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Isotopic spin effect in two-pion and three-pion Bose-Einstein correlations
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Bose-Einstein correlations of pions are calculated in the presence of both statistical and coherent pion
production. An isotopic spin conservation is taken into account for the coherent component. Additional con-
tributions due to the isospin effect in pion correlation functions are found. Moreover, the experimental data of
two-particle Bose-Einstein correlations for neutral pions are analyzed in this scheme.
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I. INTRODUCTION

Bose-Einstein~BE! correlations of identical particles in
multiple production processes have been extensively stu
in the last years because they give information on the sp
time region of interactions@1,2#. The basic effect is analo
gous to Hanbury-Brown–Twiss~HBT! interferometry in op-
tics @3# and suggests statistical production of the partic
~mainly p mesons!. The possible presence of a coherent
onic component~for example, in the case of disoriented ch
ral condensate formation! modifies the HBT effect. This
modification in particle physics was taken formerly to be
close analogy with optics@4#.

On the other hand, pions~contrary to photons! are sub-
jected to isotopic spin~and electric charge! conservation and
so they cannot be emitted independently. While a co
sponding change of the statistical part is not essential
large multiplicities ~one must only ensure a symmetry b
tween isotopic spin components@5#!, the coherent par
changes substantially when isotopic spin conservation
taken into account@6–8#. So we reconsider BE correlation
of pions in the presence of both statistical and coherent c
ponents, taking into account isotopic spin conservation in
coherent part@9#. That will result in the appearance of a
additional contribution to the BE correlation function of ne
tral pions.

Experimental data of BE correlations of neutral pions
p-Xe collisions, reported@10#, are analyzed by our BE cor
relation formula.

We take annihilation~creation! operatorsai of the pionic
fields as a sum of statistical (bi) and coherent (ci) parts:

ai~k!5bi~k!1ci~k!, i 51,2,0. ~1!

Normalizations can be chosen in such a way that the inv
ant single-particle inclusive momentum density for eve
kind of pions is

r~k!5
1

s

ds

dk
5^a†~k!a~k!&5rch~k!1rc~k!,

rch~k!5^b†~k!b~k!&, rc~k!5^c†~k!c~k!&, ~2!
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dk5
d3k

2E~2p!3
,

where the isotopic spin index is abbreviated, and brack
mean an averaging of matrix elements over the pure pio
state forc operators and a statistical averaging forb opera-
tors. We use also the traditional chaoticity parameter

p~k!5rch~k!/r~k!, ~3!

which gives a share of the statistical~chaotic! component in
the single-particle density. If statistical and coherent pa
have different momentum distributions, then the chaotic
parameter depends on momentumk.

II. TWO-PION AND THREE-PION BE CORRELATION
FUNCTIONS

Consider now the two-particle inclusive momentum de
sity of identical pions:

r2~k1 ,k2!5
1

s

d2s

dk1dk2
5^a†~k1!a†~k2!a~k1!a~k2!&.

~4!

Splitting the statistical average of the operator product int
product of pair expectations~with particle permutation!, we
get a two-particle density where BE statistics is taken i
account:

r2~k1 ,k2!5r~k1!r~k2!1u^b†~k1!b~k2!&u2

12 Re@^b†~k1!b~k2!& ^c†~k2!c~k1!&#

1^c†~k1!c†~k2!c~k1!c~k2!&

2^c†~k1!c~k1!& ^c†~k2!c~k2!&. ~5!

The second term on the right hand side of Eq.~5! is the usual
effect of BE statistics~HBT effect!, the third term represent
an interference effect of statistical and coherent produc
@4#, and the last two terms represent a pure coherent co
2316 © 1998 The American Physical Society
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bution to the correlation function. This last contribution va
ishes in optics~for photons! but survives in the case of co
herent pion production due to the pion correlation aris
through isotopic spin conservation. A brief report on tw
particle BE correlations was done in Ref.@9#.

The three-pion inclusive momentum density of identic
pions is given by
m
n

iv
r

po

e
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i

re
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g
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l

r3~k1 ,k2 ,k3!5
1

s

d3s

dk1dk2dk3

5^a†~k1!a†~k2!a†~k3!a~k1!a~k2!a~k3!&

5I 11I 21I 3 , ~6!

where
I 15r~k1!r~k2!r~k2!1 (
~1,2,3!

$u^b†~k1!b~k2!&u212 Re@^b†~k1!b~k2!& ^c†~k2!c~k1!&#%r~k3!

12 Re@^b†~k1!b~k2!& ^b†~k2!b~k3!& ^b†~k3!b~k1!&#12 (
~1,2,3!

Re@^b†~k1!b~k2!& ^b†~k2!b~k3!& ^c†~k3!c~k1!&#,

I 25 (
~1,2,3!

@^c†~k1!c†~k2!c~k1!c~k2!&2^c†~k1!c~k1!& ^c†~k2!c~k2!&#^b†~k3!b~k3!&

12 (
~1,2,3!

Re$@^c†~k1!c†~k2!c~k3!c~k2!&2^c†~k1!c~k3!& ^c†~k2!c~k2!&#^b†~k3!b~k1!&%,

I 35^c†~k1!c†~k2!c†~k3!c~k1!c~k2!c~k3!&2^c†~k1!c~k1!& ^c†~k2!c~k2!& ^c†~k3!c~k3!&. ~7!
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In Eq. ~7!, I 1 is the usual three-particle inclusive momentu
density in the presence of chaotic and coherent compone
where BE correlations are taken into account@12#. I 2 and I 3
are composed of two-particle and three-particle inclus
densities of coherent components, respectively. These te
stem from the isotopic spin conservation of coherent com
nents.

Two-pion and three-pion BE correlation functions are d
fined, respectively, by the equations

N~2i !

NBG
5

r2~k1 ,k2!

r~k1!r~k2!
,

N~3i !

NBG
5

r3~k1 ,k2 ,k3!

r~k1!r~k2!r~k2!
.

III. ISOSPIN EFFECT IN THE COHERENT
CONTRIBUTION

Consider now the form of the coherent contribution.
typical ansatz for a coherent pion state with fixed isospin
given by a zero isospin projection of the standard cohe
state@6,7#. It has the form

u f &5
1

AN
E dV expF2

^nc&
2

1E dk f~k!ec†~k!G u0&,

e5~e1 ,e2 ,e0!5S sinu

A2
eif,

sinu

A2
e2 if,cosu D , ~8!

whereN is normalization factor and

^nc&5E dku f ~k!u2. ~9!
ts,

e
ms
-

-

s
nt

Integration in Eq.~8! is performed over directions of the un
vectore in three-dimensional isotopic space forp6 andp0

mesons, respectively, andu f (k)u2 gives the momentum dis
tribution of the coherently produced pions. If we consider t
space-time region in which pions are produced, thenf (k) is
the mass-shell Fourier transform of the space-time reg
f (x):

f ~k!5E d4xe2 ikxf ~x!uk05Ek
.

This function is not necessarily real:

f ~k!5u f ~k!ueiw~k!. ~10!

The normalizationN should be determined from the cond
tion ^ f u f &51, and we get

N5
8p2

^nc&
~12e22^nc&!.

We suggest below that the average number of pions is la
^nc&@1; then,

N'8p2/^nc&. ~11!

Now it is necessary to calculate the matrix elements
Eqs.~5! and ~7! over the pionic state of Eq.~8!. To do that
we act byci operators to the right and byci

† operators to the
left. For large^nc& the calculation is greatly simplified be
cause in this case one may use the steepest descent meth
the course of integration over the spherical ang
u1 ,f1 ,u2 ,f2 entering the states. Then we get the main co
tribution from the regionu1'u2 ,f1'f2 and reduce the ma
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trix elements to the average over a single solid angleV. The
resulting expressions for matrix elements take simple for

^ci
†~k1!ci~k1!&5r i u f ~k1!u2,

^ci
†~k1!cj

†~k2!ci~k1!cj~k2!&5r i j u f ~k1! f ~k2!u2,

^ci
†~k1!cj

†~k2!ck
†~k2!ci~k1!cj~k2!ck~k2!&

5r i jk u f ~k1! f ~k2! f ~k3!u2, ~12!

where

r j 1••• j n
5

1

4pE dVuej 1
u2
•••uej n

u2. ~13!

The factorsr i , r i j , and r i jk can be easily calculated from
Eq. ~13!:

r 15r 25r 05
1

3
,

r 115r 225
2

15
, r 005

1

5
,

r 1115r 2225
2

35
, r 0005

1

7
. ~14!

IV. ANOTHER APPROACH TO THE ISOSPIN EFFECT
IN THE COHERENT CONTRIBUTION

In order to compare the results obtained by the stee
descent method in the previous section, we also calcu
two- and three-particle densities of coherent components
ing an isosinglet state with fixed multiplicity (2n) @6,11#:

uc2n&5
1

A~2n11!!
@a1

† a2
† 2a0

†2#nu0&. ~15!

Single-particle and two-particle densities are shown in@11#:

^a1
† a1&5^a2

† a2&5^a0
†a0&5

2n

3
,

^a1
†2a1

2 &5^a2
†2a2

2 &5
8n~n21!

15
, ^a0

†2a0
2&5

2n~6n21!

15
,

~16!

where

^F&5^c2nuFuc2n&.

After some calculations, the three-pion densities given fr
the isosinglet state~15! are evaluated as

^a1
†3a1

3 &5^a2
†3a2

3 &5
16n~n21!~n22!

35
,

^a0
†3a0

3&5
4n~n21!~10n11!

35
. ~17!
s

st
te
s-

In the largen limit, the results shown in Eqs.~16! and ~17!
are essentially the same as those given in Eq.~14! in the
previous section.

V. ISOSPIN EFFECT IN BE CORRELATION FUNCTIONS

To examine the isotopic spin effect to the BE correlati
functions, we calculate two- and three-particle BE corre
tion functions in the symmetric representation@12#. In the
following, the chaoticity parameter and the phase factor
the momentum density are assumed to be constant:pa5p,
wa5w, a51,2,3.

The correlation of chaotic components inn-particle BE
correlation functions is parametrized as

^b†~k1!b~k2!&5pAr~k1!r~k2!EnB , ~18!

where

EnB5expF2
2

n~n21!
r 2Qnp

2 G ,
Qnp5A2 (

i 51

n21

(
j 5 i 11

n

~ki2kj !
2. ~19!

In the derivation ofE2B , the Gaussian source function with
parameter of source sizeA2r is assumed~see Ref.@12#!.
Then two- and three-particle BE correlation functions w
constantpa5p are given, respectively, as

N~2i !

NBG
5112p~12p!E2B1p2E2B

2 1b i i ~12p!2,

FIG. 1. Two-particle BE correlations for neutral pions inp-Xe
collisions. Data are taken from Ref.@10#. The solid curve is drawn
from Eq. ~23! with A2r 50.947 fm andp50.706, which are deter-
mined by the minimum chi-squared fit (xmin

2 /NDF59.99/16). Q
denotesQ2p .
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N~3i !

NBG
5116p~12p!E3B13p2~322p!E3B

2 12p3E3B
3

13b i i ~12p!2@112pE3B#1b i i i ~12p!3, ~20!

where

b i i 5
r ii

r i
2

21, b i i i 5
r ii i

r i
3

23b i i 21, i 51,2,0. ~21!

In Eq. ~20!, terms withb i i andb i i i denote additional contri-
butions from the isotopic spin effect of coherent compone
From Eqs.~14! and ~21!, coefficientsb i i andb i i i are calcu-
lated as

b115b225
1

5
, b005

4

5

b1115b22252
2

35
, b0005

16

35
. ~22!

It should be noted that the isotopic spin effect in BE cor
lation functions of neutral particles is much more enhan
than that of charged particles. This tendency is also obse
in the Regge pole expansion with BE statistics@13#. In gen-
eral, the coefficientsb i j ’s depend on the total isospin of th
pionic system.

As can be seen from Eq.~20!, the asymptotic values
~large Qnp limit ! of two- and three-particle BE correlatio
functions do not necessarily approach 1 if the chaoticity
rameter is not equal to 1. In other words, the asympto
values of the BE functions will deviate from 1 due to th
isotopic spin effect of coherent components. As the chao

FIG. 2. Two-particle BE correlations for neutral pions ine1e2

collisions. Data are taken from Ref.@14#. The solid curve is drawn
from Eq. ~23! with p50.299 andA2r 50.662 fm, which are deter
mined by the minimum chi-squared fit (xmin

2 /NDF557.1/48). Q
denotesQ2p .
s.

-
d
ed

-
c

c-

ity parameter decreases from 0.7 to 0.5, the asymptotic v
of the two-particle BE correlation function for neutral pion
becomes from 1.07 to 1.20.

To compare our formulas with experimental data, t
asymptotic values of the BE correlation functions should
renormalized to 1:

W~2i !5
1

11b i i ~12p!2

N~2i !

NBG
,

W~3i !5
1

116b i i ~12p!21b i i i ~12p!3

N~32 !

NBG
. ~23!

In Fig. 1, two-particle BE correlations for neutral pion
observed inp-Xe collisions@10# are analyzed by the formula

FIG. 3. Three-particle correlation functions for neutral pio
calculated from Eq.~23!: ~a! with r 53 fm andp50.7 and~b! with
r 53 fm andp50.5. Q denotesQ3p .
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~23!. The data are well fitted by Eq.~23! with p50.706
60.162 andA2r 50.94760.087 fm atxmin

2 /NDF59.99/16.
For the sake of reference, we also analyze the prelimin

data of two-pion BE correlations ine1e2 collisions by the
L3 Collaboration@14#. The result is shown in Fig. 2. Th
data can be fitted by Eq.~23! with p50.29960.031 and
A2r 50.66260.045 fm atxmin

2 /NDF557.1/48. The coheren
component seems to correspond to contributions from re
nances@14#. Our prediction should be examined in the ne
future @15#.

In Fig. 3, calculated results of three-particle correlati
functionsW(30) with p50.7 andp50.5 atr 53 fm for neu-
tral pions are shown. The contribution from isotopic sp
conservation in coherent components is denoted by ISO
that from the usual two-particle BE correlations by BE
The contribution of coherent components increases as
chaoticity parameter decreases in both correlation functio

VI. CONCLUDING REMARKS

We have calculated two-particle and three-particle
correlation functions in the presence of chaotic and cohe
components. Isotopic spin conservation of the coherent c
ponent is taken into account. Additional contributions due
isotopic spin conservation appear in the two- and thr
particle correlation functions. Moreover, our results for t
coherent component are the same as those of Refs.@6# and
@11#, asn is large in their case. Because these terms are n
function of the momentum difference, the effect of isotop
conservation will not necessarily vanish, as the momen
difference squared increases:uQnpu2→`.

We have analyzed the data of two-particle BE correlatio
for neutral pions inp-Xe collisions and the preliminary dat
of two neutral pion BE correlations ine1e2 collisions by the
L3 Collaboration@14#. Fairly speaking, it can be said that th
data are described by our formula~23!.
.
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If E2B and the chaoticity parameter do not depend
charge states, we can extract the following relations fr
Eqs.~20! and ~21!, respectively:

N~20!

NBG
2

N~22 !

NBG
5

3

5
~12p!2.0,

W~20!2W~22 !52
3~12p!2

5

3
2p~12p!E2B1p2E2B

2

@114~12p!2/5#@11~12p!2/5#
,0.

The sign of the above equations alternates according to
normalization conditions. This will be an indication of isoto
pic spin conservation.

As shown in Eq.~20!, the presence of isotopic spin and i
conservation leads to additional contributions to identi
pion correlations, which depend on the portion of the coh
ent component. These terms affect the normalization for
two-pion and three-pion BE correlations as shown in E
~23!.

Our results on two- and three-particle correlations will
useful in estimating the chaoticity parameter more precis
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