energies and in increasing the proton fraction in the po
tively charged hadronic phase. With increasing pressure,
shape of quark matter changes from spheres to rods and
to plates, until the part of quark matter and that of hadro
matter begin to be replaced by each other. After furth
changes of the shape of hadronic matter from plates to r
and then to spheres, the system turns into uniform qu
matter at the highest pressure. Such structure of one
three-dimensional periodicity, which has a characteris
length;10 fm, would contribute not only to quake phenom
ena, possibly relevant to pulsar glitches, via its elastic pr
erties @7#, but also to enhanced neutron star cooling due
opening of the quark phase space for neutrino-genera
processes that are inhibited in a translationally invariant s
tem @8#. This sequence of geometrical structure comes fr
the competition between the surface and Coulomb energ
2538 © 1998 The American Physical Society
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indicating that these structural transitions are of first ord
The mechanism of quark-hadron phase transitions at non
densities, however, has not yet been established by full Q
calculations, e.g., by Monte Carlo calculations of latti
gauge theory.

Kinetics of the quark-hadron phase transitions has b
studied primarily in the context of the early universe a
ultrarelativistic collisions of heavy ions@9#. The astrophysi-
cal situation in which such kinetics could be significant
compression of dense stellar matter during collapse of a m
sive star’s core, spin-down of a neutron star, or mass ac
tion onto a neutron star from a companion star. The dec
finement transition in hadronic matter not containi
strangeness, if proceeding via homogeneous nucleation@10#,
begins with appearance of a critical-size droplet of tw
flavor ~up and down! quark matter induced by fluctuation
Since a precritical droplet moves back and forth on a ti
scale for strong interactions,;10223 s, which is many or-
ders of magnitude smaller than that for weak interactio
flavor must be conserved during the precritical situation.
a consequence, a critical droplet of three-flavor quark ma
containing strange quarks is unlikely to occur in spite of
stability over two-flavor quark matter. It is expected tha
critical droplet of up and down quark matter appears eit
via thermal activation of the energy barrier separating
initial metastable~hadronic! phase from the stable~quark!
phase in configuration space at high temperatures typica
matter created in highly energetic heavy-ion collisions and
stellar collapse, or via quantum penetration of this barrie
low temperatures appropriate to neutron star cores. We
note that during the growth of the critical droplet, weak pr
cesses producing strange quarks proceed fully in the st
interiors in contrast to the case of heavy-ion collisions.

In our recent papers@11,12#, the time required to form a
two-flavor quark matter droplet in a neutron star core, ori
nally composed of nuclear matter inb equilibrium, was cal-
culated for pressures near the point of the static deconfi
ment transition by using a quantum tunneling analy
incorporating the electrostatic energy and the effects of
ergy dissipation. It was found that the dissipation effec
governed by collisions of low-energy excitations in the ha
ronic phase with the droplet surface, significantly increa
the degree of overpressure needed to form a droplet in
star, and that the formed droplet develops into bulk ma
due to the screening of leptons on the droplet charge.
also discovered that the nucleation is likely to proceed
quantum tunneling rather than via thermal activation at te
peratures below;0.1 MeV typical of neutron star matter.
is of interest to note that strangeness may be present in
hadronic phase in the form of hyperons~L, S6, S0, etc.!
@13,14# or in the form of a kaon condensate@15#. The pres-
ence of strange quarks in hyperons or kaons, altering
only the equation of state and the composition before
after deconfinement but also the quark-hadron interfacial
ergy, may affect the nature of the formation and growth o
quark matter droplet.

A new physics content that we consider in this pape
the influence of the presence of hyperons on the dynam
deconfinement transition that may occur in the hadronic c
of a neutron star accreting matter from a companion or
tating down. We particularly evaluate at what pressure
r.
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quark matter droplet forms via quantum tunneling in t
metastable phase of hadronic matter containing hyper
~hereafter referred to as hyperonic matter!. For this purpose,
the thermodynamic properties of hyperonic matter such
the equation of state and the composition are estimated f
a relativistic mean-field theory; we use the one with the
rameters incorporating a binding energy ofL in saturated
nuclear matter@16#. By using an MIT bag model for the
thermodynamic properties of quark matter, we calculate
only the pressure at which a deconfinement transition fr
hyperonic matter inb equilibrium takes place statically sub
ject to flavor conservation, but also the corresponding ju
of baryon density. In the overpressure regime, the ti
needed to form a quark matter droplet is obtained usin
theory of quantum nucleation developed by Lifshitz and K
gan @17#; we build into this theory the effects of Coulom
energy, special relativity, energy dissipation@18#, and dy-
namical @19# and static compressibility. Some of these e
fects are found to be crucial for the formation and growth
a quark matter droplet. We then estimate the critical ov
pressure required to form the first quark matter droplet i
neutron star core that consists ofb-stable hyperonic matte
being compressed during a time scale for the spin-down
accretion. The resulting crossover temperature from
quantum tunneling to the thermal activation regime is sho
to be large compared with the typical temperatures of ma
in the core. By comparing the obtained critical pressure w
the central pressure of the star with maximum mass,
evaluate the range of the bag-model parameters, i.e., the
constant, the QCD fine structure constant, and the stra
quark mass, where quark matter is expected to occur
deconfinement in the star.

In Sec. II, the formalism to calculate the rate of nucleati
of a stable phase in a metastable phase via quantum tun
ing is discussed taking into account the effects of relativ
energy dissipation, and dynamical compressibility. In S
III, the static properties of the deconfinement transition
examined using a relativistic mean-field theory of hadro
matter with and without hyperons and a bag model for
confined matter. In Sec. IV, on the basis of the static pr
erties obtained in Sec. III and the formalism described
Sec. II, the time needed to form a quark matter droplet in
metastable phase of nuclear or hyperonic matter is calcul
in the overpressure regime; the critical overpressure and
quantum-thermal crossover temperature are also estim
allowing for the stellar conditions. Conclusions are given
Sec. V. In the Appendix, the quark distributions inside
droplet are considered.

II. QUANTUM NUCLEATION THEORY

In this section we first summarize a theory of quantu
nucleation of a stable phase in a low-temperature first-or
phase transition as advanced by Lifshitz and Kagan@17#. We
then extend this theory to a relativistic regime where
effective mass of a critical-size droplet of the stable phas
comparable to the height of a potential barrier. Effects
energy dissipation@18# and dynamical compressibility@19#
in the metastable phase, ignored above, are also built into
formalism to calculate the rate of quantum nucleation of
new phase. We assume in this section that the stable
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2540 PRC 58KEI IIDA AND KATSUHIKO SATO
metastable phases are electrically neutral quantum liq
with a single component.

A. Lifshitz-Kagan theory

Quantum tunneling nucleation of a stable phase in a fi
order phase transition was first investigated by Lifshitz a
Kagan@17#. Their analysis gives us a basic tool for evalu
ing the time needed to form a real droplet of the stable ph
at low temperatures and at pressures in the vicinity of
phase equilibrium pressure. At such pressures, a nucle
droplet contains a large number of particles so that the
sulting energy gain can compensate for the sharp energ
crease in the interfacial layer. One may thus consider a d
let being in a virtual or real state to be a sphe
macroscopically characterized by its radiusR(t) and de-
scribe the tunneling behavior of a virtual droplet in the sem
classical approximation. By assuming that the velocity
soundcs is sufficiently large compared with the velocity o
the phase boundary, i.e., both phases are incompressible
potential energy for a fluctuation of the radiusR may be
expressed in a standard form

U~R!5
4pR3

3
n2~m22m1!14pssR

2. ~1!

Here m1(m2) is the chemical potential of the metastab
~stable! phase calculated at fixed pressureP, n2 is the num-
ber density of the stable phase, andss is the surface tension
Expression~1! is derived from difference in the thermody
namic potential at fixed chemical potential between the
tial metastable phase and the inhomogeneous phase con
ing a single droplet. As Fig. 1 illustrates, the potential barr
occurs between the initial metastable state and the state
a real droplet having a critical radius,Rc53ss /n2(m1
2m2), which satisfiesU(Rc)50. The heightU0 of this bar-
rier is given byU05(4/27)4pssRc

2 .
The kinetic energy for a fluctuation ofR is also necessary

for the determination of the quantum nucleation rate. Dur
such a fluctuation, the density discontinuity between
stable and metastable phases induces a hydrodynamic
flow in the medium around the droplet. The velocity fie
v(r ) is obtained from the continuity equation and the boun
ary condition at the droplet surface as

FIG. 1. Potential energy for a fluctuation ofR, the radius of a
spherical droplet of the stable phase in a single-component sys
ds
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v~r !5H S 12
n2

n1
D ṘS R

r D 2

, r>R,

0, r ,R,

~2!

where Ṙ is the droplet growth rate, andn1 is the number
density of the metastable phase. The kinetic energyK(R) is
thus given by

K~R!5
1

2
M ~R!Ṙ2, ~3!

whereM (R) is the effective droplet mass,

M ~R!54pr1S 12
n2

n1
D 2

R3. ~4!

Herer1 is the mass density of the metastable phase.
At zero temperature, the time required to form a sing

droplet in the metastable phase may be calculated within
WKB approximation@20# by using the Lagrangian for the
fluctuating droplet

L~R,Ṙ!5
1

2
M ~R!Ṙ22U~R!. ~5!

Here no energy dissipation in the medium around the dro
is considered. The energyE0 for the zeroth bound state
aroundR50 is obtained from the Bohr quantization cond
tion

I ~E0!5
3

2
p\, ~6!

whereI (E) is the action for the zero-point oscillation

I ~E!52E
0

R2

dRA2M ~R!@E2U~R!#, ~7!

with the smaller classical turning radiusR2 . The corre-
sponding oscillation frequencyn0 and probability of barrier
penetrationp0 are given by

n0
215

dI

dEU
E5E0

~8!

and

p05expF2
A~E0!

\ G , ~9!

whereA(E) is the action under the potential barrier

A~E!52E
R2

R1

dRA2M ~R!@U~R!2E#, ~10!

with the larger classical turning radiusR1 . The formation
time t is finally calculated as

t5~n0p0!21. ~11!

m.
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PRC 58 2541EFFECTS OF HYPERONS ON THE DYNAMICAL . . .
B. Effect of relativity

In case the potential barrier heightU0 divided byc2 is as
large as the effective massM (Rc) of a droplet of critical
size, the effect of relativity on the quantum nucleation sho
be taken into account so thatuṘu<c may be satisfied. Since
this situation will appear in Sec. IV, it is instructive to d
scribe a relativistic version of the Lifshitz-Kagan theory. L
us here assume that the velocity field itself is small enoug
ensure the nonrelativistic description given by Eq.~2!. The
Lagrangian may then be rewritten as

L~R,Ṙ!52M ~R!c2A12S Ṙ

c
D 2

1M ~R!c22U~R!,

~12!

whereM (R) andU(R) are given by Eqs.~4! and~1!, respec-
tively.

We proceed to obtain the timet needed to form a drople
from the Lagrangian~12! in the semiclassical approximation
The Hamilton-Jacobi equation is derived from the Lagra
ian ~12! in a usual way as

~Mc2!25S ]S

]t
1U2Mc2D 2

2S ]S

]RD 2

c2, ~13!

where S(R,t) is the action associated with the Lagrangi
~12!. We perform the first quantization of Eq.~13! by replac-
ing S with \/ i , and we thereby obtain a time-independe
equation for the wave functionc(R) representing the state o
energyE as

F2\2c2
d2

dR2 1~U2E!~2Mc21E2U !Gc50. ~14!

Since Eq.~14! bears a resemblance to the nonrelativis
Schrödinger equation, we can derive the semiclassical so
tion to the tunneling problem described in terms of Eq.~14!
by following a usual line of argument developed in the no
relativistic case@21#. As a consequence, a set of equatio
for determining the formation timet is obtained in the forms
analogous to Eqs.~6!–~11!. The energyE0 for the zeroth
bound state aroundR50 is now determined from the Boh
quantization condition

I ~E0!52pS m01
3

4D\. ~15!

HereI (E), the action for the zero-point oscillation, is rewri
ten as

I ~E!5
2

c E
0

R2

dRA@2M ~R!c21E2U~R!#@E2U~R!#,

~16!

with the smaller classical turning radiusR2 ; m0 is the inte-
ger defined as

m05F I ~Emin!

2p\
1

1

4G , ~17!
d

t
to

-

t

-

-
s

whereEmin is the maximum value ofU(R)22M (R)c2, and
@¯# denotes the Gauss’ notation.Emin , being positive defi-
nite, yields the lower bound of the energy region whe
positive-energystates occur; by these we denote the sta
which ensure 2M (R)c21E2U(R)>0 for arbitraryR. The
zero-point oscillation frequencyn0 is determined by substi
tuting Eq.~16! into Eq. ~8!. On the other hand, the probabi
ity p0 of barrier penetration atE5E0 is given by Eq.~9! in
which we now use the underbarrier action

A~E!5
2

c E
R2

R1

dRA@2M ~R!c21E2U~R!#@U~R!2E#,

~18!

with the larger classical turning radiusR1 . The obtained
results forn0 and p0 lead to the formation timet via Eq.
~11!. Equations~12!–~18! reduce to the nonrelativistic coun
terparts in the limit ofc→`. The higher order effect of
relativity acts to raise the energy level and hence to enha
the tunneling probability, as will be clarified in Sec. IV.

C. Effect of energy dissipation

So far it was assumed that the system adjusts adiabatic
to the fluctuation ofR, i.e., a virtual droplet of the stable
phase fluctuates in a reversible way. In a realistic situat
however, relaxation processes involved proceed at a fi
rate; the density adjustment with varyingR is necessarily
accompanied by appearance of excitations in the metast
phase. These excitations give rise to dissipation of the t
energy of the droplet until the system reaches a comp
thermodynamic equilibrium. If the mean free pathl of the
excitations is much smaller thanR, the excitations play a
role in viscous transport of momentum from the high to t
low velocity region with the rate of energy dissipation,

dE

dt
54phS r 2

dv2

dr D
r 5R10

5216phS 12
n2

n1
D 2

RṘ2,

~19!

whereh is the viscosity of the metastable phase andv(r ) is
given by Eq.~2!. This energy dissipation is thus built into th
equation of motion for the droplet derived from Eqs.~5! or
~12! as an Ohmic friction force

F5216phS 12
n2

n1
D 2

RṘ. ~20!

In the case in whichl;R, however, the hydrodynamic de
scription of the dissipative processes ceases to be valid;
siderations of the energy dissipation require the use of
corresponding quantum kinetic equation. In the regimel
@R where the excitations behave ballistically, they colli
with the droplet surface and eventually relax in the medi
far away from the droplet. The resulting momentum trans
dissipates the total energy of the droplet at a rate

dE

dt
5216pahS 12

n2

n1
D 2 R2

l
Ṙ2, ~21!
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2542 PRC 58KEI IIDA AND KATSUHIKO SATO
wherea is a factor of order unity that depends on the nat
of the excitations and their interactions with the droplet s
face, and thus exerts an Ohmic friction force on the drop

F5216pahS 12
n2

n1
D 2 R2

l
Ṙ. ~22!

It is to be noted that expressions~21! and ~22! are based on
the hydrodynamic equation for the velocity field, which
not applicable to the situation considered here, and hence
not completely obvious.

The influence of the Ohmic dissipation described abo
on the quantum nucleation rate was investigated by Burm
trov and Dubovskii@18# in terms of a path-integral formal
ism. This formalism was pioneered by Caldeira and Legg
@22# to consider the dissipation effects on quantum tunne
in macroscopic systems; it was noted that these effects a
reduce the tunneling probability exponentially. Hereafter,
extend the estimation of the nucleation rate to the system
finite temperatureT with the help of path integrals, as ad
vanced by Larkin and Ovchinnikov@23#. The probability
p(T) of formation of a droplet in the medium undergoing t
energy dissipation is then given by the expression simila
Eq. ~9!:

p5expF2
A~T!

\ G . ~23!

HereA(T) is the extremal value of the effective actionSeff
specified in terms of an imaginary timet8:

Seff@R~t8!#5E
2\b/2

\b/2

dt8H M ~R!c2A11S Ṙ

c
D 2

2M ~R!c2

1U~R!1
h

4p E
2\b/2

\b/2

dt9@g~Rt8!

2g~Rt9!#
2

~p/\b!2

sin2p~t82t9!/\b J , ~24!

where b5(kBT)21 is the reciprocal temperature,Rt8 de-
notesR(t8), andg(R), the quantity determining the nonlo
cal dissipation term, is evaluated from the Ohmic fricti
forces~20! and ~22! as

g~R!5H 8p1/2

3 U12
n2

n1
UR3/2, R@ l ,

2~pa!1/2U12
n2

n1
U R2

l 1/2, R! l .

~25!

The effective action~24! is accompanied by the periodi
boundary conditionR(\b/2)5R(2\b/2).

Generally, one obtains two types of trajectories that
tremize the effective actionSeff . One of these trajectorie
corresponds to at8-independent classical trajectoryR(t8)
52Rc/3, along which the action amounts to\U0 /kBT. The
nucleation described by this trajectory proceeds via ther
fluctuations. The other trajectory depends explicitly ont8
and denotes the nucleation occurring via quantu
mechanical fluctuations. This statement is evident from
e
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fact that the corresponding extremal actionA(T) reduces to
A(E0) given by Eq.~18! in the limit of no energy dissipation
and zero temperature. According asA(T) dominates over
\U0 /kBT or not, the nucleation of the stable phase proce
via thermal activation or via quantum tunneling. There exi
an abrupt transition from the quantum tunneling to the th
mal activation regime at the temperatureT0 derived from the
relation

A~T0!5
\U0

kBT0
. ~26!

For the purposes of practical application, it is useful
summarize the results forA(T) in the ballistic (R! l ) and
nonrelativistic regime as given in Ref.@18#. In the case of
weak dissipation, the dissipative processes add a relati
small quantityA1(T) to A(E0); the analytic expressions fo
A(E0) andA1(T) are given atE050 by

A~E050!5
5&p2

16 U12
n2

n1
UAssr1Rc

7/2 ~27!

and

A1~T!54paS 12
n2

n1
D 2 hRc

4

l FJ2

p
1O~T2!G , ~28!

with J2'1.49. For temperatures up to the crossover po
T0 , not only doesA(E050) retain its form~27! but also the
term of orderT2 in Eq. ~28! is negligible. For normal Ferm
excitations in the medium, we obtainh/ l;n1pF with the
Fermi momentumpF5\(3p2n1)1/3. Here it is instructive to
note that in the case of weak dissipation, the Fermi veloc
vF5n1pF /r1 is negligibly small compared with the chara
teristic velocityA2U0 /M (Rc) of a virtual droplet moving
under the potential barrier. In the opposite case of stro
dissipation @vF@A2U0 /M (Rc) for normal Fermi excita-
tions#, the dissipation effects control the dynamics of t
droplet in configuration space and thus allow one to lea
out the kinetic term in the effective action~24!. The corre-
sponding expression forA(T) reads

A~T!54paS 12
n2

n1
D 2 hRc

4

l
s~T!, ~29!

where s(T), the normalized underbarrier action calculat
along the extremal trajectory, is'1.3 in the temperature
range includingT<T0 .

D. Effect of dynamical compressibility

In a system where the metastable phase is more or
compressible, a finite compressibility acts to reduce a por
of the liquid taking part in the hydrodynamic mass flow a
hence the overall kinetic energy, leading to an exponen
increase in the quantum nucleation rate. These effects w
considered by Korshunov@19# in the nonrelativistic regime
(c@uṘu) by taking account of the time dependence of t
velocity field. We formally extend his theory to the relativ
istic regime by replacing the kinetic term in the effectiv
action ~24! with
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SM@R~t8!#5E
2\b/2

\b/2

dt8F211A11S Ṙ

c
D 2G

3S c

Ṙ
D 2E

R~t8!

`

dr4pr1r 2F S ]w

]r
D 2

1
1

cs
2 S ]w

]t8
D 2G , ~30!

wherew(r ,t8) is the velocity potential assumed to be sphe
cally symmetric. The form ofSM adopted here is availabl
when the flow velocityuvu is much smaller thancs . The
extremalization ofSM in w results in the wave equation

]2w

]t82 1
cs

2

r 2

]

]r S r 2
]w

]r D50. ~31!

Equation~31! can be solved under the boundary condition
the droplet surface based on the assumption that the s
phase is incompressible:

S n2

n1
21D Ṙ52

]w~r ,t8!

]r U
r 5R~t8!

. ~32!

It is obvious from Eq.~30! that SM reduces to the kinetic
term in Eq.~24! ~hereafter defined asSK! in the incompress-
ible limit ( uṘu!cs). The differenceSC5SM2SK has a non-
local character similar to the dissipation term in Eq.~24!, as
shown in Ref.@19#.

The compressibility termSC , if the trajectory involved is
taken to be the extremal one obtained atT50 andE050 in
the nonrelativistic and dissipationless limit, leads to the
pression@19#

AC~T!52490S 3p

4 D 6S Rc

3 D 9S 12
n2

n1
D 4 r1

2

sscs
S kBT

\ D 4

.

~33!

Expression~33! describes just the principal term in the e
pansion with respect toT/T0 and A2U0 /M (Rc)/cs . It is
noteworthy thatAC(T) is proportional to (T/T0)4 for T
!T0 . This behavior, attributable to the emission of t
sound wave in the course of a fluctuation of the droplet
dius, persists in the case in which the conditi
A2U0 /M (Rc)!cs is violated, the energy dissipation take
effect, and/or the droplet surface moves relativistically,
long as the time of flight of the extremal trajectory is fini
for T50. Here we refrain from proving such finiteness e
plicitly, but this is a feature generally held by problems w
a mass varying withR.

III. STATIC DECONFINEMENT TRANSITION

We now estimate at what pressure hadronic matter ib
equilibrium undergoes a static deconfinement transition
zero temperature subject to flavor conservation.1 For this

1Hereafter, we take units in which\5c5kB51.
-

t
ble

-

-

s

-

at

purpose, we first describe the bulk properties of theb-stable,
zero-temperature hadronic matter with and without hyper
within the framework of a relativistic nuclear field theor
@24#. Its Lagrangian density, denoting the interactions b
tween baryons by the exchange ofM mesons (M
5s,v,r), is given by

L5(
B

c̄BS igm]m2mB1gsBs2gvBgmvm

2
1

2
grBgmt–rmDcB1

1

2
~]ms]ms2ms

2s2!2
1

4
vmnvmn

1
1

2
mv

2 vmvm2
1

4
rmn–r

mn1
1

2
mr

2rm–r
m2U~s!

1(
l

c̄ l~ igm]m2ml !c l , ~34!

with

vmn5]mvn2]nvm ,

rmn5]mrn2]nrm .

Here cB( l ) is the Dirac spinor for baryons B
5p,n,L,S1,S2,S0,J2,J0 ~for leptons l 5e2,m2!, t is
the isospin operator,gMB is the coupling constant betweenB
baryons andM mesons, andmi is the rest mass of the par
ticle of speciesi ( i 5B,M,l ). The potentialU~s!, denoting
the self-interactions of the scalar field and playing a role
reproducing the empirical nuclear incompressibility, take
specific form,

U~s!5
1

3
a1mn~gsNs!31

1

4
a2~gsNs!4, ~35!

whereN represents the nucleons (N5n,p).
From the Lagrangian density~34! we obtain a couple of

the Euler-Lagrange equations with respect to the meson
baryon fields. In the mean field approximation adopted he
the meson fields are replaced by their expectation values
are determined from the classical field equations@14#

mv
2 v05(

B
gvBnB , ~36!

mr
2r305(

B
grBt3BnB , ~37!

ms
2s52

dU~s!

ds
1

1

2p2 (
B

gsBMB
3@ tBA11tB

2

2 ln~ tB1A11tB
2 !#, ~38!

where nB is the number density ofB baryons,MB5mB
2gsBs is the effective mass of the baryon,t3B is the third
component of isospin of the baryon, andtB5kF,B /MB with
the corresponding Fermi wave numberkF,B5(3p2nB)1/3.
Here the meson fields are constant for any space and
since the considered system is static and uniform. This s
tem is also isotropic, leading tov5r350. We have as-
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2544 PRC 58KEI IIDA AND KATSUHIKO SATO
sumed, furthermore, that the charged components ofr me-
sons as well as the pions and the kaons have vanis
expectation values, as is normally the case.

The total energy density« tot and pressureP for the had-
ronic system are then calculated from the energy-momen
tensor derived from the Lagrangian density~34! as a sum of
the hadronic term and the leptonic term@14#. The resulting
expression for« tot is

« tot5«H1«L , ~39!

with

«H5U~s!1
1

2
ms

2s21
1

2
mv

2 v0
21

1

2
mr

2r30
2 1

1

8p2

3(
B

MB
4@~2tB

211!tBA11tB
22 ln~ tB1A11tB

2 !#, ~40!

«L5
1

8p2 (
l

ml
4@~2t l

211!t lA11t l
22 ln~ t l1A11t l

2!#,

~41!

wheret l5kF,l /ml with the Fermi wave number ofl leptons
kF,l5(3p2nl)

1/3. The pressure is obtained as

P5PH1PL , ~42!

with

PH52«H1(
B

nBmB , ~43!

PL52«L1(
l

nlm l , ~44!

where

mB5AkF,B
2 1MB

21gvBv01grBt3Br30 ~45!

is the chemical potential ofB baryons, and

m l5AkF,l
2 1ml

2 ~46!

is the chemical potential ofl leptons. Here electrons an
muons are looked upon as ideal gases; the density re
considered here is high enough for the kinetic energy
dominate over the energy induced by Coulomb interactio
The pressureP is in turn related to the total energy densi
« tot , equivalent to the mass densityr, via

P5nb
2 ]

]nb
S « tot

nb
D , ~47!

wherenb5(BnB is the total baryon density of hadronic ma
ter.

The parametersgsB , grB , gvB , a1 , anda2 contained in
Eqs. ~34! and ~35! have been taken from the values det
mined by Glendenning and Moszkowski@16#. The properties
of saturated nuclear matter adopted in Ref.@16# are charac-
ng

m

on
o
s.

-

terized by the binding energy per nucleon~16.3 MeV!, the
saturation density (0.153 fm23), the symmetry energy~32.5
MeV!, the incompressibility~300 MeV!, and the effective
nucleon mass (0.7mn). In such a way as to reproduce the
properties, the nucleon-meson coupling constants and the
rameters determining the strength of thes self-interactions
were chosen asgsN /ms53.434 fm, gvN /mv52.674 fm,
grN /mr52.100 fm, a150.00295, anda2520.00107. The
hyperon-meson couplings, denoted by the ratios

xsH5
gsH

gsN
, xvH5

gvH

gvN
, xrH5

grH

grN
, ~48!

were determined mainly from the empiricalL binding en-
ergy ~28 MeV! in saturated nuclear matter asxsH5xrH
50.6 andxvH50.653. Here the coupling constant ratios a
assumed to be the same for all hyperon species. It was n
that the ratios thus chosen are compatible with the obse
tional lower bound of the maximum neutron star mass a
with the upper bound ofxsH stemming from the fit to hyper-
nuclear levels.

In the determination of the equilibrium composition of th
hadronic system at a givennb , we need not only Eqs.~36!–
~38!, but also additional constraints. These are the cha
neutrality condition

(
B

qBnB2ne2nm50, ~49!

whereqB is the electric charge of the baryon of speciesB,
and theb-equilibrium conditions

mB5mn2qBme , ~50!

mm5me . ~51!

We have thus calculated the fractionYi5ni /nb of i particles
( i 5B,l ) in matter with and without hyperons; the resu
have been plotted as a function ofnb in Fig. 2. We can
observe in this figure that the lepton fractions in hypero

FIG. 2. Composition ofb-stable nuclear matter~upper panel!
and hyperonic matter~lower panel! at zero temperature, calculate
using the model of Glendenning and Moszkowski@16#.
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matter are drastically reduced by the appearance ofS2 hy-
perons in the density regionnb*2n0 . In Fig. 3 we have
depicted the equations of state of hadronic matter as ca
lated allowing for and ignoring the presence of hyperons.
comparison we have also included the equations of stat
equilibrium nuclear matter in the many-body calculatio
@25,26# based on realistic nucleon-nucleon interactions.
thus see that the presence of hyperons at high densitie
predicted from the relativistic mean-field theory softens
equation of state considerably. The relativistic field theo
used here automatically ensures the causality condition
the sound velocity

cs5S ]P

]r D 1/2

5S nb

r1P

]P

]nb
D 1/2

~52!

be confined within the velocity of light.
We turn to the description of the bulk properties of un

form quark matter, deconfined from theb-stable hadronic
matter mentioned above, by using an MIT bag model.
begin with the thermodynamic potential ofq quarks, where
q5u, d, and s denote up, down, and strange quarks, e
pressed as a sum of the kinetic term and the one-glu
exchange term@2,27,28#

Vq52
1

4p2 Fmq~mq
22mq

2!1/2S mq
22

5

2
mq

2D
1

3

2
mq

4 ln
mq1~mq

22mq
2!1/2

mq
G

1
as

2p3 H 3Fmq~mq
22mq

2!1/2

2mq
2ln

mq1~mq
22mq

2!1/2

mq
G2

22~mq
22mq

2!2J , ~53!

wheremq and mq are theq quark rest mass and chemic
potential, respectively, andas denotes the QCD fine struc
ture constant. Foru andd quarks, the ratios of the mass
the chemical potential are negligibly small; we thus use
following expressions in the massless limit:

Vu52
mu

4

4p2 S 12
2as

p D , Vd52
md

4

4p2 S 12
2as

p D .

~54!

The number densitynq of q quarks is in turn related toVq
via

nq52
]Vq

]mq
. ~55!

Then, the total energy density for the quark system is

« tot5«Q1«L , ~56!

with
u-
r
of

e
as

e
y
at

e

-
n-

e

«Q5(
q

~Vq1mqnq!1b

5S 12
2as

p D 3

4p2 ~mu
41md

4!

1
3ms

4

8p2 @xshs~2xs
211!2 ln~xs1hs!#

2
asms

4

2p3 $2xs
2~xs

212hs
2!23@xshs1 ln~xs1hs!#

2%1b,

~57!

wherexs5Ams
22ms

2/ms , hs5A11xs
2, «L is given by Eq.

~41! andb is the energy density difference between the p
turbative vacuum and the true vacuum, i.e., the bag cons
The total baryon density is now given by

nb5
1

3 (
q

nq . ~58!

By using the thermodynamic relation, we obtain the press

P5PQ1PL , ~59!

with

PQ52(
q

Vq2b, ~60!

wherePL is given by Eq.~44!.

FIG. 3. Equation of state of zero-temperature nuclear matte
b equilibrium. The solid and long-dashed lines are the results
culated from the model of Glendenning and Moszkowski@16#
within the relativistic mean-field~RMF! theory; the latter has bee
obtained allowing for the presence of hyperons. The dash-do
and dotted lines are the results obtained by Wiringa, Fiks, and F
rocini @25# using the Urbanav14 ~UV14! two-nucleon potential plus
the Urbana VII ~UVII ! three-nucleon potential and the densit
dependent three-nucleon interaction~TNI! model, respectively. The
short-dashed line is the relativistic Brueckner-Hartree-Fock~RBHF!
result obtained by Engviket al. @26# using the Bonn A two-nucleon
potential.
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2546 PRC 58KEI IIDA AND KATSUHIKO SATO
The parametersms , as , and b are basically obtained
from the fits to light-hadron spectra. However, the values
these parameters yielded by such fits do not correspond
rectly to the values appropriate to bulk quark matter@28#.
Taking account of possible uncertainties, we
50 MeV fm23<b<200 MeV fm23, 0<ms<300 MeV, and
0<as<1. The ranges ofas andms so chosen are consiste
with the results of Barnettet al. @29# that are inferred from
experiments and renormalized at an energy scale;1 GeV of
interest here.

In obtaining the composition of the quark system, we ta
note of its relation via flavor conservation with that of th
b-stable hadronic system@30#:

S Yu

Yd

Ys

D 5S 2 1 1 2 1 0 1 0

1 2 1 0 1 2 0 1

0 0 1 1 1 1 2 2
D S Yp

Yn

YL

YS1

YS0

YS2

YJ0

YJ2

D ,

~61!

whereYq5nq /nb with nb given by Eq.~58! is the fraction of
q quarks in the deconfined phase. The absence of lept
weak processes and the charge neutrality condition en
that the fractionYl of l leptons remains unchanged befo
and after deconfinement.

Let us now proceed to obtain the pressureP0 of the static
deconfinement transition from the relation

mb~P0!uhadronic phase5mb~P0!udeconfined phase, ~62!

where

mb5
« tot1P

nb
, ~63!

with the corresponding total energy density« tot and total
baryon densitynb is the baryon chemical potential at fixe
P. We have calculated the pressuresP0 for the parametric
combinations between 50 MeV fm23<b<200 MeV fm23,
ms50, 150, 300 MeV, and 0<as<1, allowing for and ig-
noring the presence of hyperons in the hadronic phase.
ure 4 illustrates the resultant contour plots of the pressu
P0 on theb versusas plane. As specific values ofP0 shown
in Fig. 4, we have chosen the pressurePS2 at which S2

hyperons appear in the hadronic phase, the central pres
Pmax of the maximum-mass (Mmax) neutron star having a
hadronic matter core, and the central pressureP1.4 of the star
~not including quark matter! with canonical mass 1.4M ( ;
these values are tabulated in Table I.PS2 can be determined
from the relation coming from Eq.~50!:

mn5mS2unS2502me , ~64!

wheremS2unS250 denotes the energy of the lowest state fo

S2 hyperon. The tabulated values ofPmax and P1.4 have
been calculated from the structure of the star whose c
consists ofb-stable nuclear matter or hyperonic matter.
f
di-

t

e

ic
re

ig-
es

ure

re

these calculations, the gravitational mass of the star obse
by a distant spectator has been obtained as a function o
central pressure or mass density of the star from the gen
relativistic equation of hydrostatic balance in the nonrotat
configuration, i.e., the Tolman-Oppenheimer-Volkoff equ
tion @31#, and from the corresponding equation of state. T
equation of state used here has been extrapolated to lo
densities appropriate to matter in the crust made up o
lattice of nuclei embedded in a sea of electrons and, w
present, in a sea of neutrons. Such extrapolations make
a negligible difference in determining the stellar structu

FIG. 4. Contour plots of the pressureP0 ~as marked in
MeV fm23! of the static deconfinement transition on theb-as

plane. The solid lines in~a! denote the contours of the transitio
pressures fromb-stable nuclear matter tou andd quark matter. The
solid lines in~b!, ~c!, and~d! represent the contours of the transitio
pressures fromb-stable hyperonic matter tou, d, ands quark mat-
ter calculated forms50,150,300 MeV, respectively. In each pane
the contours ofP05Pmax ~short-dashed line!, P05P1.4 ~dotted
line!, and P05PS2 ~dash-dotted line! are included~see text!. We
have also plotted the combinations ofb andas satisfying the criti-
cal condition required to form a real quark matter droplet via d
confinement in the star that contains the nucleation centers of n
ber Ns51048 and is spinning down or accreting matter from
neighboring star in a time scale ofts51 Myr. The lowerb and
lower as region is favorable for the presence of quark matter in
star. The long-dashed line in~a! denotes the result obtained for
droplet arising from nuclear matter by settingss530 MeV fm22

anda51; the long-dashed line in~b!–~d!, for a droplet deconfined
from hyperonic matter by settingss530 MeV fm22.

TABLE I. Values of Mmax, Pmax, P1.4, andPS2 evaluated for
hyperonic and nuclear matter using the relativistic mean-fi
theory with the parameters taken from Ref.@16#.

Mmax

Pmax

(MeV fm23)
P1.4

(MeV fm23)
PS2

(MeV fm23)

Hyperonic matter 1.78M ( 261.0 43.13 23.30
Nuclear matter 2.36M ( 500.4 38.91
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since the crust contains mass of;0.01M ( , confined within
a few percent of the total mass@32#.

The effect of a finites quark mass acts to destabilize th
quark system and hence to lower the contours of variousP0

on theb versusas plane, as shown in Figs. 4~b!–4~d!. We
have found that forms&200 MeV, such lowering is fairly
small compared with the adopted range ofb andas . Thus,
we shall generally takems to be zero in describing the bul
properties of quark matter. We also observe in Figs. 4~a! and
4~b! that the contours ofP05Pmax andP05P1.4 reveal only
a weak dependence on the presence of hyperons. This r
implies that within the confines of the present models
matter, the degree of strangeness-induced stabilization o
hadronic phase compensates for that of the deconfined p
as long asms&200 MeV.

For the parametersas50.4, b5100 MeV fm23, andms

50, we have depicted in Fig. 5 the baryon chemical pot
tials and total energy densities for three electrically neu
bulk phases. The first phase consists ofb-stable hadronic
matter with or without hyperons. The second phase is co
posed of the matter deconfined therefrom according to
~61!. Lastly, for comparison, we consider a phase ofu, d,
and s quark matter inb equilibrium: md5mu1me and md

5ms . Hereafter, we shall refer to thisb-stable quark matte
as strange matter.2 It is instructive to note that strange matt
composed of massless quarks satisfiesnu5nd5ns and ne

5nm50. The upper crossing shown in Fig. 5~a! @5~b!# de-
notes the deconfinement pressureP0 , at which the total
baryon density changes as can be seen from the Max
equal-area construction plotted in Fig. 5~c! @5~d!#. The den-
sity discontinuity for hyperonic matter is significant
smaller than that for nuclear matter, a feature with immed
relevance to the nucleation of the deconfined phase as wi
discussed in Sec. IV. We likewise observe that the prese
of hyperons in the hadronic phase suppresses the chem
potential difference between deconfined and strange ma
This is because the dominance ofL hyperons in hyperonic
matter renders the quark fractionYq in deconfined matter
similar to that in strange matter.

We conclude this section by indicating that thermal
fects on the static properties of the deconfinement transi
may be safely omitted at low temperatures appropriate
neutron star cores. The zero-temperature models for hadr
and quark matter, described above, hold over an even w
range of temperature,T,10 MeV. This is because the rela
tive chemical potentialsm i2m i uni50 of i particles (i

5 l ,B,q), except for minor components with particle fractio
Yi&0.1 (i 5B) or &0.001 (i 5 l ,q), take on a value of
;30– 600 MeV, sufficiently large compared with the tem
perature. This temperature range will thus be considered
low.

2Although strange matter is not related to the deconfinement t
sition of interest here, it would occur once a droplet of the dec
fined matter forms and grows into bulk matter in a neutron s
This is because the weak processu1d→u1s converts the bulk
deconfined matter into strange matter during the growth of the d
let @1#.
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IV. DYNAMICAL DECONFINEMENT TRANSITION

In this section we first construct the effective action f
the fluctuational development of a quark matter droplet in
metastable phase of hadronic matter with and without hyp
ons. We thereby estimate the time necessary for
quantum-mechanical formation of the first droplet in a ne
tron star as a function of pressure. The critical overpress
is determined in such a way as to make this formation ti
comparable to the time scale for the compression due to
star’s spin-down or accretion; at this overpressure,
quantum-thermal crossover temperature is estimated. W
nally determine the window of the bag-model parametersb,
as , andms where quark matter is expected to nucleate in
star.

A. Effective action

The quantum nucleation theory described in Sec. II
directly applicable to the case in which the metastable
stable phases are electrically neutral quantum liquids wit
single component. The deconfinement phase transition o
terest here, however, involves matter with multiple comp
nents such as baryons, leptons, and quarks. Moreover
inhomogeneous state of matter including a single quark m
ter droplet leads inevitably to a violation of the local char
neutrality, a property that is inherent in the systems~e.g.,
nuclei! where strong interactions compete with Coulomb
teractions. It is thus necessary to generalize the quan
nucleation theory by taking into account the multiplicity
components and the electrostatic energy.

n-
-

r.

p-

FIG. 5. ~a! @~b!# Chemical potentials for the electrically neutr
bulk phases as a function of pressure, calculated for the bag-m
parametersb5100 MeV fm23, as50.4, andms50. The solid line
represents the phase ofb-equilibrated hadronic matter withou
~with! hyperons; the dashed line, the phase of matter deconfi
therefrom; the dotted line, the phase of strange matter, i.e.,u, d,
ands quark matter inb equilibrium. ~c! @~d!# Energy densities for
the corresponding phases as a function of baryon density. The d
dotted lines are the double-tangent constructions denoting the c
istence of the two bulk phases involved.
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2548 PRC 58KEI IIDA AND KATSUHIKO SATO
1. Nuclear matter

Let us now construct the effective action, leading to t
rate of quantum nucleation of quark matter in the case
which the metastable phase consists ofb-stable nuclear mat
ter, by following a line of argument of Refs.@11,12#. We
begin with the potential energyU(R) which is defined in the
limit of cs@uṘu as the minimum work needed to form
quark matter droplet of radiusR in the metastable phase
Pressure equilibrium between quarks and nucleons em
ded in a roughly uniform sea of leptons induces the exc
positive charge inside the droplet, because the baryon de
of the quark phase is larger than that of the hadronic ph
by ;0.1– 0.7 fm23. The charged components are in turn d
tributed in such a way as to screen the droplet charge.
screening efficiency ofi particles (i 5e,m,p,u,d) may be
partially measured from their Thomas-Fermi screen
length

lTF,i5S 1

4pqi
2e2

]m i

]ni
D 1/2

, ~65!

whereqi is the electric charge of the particle of speciesi .
For the droplet sizes of interest,R&10 fm, we can assume
the fluid of protons to be homogeneous sincelTF,p*10 fm
in the considered density rangenb*4n0 . The other compo-
nents, whose screening lengths are confined within 10
deviate more or less from uniformity. On the other hand,
flavor conservation, holding fixed the ratio of the number
u quarks to that ofd quarks inside the droplet, makes th
screening action by quarks ineffective, sinceu andd quarks
have electric charge with opposite sign. We assume thu
andd quarks are distributed uniformly; it turns out that th
quark screening, i.e., the static compressibility of the fluid
quarks, does not contribute significantly to a reduction of
potential energy of the droplet~see the Appendix!.

For the initial metastable phase of nuclear matter inb
equilibrium under pressureP, we can obtain the total energ
density « tot,H , the baryon densitynb,H , and the baryon
chemical potentialmb,H by using Eqs.~39!, ~42!, and ~63!.
We then express the energy density for the inhomogene
phase containing a single droplet as the sum of bulk, in
facial, and Coulomb terms:

«D~r !5u~R2r !«Q~nu ,nd ,ns50!

1u~r 2R!«H~nn ,np ,nBÞN50!1«L@nl~r !#

1«S~r !1
1

8p
E~r !2. ~66!

Herer is the distance from the center of the droplet,«Q , «H ,
and «L are given by Eqs.~57!, ~40!, and ~41!, respectively,
«S(r ) is the increase in energy density due to the quark
nucleon distributions in the interfacial layer whose thickne
we assume to be much smaller thanR, andE(r ) is the elec-
tric field. The baryon density for the inhomogeneous phas
given by

nb,D~r !5u~R2r !nb,Q1u~r 2R!nb,H , ~67!
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where nb,Q is the baryon density inside the droplet dete
mined by Eq.~58!. We thus obtain the potential energy b
integrating the difference in the thermodynamic potential
unit volume at chemical potentialmb,H between the initial
metastable phase and the inhomogeneous phase over th
tem volume V, which is related to P via P5
2](V« tot,H)/]V, as

U~R!5E
V
dV$«D~r !2« tot,H2mb,H@nb,D~r !2nb,H#%

5
4pR3

3
nb,Q~mb,Q2mb,H!1DEL~R!14pssR

2

1EC~R!, ~68!

where

mb,Q5
«Q~nu ,nd ,ns50!1«L~nl ,H!1P

nb,Q
~69!

is the chemical potential for the quark phase and

DEL~R!5E
V
dV$«L@nl~r !#2«L~nl ,H!% ~70!

is the excess of the lepton energy over the initial value. H
nl ,H is the number density ofl leptons in the initial meta-
stable phase of nuclear matter,ss is the surface tension, an
EC is the electrostatic energy.

Since the quark-hadron interfacial properties are poo
known at finite densities, the expression forss has been
taken from the Fermi-gas model for a quark matter drople
vacuum@33# as

ss5
3

4p (
q

H mq~mq
22mq

2!

6
2

mq
2~mq2mq!

3

2
1

3p Fmq
3 tan21

~mq
22mq

2!1/2

mq
22mqmq~mq

22mq
2!1/2

1mq
3 ln

mq1~mq
22mq

2!1/2

mq
G J , ~71!

whereas is set to be zero. This expression arises from
reduction in quark density of states due to the presence o
droplet surface. The typical value ofss for matter without
strangeness is obtained asss'(3/4p2)(mumu

21mdmd
2)

;10 MeV fm22, since mu;md;10 MeV and mu;md
;500 MeV. The foregoing Fermi-gas description includ
neither O(as) corrections nor curvature corrections. Th
former have yet to be determined, while the latter destabi
a quark matter droplet in vacuum by producing an energ

Ecurv5
R

p (
q

mq
2 ~72!
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for mq@mq and as50 @34#. Instead of explicitly including
these curvature corrections in the potential~68!, we set the
range ofss as 10 MeV fm22<ss<50 MeV fm22 by in-
corporating intoss the increase in the interfacial energ
yielded by the curvature energy~72! of the droplet having a
radius in excess of;3 fm. Shell effects as encountered
nuclei are likely to appear remarkably in light quark mat
droplets having a baryon number&10 @28#, which cannot be
well described by the Fermi-gas model for finite quark m
ter as adopted here. Nevertheless, we may assume this m
to be useful, since the baryon number contained in a vir
droplet moving under the potential barrier is*10 ~typically
of order 100!. The contribution of nucleons to the interfaci
energy, ignored here, is expected to be much smaller
that of quarks atnb,H;n0 , but it is uncertain in the consid
ered density rangenb,H;4 – 6n0 .

In the absence of the lepton screening on the dro
charge,

Z0e5
4pR3rQ0

3
, ~73!

with

rQ05eS 2nu2nd2ns

3
2ne,H2nm,HD , ~74!

we obtainEC53Z0
2e2/5R and

DEL5Z0me,H , ~75!

whereme,H is the chemical potential of electrons in the in
tial metastable phase of nuclear matter; typically,me,H
;250– 300 MeV. Here Eq.~75! reflects the fact that the glo
bal charge neutrality in the system volumeV is guaranteed
by the lepton gas which satisfies theb-equilibrium condition
~51!. The excess lepton energyDEL , which is proportional
to R3, is naturally absorbed into the chemical-potential d
ference term in the potential~68!. The number densitiesnu
andnd are then determined from the flavor conservation~61!
and the pressure equilibrium between quark and nuclear
ter

PQ5PH2
DEL

4pR3 , ~76!

wherePQ and PH are given by Eqs.~60! and ~43!, respec-
tively. In Eq. ~76! the surface and Coulomb pressures aris
from 4pssR

2 and EC(R) have been ignored since the
pressures are much smaller than the bulk pressuresPQ and
PH .3 nu andnd are thus independent ofR. It is instructive to
note that the flavor conservation~61! and the charge neutra

3As long asss}nq
2/3, the surface pressure vanishes.
r
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ity ~49! in the hadronic phase result in the proportionality
rQ0 to ne,H1nm,H and tonb,Q /nb,H21:

rQ05e~ne,H1nm,H!S nb,Q

nb,H
21D , ~77!

where the rationb,Q /nb,H amounts to 1.2–1.8.
We next consider the screening action by leptons on

excess droplet chargeZ0e. The number densitynl(r ) of l
leptons, whose deviationdnl(r ) from nl ,H is small enough to
be treated as a perturbation as will be shown below, has b
determined from the linear Thomas-Fermi screening the
@35#. This determination@11# leads to

dnl~r !5
]nl

]m l
U

nl5nl ,H

ef~r ![
k l

2

4pe2 ef~r !, ~78!

where f(r ) is the electrostatic potential derived from th
Poisson equation¹2f(r )2kL

2f(r )524prQ0u(R2r ) with

the reciprocal of the screening lengthkL5Ake
21km

2 . Its so-
lution reads

FIG. 6. Potential energiesU(R) of a quark matter droplet
present inb-stable nuclear matter~a! and hyperonic matter~b!,
evaluated for the bag-model parametersb5100 MeV fm23, as

50.4, andms50 and for various pressures above the pressureP0

of the static deconfinement transition. In~a!, we have setss

530 MeV fm22. The solid lines are the results obtained from E
~68! for a lepton-screened droplet; the dashed lines, for a n
screened droplet; the dash-dotted lines, in the case in which w
EC50. The solid lines in~b! are the results evaluated from Eq.~92!
for ss530 MeV fm22. The quantities U(R)22M (R), where
M (R) is the effective droplet mass given by Eq.~95!, have also
been plotted in~b! by dashed lines. The maximum value ofU(R)
22M (R) yields the upper bound of the forbidden region of t
droplet energy.
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f~r !55
4prQ0

kL
2 F12exp~2kLR!~11kLR!

sinh~kLr !

kLr G , r<R,

4prQ0

kL
2 @kLR cosh~kLR!2sinh~kLR!#

exp~2kLr !

kLr
, r .R.

~79!
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The resulting electrostatic energy is given by

EC~R!5
2p2rQ0

2

kL
5 $231~kLR!21exp~22kLR!

3@316kLR15~kLR!212~kLR!3#%. ~80!

We have confirmed that the linear Thomas-Fermi appro
mation may be safely used; the validating conditionme,H
@ef(r ) is well satisfied, sinceef(r )/me,H&0.1 for R
&10 fm.4

Figure 6~a! exhibits the potential for the formation an
growth of a quark matter droplet, characterized byb
5100 MeV fm23, as50.4, andss530 MeV fm22, in the
initial metastable phase of nuclear matter at pressures a
P0'453 MeV fm23. This figure contains three cases
which the electrostatic energy is set to be zero, the n
screened value 3Z0

2e2/5R, and the lepton-screened valu
given by Eq.~80!. By comparing these cases, we obse
that the lepton-screened case shows no dominance o
Coulomb energy overU(R) for large R in contrast to the
non-screened case, and agrees fairly well with the cas
which EC50. This is because the cloud of leptons sprea
inside the droplet and from its surface outward over a sc
of the screening lengthkL

21;5 fm ~see Fig. 9 in the Appen
dix!. We have thus confirmed a salient feature found in R
.
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@11# that the lepton screening effects prevent the format
of a Coulomb barrier which causes the droplet to rem
finite. The good agreement between the lepton-screened
EC50 cases allows us to calculate the nucleation time w
out including EC in the potential~68!. Hereafter, we shall
leave outEC in the potential~68!; the resulting potential is
characterized by the critical droplet radius

Rc5
3ss

nb,Q~mb,H2mb,Q!2rQ0me,H /e
~81!

and by the barrier heightU05(4/27)4pssRc
2 .

The effective massM (R) of a quark matter droplet in
b-stable nuclear matter may be estimated from the kin
energies of nucleons and leptons, in a way analogous to
described in Sec. II A. We obtain the nucleon kinetic ene
KHunBÞN50 of the form ~3! by deriving the baryon velocity
field from the baryon continuity equation and the bounda
condition at the droplet surface; the expression forKH is

KH52p«H~nn ,np ,nBÞN!S 12
nb,Q

nb,H
D 2

R3Ṙ2. ~82!

By substituting the lepton distribution~78! into the lepton
continuity equation, the lepton velocity field can be det
mined as
v l~r !52
rQ0

nl ,He S k l

kL
D 2 Ṙ

~kLr !2 H kLR exp~2kLR!@kLr cosh~kLr !2sinh~kLr !#, r<R,

~kLR!22kLR sinh~kLR!~11kLr !exp~2kLr !, r .R.
~83!
I C
a

s
nd
ex-
-

a

The lepton kinetic energyKL , which is evaluated from Eq
~83! as

KL,2p«L~nl ,H!F(
l

k l
4

kL
4 S rQ0

nl ,HeD 2GR3Ṙ2, ~84!

proves negligible, partly because«H(nn ,np ,nBÞN50)
;1000 MeV fm23 is much larger than«L(nl ,H) of order
10 MeV fm23 and partly because Eq.~77! and ne,H;nm,H

4The energy increment yielded by the gradient ofdnl , present
over a scale of the screening lengthkL

21;5 fm inward and outward
from the droplet surface, is neglected in the present study.
ensure (nb,Q /nb,H21)2;(k l
4/kL

4)(rQ0 /nl ,He)2. The effec-
tive massM (R) is finally obtained as

M ~R!54p«H~nn ,np ,nBÞN50!S 12
nb,Q

nb,H
D 2

R3. ~85!

The effect of energy dissipation discussed in Sec. I
plays a crucial role in determining the time needed to form
quark matter droplet inb-equilibrated nuclear matter, a
shown in Ref.@12#. Let us now assume that the nucleons a
the leptons are in a normal fluid state. Then, elementary
citations of particle speciesi ( i 5N,l ) appear as quasiparti
cles in the vicinity of their respective Fermi surfaces during
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fluctuation ofR. Since the mean free path ofi excitations is
estimated5 as l i;ni

21/3(m i2m i uni50)2T22.102 fm, we can

observe that eachl i is sufficiently large compared with th
critical droplet radiusRc ranging typically 1–5 fm. Conse
quently, the nucleon and lepton excitations behave ball
cally and collide with the droplet surface. The resulti
transfer of momentum flux exerts on the droplet an Ohm
friction force of the form analogous to Eq.~22!; this is writ-
ten as a sum of nucleonic and leptonic terms

F5FHunBÞN501FL , ~86!

with

FH5216pS nb,Q

nb,H
21D 2S (

B
aBnBkF,BDR2Ṙ, ~87!

FL5216p f ~kLR!F(
l

k l
4

kL
4 S rQ0

nl ,HeD 2

a lnl ,HkF,l ,HGR2Ṙ.

~88!

HerekF,l ,H5(3p2nl ,H)1/3 is the Fermi momentum ofl lep-
tons in the metastable phase,a i is a factor of order unity tha
depends on the properties ofi excitations and on their inter
actions with the droplet surface, andf (kLR) is a function
that stems from the velocity field~83! occurring due to the
lepton screening effects, behaves as}(kLR)3 for kLR!1,
and monotonically approaches unity askLR increases.6

Since(NnNkF,N;250– 450 MeV fm23 is one order of mag-
nitude larger than( lnl ,HkF,l ,H;30– 70 MeV fm23, we ig-
nore the leptonic contribution~88! to the Ohmic friction
force. The Fermi velocity vF,HunBÞN50 averaged over

nucleon species, wherevF,H is defined as

vF,H5
(BnBkF,B

«H~nn ,np ,nBÞN!
, ~89!

is ;0.4c, and hence vF,HunBÞN50 is in excess of

A2U0 /M (Rc);0.1– 0.3c. As a consequence, by recallin
how to distinguish between weak and strong dissipation
described in Sec. II C, we find that except foraN!1, the
nucleation time is determined by the dissipative proces
rather than by the reversible droplet motion.

5This estimate ofl i is based on the Landau theory of the Fer
liquids @36#. Here we have assumed that the coefficientCi affixed to
ni

21/3(m i2m i uni50)2T22 is of order unity. However,Ci depends on
the interaction between quasiparticles~i.e., the Landau parameters!.
For nucleons, such an interaction is repulsive in the high den
region of interest here@37,38#; the values ofCN range;0.1– 1. For
leptons, being relativistic and degenerate, polarization effects o
medium on the exchanged photons@27,39# induce attraction be-
tween quasiparticles; the values ofCl are roughly 10. These con
siderations ofCi do not change the conclusionl i@Rc .

6Note that Eq.~86! reduces to Eq.~8! in Ref. @12# in the absence
of muons and in the limit ofkLR→`. Thus, the contribution of the
electron quasiparticles to the friction force was rather overestim
in Ref. @12#.
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The effects of relativity and dynamical compressibility
considered in Secs. II B and II D make only a negligib
change in the estimates of the time necessary for the q
tum nucleation of quark matter in the metastable phase
nuclear matter. This is because the droplet surface mo
under the potential barrier at a velocity@typically
;A2U0 /M (Rc)# fairly low compared with cs;0.8c
~nuclear matter! and cs;0.6c ~deconfined matter!. These
comparisons of velocity scales lead us to the effective ac
of a form similar to Eq.~24!:

Seff@R~t8!#

5E
2b/2

b/2

dt8H U~R!1aS 12
nb,Q

nb,H
D 2S (

N
nNkF,ND

3E
2b/2

b/2

dt9~Rt8
2

2Rt9
2

!2
~p/b!2

sin2p~t82t9!/b J .

~90!

Here U(R) is taken from Eq.~68! in which we setEC50,
andan5ap[a is assumed for simplicity. The extremal a
tion A(T) for the quantum nucleation is obtained in a for
identical to Eq.~29! as

A~T!54paS 12
nb,Q

nb,H
D 2S (

N
nNkF,NDRc

4s~T!, ~91!

whereRc is given by Eq.~81!.

2. Hyperonic matter

Let us now construct the effective action for the develo
ment of a quark matter droplet in the initial metastable ph
of b-equilibrated hadronic matter with hyperons. In this co
struction, we may utilize expressions~65!–~89! developed
for matter without hyperons by identifying the quantitie
characterizing the metastable phase at a givenP, i.e., « tot,H ,
mb,H , me,H , nb,H , andnl ,H , with those for matter with hy-
perons as well as by removing the constraintsnBÞN50 and
ns50. Notice that the lepton fractions plotted in Fig. 2~b! are
sufficiently small at baryon densities of interest,nb,H
;4 – 6n0 , to confine the ratiourQ0 /nb,Qeu of the electric
charge to the baryon number inside the droplet within 1022.
This behavior stems from the fact that the ratiourQ0 /nb,Qeu
is proportional to the sum of the lepton fractions (ne,H
1nm,H)/nb,H , as can be seen from Eq.~77!. When using
expressions~65!–~89!, therefore, we omit the quantities a
sociated with electricity by settingrQ050. Correspondingly,
the screening action by the charged components is negle
Such an omission is valid for the droplet sizes of inter
here,R&20 fm. We have confirmed that forR@20 fm, the
Coulomb energy continues to be trivial due mainly to t
screening action by leptons and due partly to that by char
baryons.

By noting Eqs.~68! and ~69!, the potentialU(R) for the
formation and growth of a quark matter droplet inb-stable
hyperonic matter has been written as

U~R!5
4pR3

3
nb,Q~mb,Q2mb,H!14pssR

2, ~92!
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mb,Q5
«Q~nq!1«L~nl ,H!1P

nb,Q
, ~93!

wherenb,Q , «Q , and «L are given by Eqs.~58!, ~57!, and
~41!. Here ss , the surface tension, has been assumed
range from 10 to 50 MeV fm22 by using the Fermi-gas ex
pression~71!; this range stems primarily from the unce
tainty in ms . The curvature term~72! contributes only a little
to the interfacial energy of the droplet with typicalR
;5 – 15 fm. The quark number densitiesnu , nd , and ns
have been obtained from the flavor conservation~61! and the
pressure equilibrium between quarks and baryonsPQ5PH ,
wherePQ and PH are given by Eqs.~60! and ~43!, respec-
tively; modification of such pressure equilibrium by the i
terfacial energy is negligibly small for typicalR. In Fig. 6~b!
we have depicted the potential energy~92!, calculated forb
5100 MeV fm23, as50.4, ms50, ss530 MeV fm22, and
various pressures aboveP0'163 MeV fm23. The form of
this potential is identical to the standard one denoted by
~1!; the critical droplet radius is given by

Rc5
3ss

nb,Q~mb,H2mb,Q!
, ~94!

from which the potential barrier heightU0 is determined as
U05(4/27)4pssRc

2 .
The effective massM (R) of a quark matter droplet in the

metastable phase of hyperonic matter is then obtained f
the baryon kinetic energyKH given by Eq.~82! as

M ~R!54p«H~nB!S 12
nb,Q

nb,H
D 2

R3. ~95!

In this determination we ignore the lepton and quark kine
energies since we have setrQ050. Expression~95! does not
include the relativistic effect on the hydrodynamic mass fl
of baryons. As will be shown in the next paragraph, t
baryon velocity field, given by Eq.~2! in which n15nb,H
and n25nb,Q , is far smaller thanc, although the droplet
motion itself is relativistic in many cases.

In constructing the effective action for the system hav
a quark matter droplet inb-equilibrated hyperonic matter, i
is instructive to compare the velocitiesuṘu, cs , and vF,H
characterizing the droplet motion under the potential barr
It is of great importance to note that over a wide range of
parametersss , b, as , and ms with relatively largeas
(*0.2) andss (*30 MeV fm22), the density discontinuity
nb,Q2nb,H is small enough to makeA2U0 /M (Rc) higher
than 0.3c for typical Rc;5 – 15 fm. We should, therefore
take into account the effect of relativity on the quantu
nucleation as mentioned in Sec. II B. The velocity of sou
cs;0.5c, of hyperonic matter cannot fully surpass the ra
uṘu of growth of a virtual droplet ranging typically
;0.1– 1c. Thus, the effect of the dynamical compressibil
of the metastable phase as discussed in Sec. II D is likel
have consequence to the quantum nucleation at tempera
to

q.

m

c

r.
e

,

to
res

near the quantum-thermal crossover point.7 The absolute
value of the baryon velocity field, which is less thanu(1
2nb,Q /nb,H)Ṙu @see Eq.~2!#, is limited within 0.1c. This
leads us to use the effective massM (R) given by Eq.~95!.
The effect of energy dissipation is controlled by low-lyin
excitations of baryons induced by the fluctuation ofR. These
excitations, whose mean free paths are sufficiently la
compared with typicalRc ~except for minor components!,
collide with the droplet surface and exert the Ohmic fricti
force FH given by Eq.~87! on the droplet. Here we hav
assumed the baryons to be in a normal fluid state, and
have ignored the negligible contributions of leptons a
quarks to the energy dissipation. The Fermi velocityvF,H
given by Eq.~89!, averaged over baryon species, is estima
to be;0.3c, so thatuṘu.vF,H is satisfied in the relativistic
regime. We thus confine ourselves to the dissipationl
cases. We finally write the effective action as

Seff@R~t8!#

5E
2b/2

b/2

dt8H~211A11Ṙ2! 1

Ṙ2

3E
R~t8!

`

dr4p«H~nB!r 2F S ]w

]r
D 2

1
1

cs
2 S ]w

]t8
D 2G

1U~R!J . ~96!

Here U(R) is given by Eq.~92!, and w(r ) is the velocity
potential derived from the wave equation~31! and the
boundary condition~32! in which n15nb,H andn25nb,Q .

B. Nucleation time

Let us now proceed to evaluate the timet needed to form
a real quark matter droplet via quantum tunneling in t
metastable phase ofb-equilibrated hadronic matter with
~without! hyperons, in the regime of overpressures and re
tively low temperatures, by using the effective action~90!
@~96!#. We may obtaint within the exponential accuracy a

t5n0
21 exp~A!, ~97!

where n0 is the frequency of the zero-point oscillatio
aroundR50, andA is the corresponding extremal value
the effective actionSeff . Here we have ignored the therm
effect on the pre-exponential factor oft, since the frequen-
cies of the higher order oscillations are logarithmically
large asn0 . It may also be assumed that the energy dissi
tion and dynamical compressibility in hadronic matter ha
no influence on the pre-exponential factor, because the
locitiesvF,H andcs take on nearly the same order of magn
tude as the rateuṘu of growth of a virtual droplet. The value

7In the present analysis, no attention is paid to the dynam
compressibility of the deconfined phase, which may affect the
netic term included in the effective action through a change in
boundary condition at the droplet surface having the form~32!.
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of n0
21 obtained by using Eq. ~8! amounts to

;10223– 10222 s, being the time scale for strong intera
tions, so we setn0

21510223 s.
In the absence of hyperons, we recall that the extre

effective action for the quantum nucleation may be roug
expressed as Eq.~91!. Since the quantitys(T) included in
Eq. ~29! depends only weakly on temperatures up to
quantum-thermal crossover value that will be found to
&10 MeV, we may estimate the timet required to form a
single quark matter droplet by setting the temperature to
zero. The zero-temperature values oft obtained for b
5100 MeV fm23, as50.4, ms50, ss510,30,50
MeV fm22, anda51 have been depicted in Fig. 7~a! as a
function of P. With the increment inP from the pressure
P0>453 MeV fm23, of the static deconfinement transitio
the critical droplet radiusRc decreases as Fig. 6~a! exhibits.
Such behavior leads to a decrease inA (}Rc

4) and hence to
an exponential reduction oft. This indicates that at fixedP,
t decreases exponentially asss(}Rc) decreases linearly. As
a consequence, the ambiguity inss disperses the overpres
sureDP5P2P0 between;30 and;140 MeV fm23 at a
typical t. For comparison, the formation timet in the dissi-
pationless case (a50) has also been evaluated by using t
formalism written in Sec. II A; the results have been plott
in Fig. 7~a!. The role of energy dissipation in increasing t
overpressureDP needed to give a constantt has been thus
clarified.

FIG. 7. Time needed to form a real quark matter droplet
quantum tunneling inb-stable zero-temperature nuclear matter~a!
and hyperonic matter~b!, evaluated as a function of pressure for t
bag-model parametersb5100 MeV fm23, as50.4, andms50. In
~a!, the surface tension has been set asss510,30,50 MeV fm22.
The solid lines are the dissipative results obtained fora51, and the
dashed lines are the non-dissipative results. In~b!, the relativistic
~solid lines! and nonrelativistic~dashed lines! results calculated for
ss510,30,50 MeV fm22 are plotted. For comparison, we hav
marked in both panels the pressureP0 of the static deconfinemen
transition and the central pressurePmax of the maximum-mass neu
tron star.
al
y

e
e

e

In the case in which the hadronic phase contains hyp
ons, we may roughly estimate the extremal effective act
by using Eq.~96!. Recall that the extremal value of the com
pressibility termSC is likely to behave as}(T/T0)4 for T
!T0 , as stated in Sec. II D. HereT0 is the quantum-therma
crossover temperature found from Eq.~26! as A(E0)
5U0 /T0 , whereA(E0) is obtained from Eq.~18! at a given
P andT50. Since the value ofT0 that will be estimated to
be *10 MeV is far larger than the temperature of matter
the neutron star coreTNS&0.1 MeV, we ignore the contri-
bution of the dynamical compressibility of the hadron
phase to the extremal effective action. Thermal effects ex
a droplet oscillating aroundR50 from the ground state o
energyE0 to themth bound state of energyEm according to
the Boltzmann distribution, and hence produce a probab
of quantum-mechanical formation of a real droplet havi
the energyEm , relative to the ground-state tunneling pro
ability, as

pm5expS 2
Em2E0

T Dexp@A~E0!2A~Em!#. ~98!

Here m51,2,3,..., and Em is determined from I (Em)
52p(m1m013/4), whereI (E) andm0 are given by Eqs.
~16! and ~17!, respectively. At typical pressures, the diffe
enceEm2Em21 is of order 100 MeV, whereasA(Em21)
2A(Em) takes on a value of order 10. AtT5TNS, the prob-
ability pm is virtually zero, so we take no account of th
thermal enhancement of the tunneling probability.

The nucleation timet has been then calculated at ze
temperature for hadronic matter with hyperons by substi
ing the potential~92! and the effective mass~95! into Eq.
~18!. In Fig. 7~b! we have plotted the results evaluated f
b5100 MeV fm23, as50.4, ms50, and ss510,30,50
MeV fm22, together with the nonrelativistic results obtaine
from Eq. ~10!. With increasingP from the pressure,P0
>163 MeV fm23, of the static deconfinement transition, th
potential barrier is lowered and narrowed for fixedss , as
illustrated in Fig. 6~b!. The timet thus shows an exponentia
P dependence in the overpressure regime, as Fig. 7~b! dis-
plays. We see by comparison that for largess , the effect of
relativity manifests itself as an exponential reduction oft at
fixed P. This feature reflects the fact that the lower bou
Emin of the positive energy region, given by the maximu
value of the quantityU(R)22M (R) behaving as Fig. 6~b!
exhibits, renders the ratioE0 /U0 higher than its nonrelativ-
istic value. The largerss , the more relativistically the drop
let moves under the potential barrier. Accordingly, the ext
of the reduction int develops at constantP, as can be seen
from Fig. 7~b!. For smallss , on the other hand, the nonre
ativistic results fort are slightly smaller than the relativisti
results. This is because relativistic corrections act to enha
the kinetic energy of the droplet, as is evident from Eq.~12!.
We also observe in Fig. 7~b! that due to the uncertainty in
ss , DP spreads between;10 and;60 MeV fm23 at a typi-
cal t.

C. Stellar conditions

We turn to the evaluation of the time needed to form t
first quark matter droplet in a neutron star whose core c
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sists ofb-stable hadronic matter with and without hyperon
This evaluation may be made according tot/Ns , whereNs
is the number of virtual centers of droplet formation in t
star, andt is the formation time in the hadronic system i
cluding only a single nucleation center as obtained in
preceding subsection. Here we have assumed the nucle
to be homogeneous: The star retains its hydrostatic equilib
rium configuration during its evolution and contains no im
purities leading to the formation of a seed of quark mat
Ns can be estimated as

Ns;
3Vc

4pRc
3 , ~99!

whereVc is the volume of the central region in which th
value oft determined by its pressure remains within an or
of magnitude of the value calculated at the star’s center.
volumeVc has been obtained asVc;106 m3, irrespective of
the presence of hyperons, from the results for the pres
and density profiles of the star that were calculated in Sec
from the Tolman-Oppenheimer-Volkoff equation and t
equation of state of hadronic matter. Hereafter, we setNs
51048 sinceRc ranges typically;2 – 15 fm. The uncertainty
in Ns , expected to be an order of magnitude or so, has l
consequence.

In order that the first droplet may form during a time sca
for the star’s spin-down or accretionts;yr–Gyr, the over-
pressure should amount to such a valueDPc as to maket/Ns
comparable tots . For example, we consider the case
which b5100 MeV fm23, as50.4, ms50, anda51 as ex-
emplified in Fig. 7. For hadronic matter with~without! hy-
perons, the critical overpressureDPc lies between;10
(;30) and;60 (;140) MeV fm23 because of the uncer
tainty in the surface tension. Correspondingly, the criti
droplet radiusRc and the potential barrier heightU0 take on
a value of ;9 – 10 (;2.0– 2.2) fm and ;2 – 83103

(;100– 400) MeV, respectively.
By using the barrier heightU0 thus evaluated, we hav

calculated the quantum-thermal crossover temperatureT0
from the relationA5U0 /T0 ; the results have been plotted
Fig. 8. For comparison, we have also depicted the res
obtained in the cases of strong dissipationa50.2, 5 and no
dissipationa50 for nuclear matter as well as in the nonre
ativistic case for hyperonic matter. We see from Fig. 8~a!
that in the absence of hyperons, the crossover temperatuT0
is large compared with the temperatureTNS of matter in the
stellar core, although the dissipation effects decreaseT0 con-
siderably. This result suggests that the formation of a qu
matter droplet in the core composed of nuclear matter
occurring, is likely to proceed from quantum fluctuatio
rather than from thermal fluctuations, as is consistent w
the result of Ref.@12#. Figure 8~b! shows that in the presenc
of hyperons, the obtained values ofT0 are again large rela
tive to TNS, and that the effect of relativity helps to enhan
T0 for large ss . To be noted, however, is that the prese
estimate ofT0 (*10 MeV) is crude in itself. For such tem
peratures, the thermal effects may alter the thermodyna
quantities included in the effective action~96!, induce the
heat conduction by frequent collisions between the exc
tions, enhance the rate of quantum-mechanical formatio
a droplet by raising its energy level aroundR50 from the
.
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ground state to the low-lying excited states, and render
dynamical compressibility of the hadronic phase effective
increasing the formation rate. AtT5TNS, these effects are
of little consequence, so it is safe to concludeT0@TNS. We
have also confirmed that in the present calculations ofT0
allowing for and ignoring the presence of hyperons, the or
of magnitude ofT0 is invariant over the adopted range of th
bag-model parameters. We remark in passing that a dif
ence int/Ns by 10 orders of magnitude, expected from t
ambiguities ints , Ns , andn0 , altersDPc , Rc , andT0 by
less than 10%.

We finally search for the range of the bag-model para
etersb, as , andms in which the quantum-tunneling nucle
ation of quark matter is expected to occur in the star dur
the compression of hadronic matter due to the stellar s
down or accretion. Let us now consider the critical conditi
of the bag-model parameters for the presence of quark m
in the star: Initially, the star containing a hadronic core ha
central pressure lower thanPmax, and subsequent compre
sion, which increases the central pressure up toPmax in a
time scale ofts , drives the nucleation of quark matter in th
central region. Here we do not inquire whether the result
star continues to be gravitationally stable or not. The com
nations ofb andas have been then determined for hadron
matter with and without hyperons in such a way as to sat
the critical condition. In the absence of hyperons, we ta
a51 andss530 MeV fm22; in the presence of hyperons
ms and ss have been set asms50,150,300 MeV andss
530 MeV fm22. The results have been plotted in Fig. 4.

FIG. 8. Crossover temperaturesT0 from the quantum-tunneling
to the thermal-activation nucleation of quark matter inb-stable
nuclear matter~a! and hyperonic matter~b!, calculated as a function
of the surface tension for the bag-model parametersb
5100 MeV fm23, as50.4, andms50 and for the stellar condi-
tions t/Ns51 Myr and Ns51048. In ~a!, the solid lines are the
results obtained for dissipative cases ofa50.2, 1, 5, and the dashe
line is the nondissipative result. In~b!, the solid and dashed line
are the relativistic and nonrelativistic results, respectively, e
mated not allowing for thermal effects on the quantum nucleati
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these four cases, the critical overpressureDPc required to
form the first droplet in the star results in the shrinkage of
parameter range appropriate to the presence of quark m
from that surrounded by the contour ofP05Pmax. We ob-
serve in the present calculations allowing for the presenc
hyperons that a peak structure appears in the boundar
such a parameter range. Along this boundary, the bar
density discontinuitynb,Q2nb,H at deconfinement runs from
;20.1 to ;0.3 fm23 with changing b from 50 to
200 MeV fm23. On the way, therefore, the point at whic
nb,Q5nb,H does exist. At this point, where the effectiv
droplet massM (R) given by Eq.~95! vanishes and so doe
the critical overpressureDPc , the boundary touches the con
tour of P05Pmax, leading to the peak structure. It is not
worthy that around the peak where the effective massM (Rc)
of the critical droplet is comparable to or smaller than t
barrier heightU0 , the effect of relativity on the quantum
nucleation becomes prominent.

V. CONCLUSIONS

We have examined the question of how the presenc
hyperons in cold dense hadronic matter affects the dynam
properties of the first-order deconfinement transition t
may occur in neutron stars. For this purpose, we have u
the bag-model description of quark matter and
relativistic-mean-field description of hadronic matter. T
time needed to form a quark matter droplet has been t
calculated by using the quantum-tunneling nucleation the
which allows for the electrostatic energy and the effects
relativity, energy dissipation, and finite compressibility.

In the calculations ignoring the presence of hyperons,
have found that the effective mass of a virtual droplet m
ing under the potential barrier is sufficiently large to keep
growth rate fairly small compared with the Fermi veloci
averaged over nucleon species. This results in an emi
property of the quantum-tunneling formation of a real dro
let: The quantum tunneling is controlled by the dissipat
processes, in which the nucleon quasiparticles moving
listically collide with the droplet surface, rather than by t
reversible underbarrier motion of a droplet being in a coh
ent state. We have likewise found that inside a droplet
relatively small radius, an appreciable electric charge ar
from the pressure equilibrium between quarks and nucle
immersed in a roughly uniform sea of electrons and muo
With increase in the droplet radius, the degenerate ga
electrons and muons becomes effective at screening
droplet charge, and at last prevents the Coulomb poten
barrier from forming. This result indicates that a real drop
if appearing, would develop into bulk matter. We note th
these conclusions are consistent with the results of Refs.@11#
and @12# obtained using a specific set of the bag-model
rameters and a rather simplified model for nuclear matte

The estimates allowing for the presence of hyperons h
shown that the density discontinuity at deconfinement
the lepton fraction in the hadronic phase fall in magnitu
considerably from the values obtained ignoring the prese
of hyperons. The resulting lepton fraction is small enou
for the droplet charge to be nearly zero, allowing us to
sume the charge neutrality everywhere in the system.
decrease in the effective droplet mass due to the less
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density discontinuity, when sufficient, drives the droplet
move relativistically under the potential barrier. Not on
does such a droplet motion cause the decelerating effec
energy dissipation on the droplet formation to decline, b
also necessitates the relativistic treatment of the quan
nucleation theory. A natural extension to the relativistic
gime has been made, leading to an exponential increme
the tunneling probability.

Irrespective of whether hyperons exist or not, the fin
compressibility of the hadronic phase is unlikely to ha
consequence in decreasing the kinetic energy of a drople
sound emission at low temperatures relevant to neutron
cores. Such temperatures have been found to be small c
pared with the temperature at which an abrupt transit
from the quantum-tunneling to the thermal-activation nuc
ation takes place at a typical overpressure.

We have lastly investigated the range of the parameteb
and as where quark matter may appear in the core o
neutron star during the compression of hadronic matter
to the stellar spin-down or accretion. It has been shown
the analysis of the static deconfinement transition that for
adopted models for bulk hadronic matter and quark mat
the existence of hyperons and the finiteness ofms
(&200 MeV) do not greatly alter the favorable parame
range for the appearance of quark matter in the star. We h
also found from the dynamical properties of the deconfi
ment transition that the critical overpressureDPc required to
form the first droplet in the star narrows the favorable p
rameter range obtained from the static properties into
lower b and lower as regime. The critical overpressur
DPc , however, is quite uncertain, because it depends on
poorly known quark-hadron interfacial properties and the
clear interactions of quasiparticles in the medium with t
droplet surface. In order to make a further investigation,
should take account of the possible effect of nucleon sup
fluidity, which acts to decrease the number of available q
siparticle states with momenta close to the Fermi surfa
@12#. If the nucleons were in a superfluid state, the fricti
force exerted by the quasiparticles on the droplet and he
the critical overpressureDPc in the system not containing
hyperons would be reduced considerably.

It is important to bear in mind that the obtained results
the deconfinement transition are based on the adopted m
els for hadronic matter and for quark matter, which are
equivalent physical descriptions of the two phases and he
do not necessarily describe the transition well. Granted
such models hold good, the dynamical properties of the tr
sition are not obvious quantitatively as mentioned in the p
ceding paragraph. Moreover, the mechanical or chemical
purities leading to the formation of a quark matter seed
occurring in the star at all, might relax the condition for th
transition drastically.

Once the first droplet of quark matter arises from fluctu
tions in a neutron star, its growth into bulk matter wou
cause strange matter to occupy the central region of the
as long as the strange matter is more favorable thanb-
equilibrated hadronic matter. These two phases, if both
present, would have a charged but overall neutral la
which spreads from the quark-hadron boundary on each
over a length scale determined by the Thomas-Fermi scr
ing length. At the boundary, they not only would have t
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2556 PRC 58KEI IIDA AND KATSUHIKO SATO
same chemical potential of leptons, but also would be
equilibrium with respect tob and deconfinement processe
Even if the quark-hadron mixed phase is the lowest ene
configuration at pressures around the boundary, its app
ance depends on whether the boundary layer is stable ag
fragmentation such as the clustering of protons and os
quarks. The elucidation of this problem is beyond the sc
of this paper.

We believe that the present analysis is applicable to
study of the kinetics of the deconfinement transition that m
occur in hot dense matter encountered in stellar collapse
in relativistic heavy-ion collisions. Due to its high temper
tures ~above;10 MeV!, the nucleation of quark matter i
hadronic matter may proceed classically, i.e., via thermal
tivation. Otherwise, thermally assisted quantum nuclea
may take place; it may be influenced by the irreversi
transport of heat and momentum in the medium and by
dynamical compressibility of the hadronic phase. In the c
of stellar collapse, neutrinos trapped in a supernova c
leading to large fractions of electrons and muons, may ca
a quark matter droplet to have an appreciable electric cha
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APPENDIX: DISTRIBUTION INSIDE
A QUARK MATTER DROPLET

A quark matter droplet, if having a macroscopic bary
number and a nonzero electric charge in itself, has the c
stituent quarks distributed over a scale of the screen
length from the surface just like a conductor. In the case o
droplet ofb-stable quark matter in vacuum, such a screen
action by quarks was investigated by Heiselberg@40# within
the linear Thomas-Fermi approximation@35#. We now ex-
tend his calculations to the case of a quark matter dro
formed inb-equilibrated nuclear matter under the flavor co
servation, considered in Sec. IV A 1, and ask to what ext
the resulting quark distributions alter the potential for t
formation and growth of the droplet.

We begin with the potential energyU(R) of a droplet of
radiusR given by Eq.~68!, in which we remove the assump
tion that the quark number densitiesnq (q5u,d) are con-
stant inside the droplet, and we set

nq~r !5H nq01dnq~r !, r<R,

0, r .R.
~A1!

Here nu0 and nd0 , independent ofr , satisfy the pressure
equilibrium condition~76! and the flavor conservation~61!.
In determining the deviationsdnq on a footing equal todnl ,
we first note that the baryon densitynb,D and the electric
charge densityrD for the inhomogeneous phase are writt
as

nb,D~r !5
1

3
@nu~r !1nd~r !#1u~r 2R!nb,H ~A2!
n
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rD~r !5eF (
i 5q,l

qini~r !1u~r 2R!npG
5u~R2r !rQ01dr~r !. ~A3!

Heredr is the deviation of the charge density from that c
culated in the incompressible limit

dr~r !5eFu~R2r !(
q

qqdnq1(
l

qldnl G ~A4!

and rQ0 is given by Eq.~74! in which nu5nu0 , nd5nd0 ,
andns50. We then expand the potentialU(R) up to second
order in dnq and dnl , and minimize the resulting potentia
with respect todnq anddnl under the global flavor conser
vation

E
r<R

dV~ f 0dnu2dnd!50, ~A5!

with f 05nd0 /nu0 , and the global neutrality of electric
charge

(
l
E

V
dVqldnl1(

q
E

r<R
dVqqdnq1Z050, ~A6!

whereZ0 is given by Eq.~73!. This minimization leads not
only to Eq.~78! for l leptons, but also to

dnq52
kq

2

4p~qqe!2 Fqqef~r !1mq02
1

3
mb,H1qqme,H1CqG

~A7!

for q quarks, wheremq0 is the chemical potential ofq quarks
calculated at densitynq0 ,

kq5F4p~qqe!2
]nq

]mq
U

nq5nq0

G 1/2

~A8!

is the reciprocal of the Thomas-Fermi screening length oq
quarks, andCu5C f0 andCd52C are the constants calcu
lated at a givenR from the flavor conservation~A5!. Here
the proton screening continues to be ignored. We also
glect the energy increment yielded by the gradient ofdnq
present over a scale of the screening length from the dro
surface. This increment, acting to flatten the quark distri
tions, is essentially unknown along with the quark-hadr
interfacial property.

The electrostatic potential obeys the Poisson equation

¹2f~r !2k~r !2f~r !524prQu~R2r !, ~A9!

where

rQ5rQ02(
q

kq
2

4pqqe S mq02
1

3
mb,H1qqme,H1CqD

~A10!

and
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k~r !5H k,[AkL
21ku

21kd
2, r<R,

kL , r .R.
~A11!
rg

f
in
he

a
th
e

he

vo
id
e
le
Herek, (kL) corresponds to the reciprocal of the screen
length inside~outside! the droplet. The solution to Eq.~A9!
is obtained as
f~r !55
4prQ

k,
2 F12

k,R~11kLR!

kLR sinh~k,R!1k,R cosh~k,R!

sinh~k,r !

k,r G , r<R,

4prQ

k,
2

kLR@k,R cosh~k,R!2sinh~k,R!#

kLR sinh~k,R!1k,R cosh~k,R!

exp@kL~R2r !#

kLr
, r .R.

~A12!

It is straightforward to derive the electrostatic energyEC from Eq. ~A12!; the result is

EC~R!5
4p2rQ

2

k,
5

1

@kLR sinh~k,R!1k,R cosh~k,R!#2 H Fk,R1cosh~k,R!sinh~k,R!2
2 sinh2~k,R!

k,R G~k,R!2~11kLR!2

1
k,

kL
@k,R cosh~k,R!2sinh~k,R!#2kLR~kLR12!J . ~A13!
r a
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The quark distributions replace the excess lepton ene
DEL(R) in the potential~68! with the sum ofDEL(R) and
the excess quark energy defined as

DEQ~R!5E
r<R

dV$«Q@nq~r !#2«Q~nq0!%. ~A14!

The linear approximation used here yields

DEL~R!1DEQ~R!

5Z0me,H1(
q

S mq02
1

3
mb,H1qqme,HD

3E
r<R

dnqdV. ~A15!

By using Eqs.~78!, ~A4!, and ~A7!, we have calculated
the density deviationsdnq , dnl , anddr/e from the values
obtained not allowing for the quark or lepton screening. W
have confirmed that forR&10 fm, the number density o
each component remains close to its constant value obta
in the incompressible limit. The results calculated for t
inhomogeneous phase characterized byb5100 MeV fm23,
as50.4, R52,5 fm, andP5525 MeV fm23 have been plot-
ted in Fig. 9, together with the charge density deviation c
culated allowing for the lepton screening alone as in
main text. We see from the comparison of these charge d
sity deviationsdr that the quark screening does not vary t
total charge distributionrD significantly even forR55 fm,
althoughk,

21;3 fm is small relative to thisR and tokL
21

;5 fm. This result reflects the feature that under the fla
conservation, the static compressibility of the quark flu
plays a role in chemically decreasing the sum of the exc
lepton and quark energies rather than in reducing the e
y

e

ed

l-
e
n-

r

ss
c-

trostatic energy via Coulomb screening. Note thatdnq.0,
leading to a reduction of the sumDEL1DEQ given by Eq.
~A15!. The resulting decrease in the potentialU(R) can be
observed in Fig. 10 by comparing the result obtained fo

FIG. 9. Deviationsdnu , dnd , anddne1dnm of the quark and
lepton number densities from the valuesnu0 , nd0 , and ne,H

1nm,H obtained in the incompressible limit due to the screen
~static compressibility! of the fluids of quarks and leptons, calcu
lated ignoring the presence of hyperons for the droplet radiuR
52 fm ~upper panel! and R55 fm ~lower panel!, the pressureP
5525 MeV fm23, and the bag-model parametersb
5100 MeV fm23 and as50.4. The resulting deviationdr of the
electric charge density from the stepwise charge distribution
tained in the incompressible limit has also been plotted, toge
with the result allowing for the lepton screening alone~no quark
screening!. Sincedne graphically agrees withdnm , only the sum
dne1dnm has been shown. See the text for the definition of
screening lengthsk,

21 andkL
21 .



on
en
ne

of
he

g
f

ity

ll-

ic
the

ss
ll
he

e

ead

n-
ur-
tial
a

ons
an

eters
-

r-
the

se-
the

the
of
t

-
sti-
lu-
the

e

he
i-

or
en
hic

2558 PRC 58KEI IIDA AND KATSUHIKO SATO
lepton- and quark-screened droplet with that for a lept
screened droplet. The case of a lepton- and quark-scre
droplet agrees fairly well with the case of a lepton-scree
droplet and the incompressible case in which we setEC
50, since the inhomogeneous phase generally satisfies

Z0me,H@Z0me,H2~DEL1DEQ!.EC@uDECu,

whereEC is given by Eq.~A13!, andDEC is the difference
between the right-hand sides of Eqs.~80! and~A13!. It is of
interest to note that the finite compressibility of the fluid
N nucleons produces no chemically induced change in t
number density, as can be found from the expansion ofU(R)
up to second order indnN . This property is due to theb
equilibrium sustained in the hadronic phase.

The shiftsdnu anddnd due to the quark screening, bein
typically ;0.1 fm23, in turn affect the kinetic properties o

FIG. 10. Potential energiesU(R) of a quark matter droplet in
the metastable phase ofb-stable nuclear matter evaluated for th
surface tensionss530 MeV fm22, the bag-model parametersb
5100 MeV fm23 and as50.4, and various pressures above t
pressure,P0'453 MeV fm23, of the static deconfinement trans
tion. The solid lines are the results obtained from Eq.~68! for a
lepton- and quark-screened droplet; the long-dashed lines, f
lepton-screened droplet; the short-dashed lines, for a nonscre
droplet; the dash-dotted lines, in the incompressible case in w
we setEC50.
-
ed
d

ir

the droplet. First, the effective droplet massM (R), estimated
from the nucleon kinetic energy as Eq.~85!, is increased,
since it is proportional to the square of the baryon dens
discontinuity atr 5R. Such increase inM (R) diminishes the
typical velocity of the precritical droplet, enforcing its sma
ness relative to the averaged Fermi velocityvF,HunBÞN50

given by Eq. ~89!. On the other hand, the hydrodynam
mass flow of each quark component, which arises from
Coulomb-induced inhomogeneity indnq , contributes little to
M (R). Second, the friction forceFHunBÞN50 given by Eq.

~87!, behaving asFHunBÞN50}M (R), likewise becomes

strong owing todnq . A further friction force arises from the
collisions of quark quasiparticles, carrying the quark ma
flow, with the droplet surface, but this is negligibly sma
compared with the nucleon contribution. Recall that t
baryon density discontinuity atr 5R is fairly large, ranging
;0.1– 0.7 fm23, in the absence of the quark screening. W
may then conclude that the shiftsdnq , acting to enhance the
dissipation effects governed by nucleon quasiparticles, l
to a fractional increase in the critical overpressureDPc .

We conclude this appendix by briefly mentioning the i
fluence of the static compressibility of quark matter, s
rounded by hadronic matter with hyperons, on the poten
energy. This effect can easily be estimated by following
line of argument analogous to the case in which no hyper
exist and by neglecting the electrostatic properties. Such
estimate made over the considered range of the param
such asb, as , ss , andms demonstrates that the finite com
pressibility increases the number densitiesnu , nd , andns ,
independently ofR, by less than about 10% at typical ove
pressures. This leads to a chemically induced decrease in
quark energy, which has been found to be of little con
quence to the potential energy. The resulting increase in
baryon density inside a droplet by typically;0.05 fm23

shifts the baryon kinetic energy appreciably, and hence
effective droplet mass~95!. This is because, in the absence
the quark screening, the baryon density discontinuity ar
5R is relatively small, ranging;20.1– 0.3 fm23. Such
shifts move into the lower-b regime the region of the bag
model parameters in which the droplet behaves relativi
cally, but otherwise do not change the qualitative conc
sions about the nucleation processes obtained ignoring
quark screening.
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