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New Skyrme interaction for normal and exotic nuclei
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A new set of Skyrme parameters is obtained from a fit to the binding energies, rms charge radii, and
single-particle energies of both normal and exotic spherical nuclei. Nuclear matter and neutron matter prop-
erties are used to put constraints on the parameters which are not well determined from the nuclear data.
Special problems with the Nolen-Schiffer anomaly and the spin-orbit interaction are discussed.
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I. INTRODUCTION

Since the implementation of the Skyrme interaction@1# by
Vautherin and Brink@2#, this model has proven remarkab
useful and successful for nuclear Hartree-Fock~HF! calcula-
tions. It appears to incorporate the essential physics in te
of a minimal set of parameters, e.g., ans- and p-wave ex-
pansion of an effective nucleon-nucleon interaction toget
with a density-dependent part which accounts for the trun
tion of the shell-model space to a closed-shell configura
as well as for three-body interactions. Since the interactio
phenomenological, the parameters need to be determ
from experimental data.

In the present paper I discuss a fit of the Skyrme para
eters to a large body of data related to nuclear ground s
properties. These include binding energies, rms charge r
and single-particle energies. It is important to achieve go
agreement for the single-particle energies of the most ex
nuclei measured in order to improve the reliability for pr
dictions of the properties of even more exotic nuclei out
the proton and neutron drip lines. I consider these proper
for the spherical nuclei16O, 24O, 34Si, 40Ca, 48Ca, 48Ni,
68Ni, 88Sr, 100Sn, 132Sn, and 208Pb. This set includes the
most exotic nuclei studied to date. Although16O and 40Ca
are included in this list~as they have been since the fir
determinations of the Skyrme parameters!, I will show that
their single-particle spectra are not as well described as
other nuclei considered.

The data considered are well reproduced by varying
out of the ten conventional Skyrme-interaction paramet
Constraints on the four poorly determined parameters
obtained by comparison to nuclear matter and neutron ma
properties. In addition, I modify the usual Skyrme interacti
to allow for a more general spin-orbit potential and to ta
into account the Nolen-Schiffer displacement ene
anomaly. The single-particle energy data give some pre
ence for using the isoscalar~relativistic! form for the spin-
orbit potential. The Nolen-Schiffer anomaly can be tak
into account by introducing an isovector effective mass or
removing the Coulomb exchange term.

The main new ingredient in this work which distinguish
it from the many other works on the Skyrme interacti
which exist in the literature is the emphasis on the sing
PRC 580556-2813/98/58~1!/220~12!/$15.00
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particle energies. Previous investigations have been c
cerned with general aspects of the single-particle ener
such as the spin-orbit splitting and the level density at
Fermi surface, but they have not treated the fits to these
in a quantitative way. The second ingredient is a consis
formulation for both proton-rich and neutron-rich nucl
which requires an understanding of the Nolen-Schif
anomaly. The last two ingredients follow suggestions wh
have been discussed previously~specific references will be
given below!; a generalized form for spin-orbit interactio
and constraints on the Skyrme parameters which are rel
to nuclear matter and neutron matter properties.

The form for the Skyrme interaction is summarized
Sec. II, and the experimental data used for the fit are
cussed in Sec. III. Section IV deals with the special probl
for the mirror displacement energies, since the physics
volved can be largely separated from the other aspects.
general fit results are discussed in Sec. V including the
tails about the spin-orbit interaction and the constraints
nuclear matter and neutron matter. Results for the bind
energies and single-particle energies are discussed in
VI, and results for the rms charge radii and densities
discussed in Sec. VII. The conclusions are given in Sec. V

II. FORM OF THE SKYRME INTERACTION

For the central potential I use the standard form of Va
therin and Brink@2# with the addition of thex1, x2, andx3
exchange terms and thera density dependence@3–9#:

VSkyrme5t0~11x0Ps!d1
1

2
t1~11x1Ps!~k82d1dk2!

1t2~11x2Ps!k8•dk1
1

6
t3~11x3Ps!ra~R!d,

~1!

where d5d(r i2r j ), k5(1/2i )(¹i2¹j ) is the relative mo-
mentum operator acting on the wave function to the right a
k8 is the adjoint ofk. Ps is the spin-exchange operator an
R5(r i1r j )/2.
220 © 1998 The American Physical Society
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PRC 58 221NEW SKYRME INTERACTION FOR NORMAL AND . . .
The spin-orbit potential is the one obtained from the tw
body interaction of Vautherin and Brink as modified b
Sharmaet al. @10#:

Vso5 iW0~11xwPt!k8•d~s3k!. ~2!

Pt is the isospin-exchange operator ands5s11s2 where
s i are the Pauli spin matricies. As in Ref.@10# the one-body
spin-orbit potential is constructed without the exchan
~Fock! term. Equation~2! with xw51 is the original two-
body interaction of Vautherin and Brink which gives a on
body spin-orbit potential proportional to 2Jp1Jn for protons
and proportional toJp12Jn for neutrons, whereJp and Jn
are the proton and neutron spin densities. Equation~2! with
xw50 gives a one-body spin-orbit potential for both proto
and neutrons which is proportional to the scalar spin den
Jp1Jn . This scalar form is close to that obtained in t
relativistic mean-field model@10#, and also to the form usu
ally assumed for the one-body Woods-Saxon potential.

The direct part of the Coulomb interaction is obtain
from the charge distributionrch. For the exchange part o
the Coulomb interaction I use the approximation@8#

VCoul,exch52xce
2S 3

p D 1/3

rch
1/3, ~3!

wherexc is a parameter which can be used to turn off t
exchange part (xc50). The charge distributions are obtaine
by folding the point nucleon distributions with the proto
and neutron charge distributions and includes the cente
mass and the spin-orbit corrections@9,11#. The Coulomb po-
tential is calculated from a point proton distribution who
density distribution is adjusted to match the calcula
charge rms radius. The single-particle energies obtained f
this approximation differ from the exact ones obtained fro
the full charge distribution by about 20 keV or less and
total binding energy for208Pb differs by 400 keV from the
exact one. In terms of the fit, these differences are abso
into the parameters. In the final iteration the exact cha
distribution is calculated for the comparison to experimen

The free-nucleon masses are used for the single-par
HF kinetic energies, and the center-of-mass correction to
kinetic energy is evaluated by subtracting the expecta
value of the center-of-mass kinetic energy in the harmo
oscillator approximation

Ec.m.5 K P2

2AmL 5
3

4
\v, ~4!

with \v545A21/3225A22/3.

III. DATA FOR DOUBLY CLOSED SHELL NUCLEI

The Skyrme parameters are obtained by minimizing thx
value given by

x25(
i

wi
2~di

exp2di
th!2/@~Nd2Np!#, ~5!
-
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where the sum runs over thei data pointsdi , wi51/s i is the
theoretical weight corresponding to the theoretical ‘‘erro
s i , Nd is the number of data, andNp is the number of
parameters.

The eleven nuclei considered in this work are16O, 24O,
34Si, 40Ca, 48Ca, 48Ni, 68Ni, 88Sr, 100Sn, 132Sn, and208Pb.
All of these except48Ni and 100Sn have measured bindin
energies with an error of 300 keV or less@12#. The binding
energy of 48Ni can be extrapolated to within an error o
about 200 keV based upon displacement energy system
@13–15#. This data is treated in terms of the mirror bindin
energy difference BE(48Ca) 2 BE(48Ni) 5 67.06 MeV. The
binding energy of100Sn has recently been measured@16#, BE
5 825.8~9! MeV, and has a relatively large error.

These eleven nuclei are all characterized by having fi
excited levels which are significantly higher in energy co
pared to those of the neighboring even-even nuclei. T
consist of those nuclei which are conventionally thought
as having good closed-shell configurations, correspondin
the major shell gaps at 8, 20, 50, and 82, for both protons
neutrons,16O, 40Ca, 100Sn, 132Sn, and208Pb, plus those for
which one type of nucleon has a large shell gap and the o
type of nucleon has a minor~semimagic! shell gap~14, 28,
and 38!, 24O, 34Si, 48Ca, 48Ni, and 88Sr. ~The semimagic
properties of90Zr and 88Sr are rather similar, and only one o
them is needed for the fit.! In addition, I include68Ni, even
though both protons and neutrons are semimagic, in orde
give some information in the fit from this region of nuclei

All of the binding energies were assigned theoretical
rors of s51.0 MeV for the fit, except for those of132Sn
and 208Pb which were givens50.5 MeV and for 100Sn
which was given its experimental error ofs50.9 MeV. The
smallest errors are assigned to132Sn and208Pb which are the
best examples of doubly closed shell nuclei. For t
nuclei 24O, 34Si and 48Ca (48Ni) it is possible to carry out 0
\v shell-model calculations@17,18# in order to investigate
the ‘‘local’’ configuration mixing effect on the binding ener
gies. These calculations give a correlation energy for th
three nuclei~due to T51 BCS-type correlations! of about
1.0 MeV. One might expect a similar correlation energy
the semimagic nuclei68Ni and 88Sr. This is the main moti-
vation of assigning 1.0 MeV theoretical errors to all of th
nuclei. Even though16O and 40Ca are usually thought of a
good examples of doubly closed-shell nuclei, there is e
dence that the correlations for these nuclei go beyond
which is implicit in the Skyrme Hartree-Fock potential. Th
will be discussed further in Sec. VI.

Even though I assume closed-shell Slater determinants
these nuclei, the correlations beyond the closed shell~such as
two-particle two-hole admixtures! are always important, and
one assumes that these correlations can be implicitly ta
into account in terms of the effective parameters of
Skyrme interaction. The calculation of other observab
such as electromagnetic transition rates must be explic
renormalized to take into account the correlations.

In addition, the fit includes the rms charge radii@19#
for 16O ~rms52.737 fm,s50.03 fm!, 40Ca ~rms53.477 fm,
s50.03 fm!, 48Ca ~rms53.474 fm,s50.01 fm!, 88Sr ~rms
54.219 fm, s50.01 fm!, and 208Pb ~rms55.501 fm, s
50.01 fm!. Less weight is put on16O and 40Ca, for the
reasons discussed in Sec. VI.



t

th
cin
v
e

PE

n
te

a
p
o
e
ic
o
o
le

b
w
c
le

th

en
p

-
tio
00

eV

o
r
te
an
ti

I.

ng
e

lei

tri-

ri-
n-
f

ne
y

ere
s

on
or
g
the
if-

ns is
the

ay

he
ir-

al-
ect
and
e-
the

ou-
u-
he

to
eon
re
ro-
rac-
e to
eri-
gth
on

the
y

n-

I
or

f
ss

222 PRC 58B. ALEX BROWN
I also include single-particle energies~SPE! in the fit.
These include 14 levels for16O, 34Si, and 40Ca with s
52.0 MeV, 14 levels for48Ca and88Sr with s51.0 MeV,
four levels for 100Sn with s51.0 MeV which have been
extrapolated from the properties of neighboring nuclei@20#,
15 levels for132Sn withs50.5 MeV and 22 levels for208Pb
with s50.5 MeV. Five of the loosely bound low-l SPE
in 208Pb and two of the loosely bound low-l SPE in 132Sn
where given a larger error ofs51.0 MeV for the reasons to
be discussed in Sec. VI. The recently measured@21# levels
in 133Sn do not have measured spins, but I have adopted
suggested theoretical assignments from Ref.@21# which are
consistent with the present calculations. The decreasing
oretical error as a function of mass reflects the larger spa
of energy levels in light nuclei compared to those in hea
nuclei, as well as the larger deviation between experim
and theory obtained for light nuclei~see Sec. VI!.

The experimental value of the SPE is given by S
5E(A011)2E* (A0), for particle ~unfilled! states and
SPE5E(A0)2E* (A021)for hole ~filled! states, where
E(A0) is the interaction energy of the even-even core, a
E* are the interaction energies for the ground or exci
states of the neighboring odd-even nuclei.E(A)52BE(A),
where BE(A) is the binding energy which is defined to be
positive quantity. Most of these SPE are obtained from s
cific levels in the odd-even nuclei which have single-nucle
transfer spectroscopic factors which are large and clos
the single-nucleon limit. In the cases of the very neutron-r
nuclei 34Si and 132Sn, the spectroscopic factors have n
been measured, and I assume that the lowest-lying levels
given spin and parity correspond to the expected ‘‘sing
particle’’ states.

It is possible that any given single-particle state may
fragmented over several levels due to coupling with lo
lying excited states of the core nuclei. However, these effe
should be within the assigned theoretical error for the sing
particle states considered for the fit. The exceptions to
are for the neutron deep-hole states in207Pb whose centroid
energies are taken from Galeset al. @22# and the 0j 15/2 neu-
tron particle state in209Pb whose centroid energy was tak
from the Table on page 573 of Nuclear Data Sheets com
lation of Martin @23#.

For the nuclei24O, 34Si, and 48Ca it is possible to carry
out 0\v shell-model calculations@17,18# in order to inves-
tigate the ‘‘local’’ configuration mixing effect on the single
particle energies. For all of these cases, the configura
mixing alters the single-particle energies by typically 5
keV or less. The largest change was found for the 0s1/2 hole
state in34Si whose main component is in a state at 0.8 M
in 33Si but it partly fragmented over a state at 5.0 MeV~as
yet unobserved since no transfer reactions have carried
for this unstable nucleus! moving its centroid energy lowe
in energy by about 0.8 MeV. In all cases the shifts expec
from the shell-model configuration mixing are smaller th
the errors assigned. The special nature of the fragmenta
effects for 16O and 40Ca will be discussed further in Sec. V

If both kinds of nucleons are semimagic andN5Z, the
0\v shell-model calculations give a large amount of mixi
due to the strong proton-neutron interaction, and the clos
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shell component of these nuclei is particularly small. Nuc
in this class which include12C @24#, 28Si @17#, and 56Ni @25#
are not considered for the fit.

IV. THE DISPLACEMENT ENERGY ANOMALY
FOR MIRROR NUCLEI

With the data set discussed in Sec. III, the largest con
bution to thex value is the48Ca-48Ni binding energy differ-
ence which is theoretically too small compared to expe
ment by 3 to 5 MeV. This problem is related to the Nole
Schiffer anomaly@26# which is usually discussed in terms o
the displacement energies of mirror nuclei with with o
valence nucleon (T51/2), but it is magnified in this case b
the large difference in proton number~eight! between48Ni
and 48Ca. Unless this difference is taken into account, th
will be a problem with HF calculations for all nuclei acros
the N5Z line.

For the typical HF calculation for48Ni, the 0f 7/2 proton
orbital is unbound by a few hundred keV. The calculati
was carried out by artificially increasing the HF potential f
the 0f 7/2 orbit until it is bound by 0.2 MeV, and then usin
this wave function to calculate the expectation value of
Skyrme potential. Due to the large Coulomb barrier, the d
ference between the bound and quasibound wave functio
not large and I estimate an error of about 20 keV due to
approximation used. It is interesting to note that48Ni is one
of best candidates for observing direct two-proton dec
@13–15#.

The Nolen-Schiffer anomaly is the observation that t
magnitude of the experimental displacement energies of m
ror nuclei are systematically 5 to 10 % larger than those c
culated. These calculations conventionally include the dir
Coulomb interaction, the exchange Coulomb interaction,
the first-order core-polarization correction. The cor
polarization correction, sometimes referred to as
Auerbach-Kahana-Weneser@27# ~AKW ! effect, is related to
the small isovector potential in the core created by the C
lomb repulsion of the core protons. The AKW effect is a
tomatically taken into account in the HF method when t
valence orbitals are contained in the potential@28#.

One way to account for the Nolen-Schiffer anomaly is
introduce a charge-asymmetric term in the nucleon-nucl
interaction. That is, the strong interaction is a little mo
attractive between two neutrons than it is between two p
tons. Experimental data on the charge-asymmetric inte
tion from nucleon-nucleon scattering has a large error du
the lack of precision in the neutron-neutron scattering exp
ments. I find that one can modify the proton-proton stren
of the Skyrme interaction relative to the neutron-neutr
strength to obtain better agreement for the48Ni- 48Ca binding
energy difference. However, such modifications increase
contribution to thex value from the other data in such a wa
that the totalx value does not change.

Another possible way to take into account the Nole
Schiffer anomaly is to introduce a many-body~nuclear me-
dium! correction to the Hamiltonian. One possibility that
have explored@29# is to make a small change in the isovect
mass which appears in the kinetic energy operator, e.g.,mp̄

5mp(11d1) andmn̄5mn(12d1). One requires a value o
about20.009 ford1 ~a 1.8% increase in the neutron ma
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PRC 58 223NEW SKYRME INTERACTION FOR NORMAL AND . . .
relative to the proton mass!. There is some discussion in th
literature about the nuclear medium dependence of the
ovector effective mass@30#, but it is not clear how these
models are related to the present result.

Another way that works is to drop the exchange corr
tion to the Coulomb potential by settingxc equal to zero in
Eq. ~3!. If xc is included as a fit parameter, then the min
mum in thex value is close toxc50. The results reported
here are those obtained withxc50. Slightly better agreemen
for the A548 binding energy difference can be obtained
allowing the strength of the Coulomb exchange to be var
or by allowing for an isovector effective mass. Howev
until one has a justification for doing one or the other
prefer the simplicity and utility of just removing the ex
change term.

It turns out that if the binding energy of48Ni is not in-
cluded in the fit, then an equally goodx value is obtained
with the usualxc51 but with a small change in the values
the other parameters~see SKXce in Table I!. It is only when
the binding energies of proton-rich nuclei are also conside
that the introduction of the charge-asymmetric potential
comes important.

V. RESULTS FOR THE FIT

I consider the twelve parameterst0, t1, t2, t3, W0, x0, x1,
x2, x3, xc , xw , anda. As discussed above,xc50 was cho-
sen in order to reproduce the displacement energy differe
between48Ni and 48Ca. The spin-orbit exchange parame
xw is mainly determined by the spin-orbit gap in the sing
particle states. Whenxw is used in the fit, the minimum in the
x value is nearxw50. Thex is about 20% larger withxw
51. Thus I adopt the valuexw50 which is close to the

TABLE I. Values of the SKX Skyrme parameters obtaine
They are compared with the results~SKXce! with the Coulomb
exchange and without48Ni in the fit, and the results~SKXm! with
a51/3. They also are compared with the previous SKP@55# and
SkSC4@56# interactions.

Parameter SKXce SKXm SKX SKP SkSC4

a 0.5 1/3 0.5 1/6 1/3
xw 0 0 0 1 1
xc 1 0 0 1 1

x 0.65 0.91 0.72
t0 21438.0 21803.1 21445.3 22931.7 21789.4
t1 244.3 273.8 246.9 320.6 283.5
t2 2133.7 2 95.9 2131.8 2337.4 2283.5
t3 12116.3 12755.1 12103.9 18709.0 12782
W0 145.7 155.9 148.6 100.0 124.9
x0 0.288 0.306 0.340 0.292 0.79
x1 0.611 0.225 0.580 0.653 20.5
x2 0.145 0.698 0.127 20.537 20.5
x3 20.056 0.116 0.030 0.181 1.139

m* /m 0.99 0.97 0.99 1.0 1.0
K 270 238 270 200 234
BE(176Sn) 1158.0 1149.1 1149.0 1161.1 1156.
is-

-

y
d
,
I

d
-

ce
r
-

isoscalar form expected in the relativistic mean-field mo
@10#. I have not explored the possibility of using a densit
dependent spin-orbit interaction@31#, however, the fits to the
single-particle energies I consider~see Sec. VI and Figs
4–9! are very well reproduced by the present formulation
is likely that this isoscalar form of the spin-orbit potenti
will lead to the reduced spin-orbit splitting in neutron matt
which is suggested in Ref.@32#, but I have not yet explicitly
checked this.

With the remaining set of ten parameters, I find that six
them are well determined by the above set of data, nam
t0, t1, t2, t3, x0, andW0. I now discuss how the remainin
parametersa, x1, x2, andx3 are determined.

The least squares fit is not very sensitive toa with the x
vs a curve having a a minimum of aboutx50.71 in the
rangea50.5 and 0.8. At the upper range ofa, the agree-
ment between the experimental and theoretical SPE of208Pb
becomes worse. There is a general tendency in all of th
fits for some of the light nuclei to have a theoretical bindi
energy which is too large~for example ata50.5 the binding
energy of24O is 1.8 MeV too large!, and this trend is worse
at the lower range ofa. However, I put less emphasis on th
deviations for light nuclei because the HF approximati
should be better for heavy nuclei. Also there is a larger er
in the harmonic-oscillator approximation to the center-
mass correction for light nuclei.

The shape of the nuclear matter curve forE/A vs r ~see
Fig. 1! and the related incompressibility K
59r2d2E/d2rur5r0

is sensitive toa. Over the rangea50.5 to
0.8 the incompressibility varies from about 270 to 330 Me
The value ofK obtained from other experiments is at th
lower range of these values, for example,K5240 to 270
MeV from a recent analysis of alpha-nucleus and nucle
nucleus scattering data@33#. The three-nucleon part of th
Friedman-Pandharipanda~FP! nuclear matter calculation
@34# was fitted to give theK5240 MeV value inferred from
the energies of the giant monopole resonances@35#.

.

FIG. 1. E/A vs density~in units of nucleons/fm2) for nuclear
matter. The variational calculations for Friedman and Pandh
panda~filled circles! are compared with the present Skyrme inte
action results witha 5 1/3 ~dashed line! anda 5 0.5 ~solid line!.
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224 PRC 58B. ALEX BROWN
Thus, with a bias toward fitting the FP nuclear mat
curve and having a smaller incompressibility, I have cho
a50.5 which givesK5270 MeV. When this Skyrme inter
action is used for an RPA calculation of the monopole re
nance in208Pb, the energy is about 10% too high@36#. The
nuclear matter result as shown in Fig. 1 is that the FP cu
is reproduced extremely closely fromr 5 0.04 to 0.17
nucleons/fm3. Belowr50.04 nucleons/fm3 the FP curve is
more bound, which may be due to a long-range attrac
which is missing in the Skyrme expansion. Abover50.17
nucleons/fm3, the FP curve is again more attractive, but
should be remembered that FP includes some phenom
logical three-body forces which are adjusted to reproduce
extrapolated nuclear matter properties.

For a fixed value ofa, the parameterst0, t1, t2, t3, x0, and
W0 are varied to obtain a minimum in thex. An equally
good fit to all data can be obtained for a wide range ofx1, x2,
and x3 values, but the fitted parameters depend upon t
value. Unfortunately the location of the neutron drip line
rather sensitive to these undetermined parameters, in par
lar to x3.

It turns out that theE/N vs r curve forneutronmatter is
extremely sensitive tox3, as has been pointed out in Ref
@37# and @38#. Thus, if I include some points along the F
neutron matter curve in the fit with a 10% error, the value
x3 becomes rather well determined and one can obta
neutron matter curve which is very close to FP as shown
Fig. 2. If one tries to constrain the fit to neutron matter mo
tightly by putting, for example, a 1% error on the FP poin
thex value from the fit to the nuclear properties increases
about a factor of 2. So there is an indication in the presen
that the FP neutron matter calculations are not quite rig
Indeed, it appears that a three-nucleon interaction could
crease the FP points by about 10 percent in the ranger
5 0.10 to 0.15 neutrons/fm3 @39#. The sensitivity of the neu-
tron matter curve tox1 andx2 is not large, and the location

FIG. 2. E/N vs density~in units of neutrons/fm3) for neutron
matter. For the neutron matter, the variational calculations are c
pared with the present Skyrme interaction results with SKXx3

5 0.03! ~line! and with another interaction which gives about t
same fit to nuclear data but hasx3 5 0.9 ~dashed line!.
r
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of the neutron drip line is also less sensitive to these. I
cludex1 andx2 in the fit to the nuclear and neutron matt
properties, but their errors are large and an equally good
could be obtained by setting them equal to zero. In the fut
one may be able to put further constraints on thesex param-
eters from a consideration of the other giant resonances
the related empirical values of the Landau parameters@40#.

With the above set of parameters (a50.5) a remarkably
good fit with x'0.73 is obtained for the entire set of da
considered; this interaction will be denoted by SKX. T
values of the parameters for this interaction are given
Table I. Although one can easily obtain the uncorrelated
rameter uncertainties from the fit, they are not very meani
ful since the errors are dominated by the correlations
tween the parameters. For comparison I also give the res
SKXce obtained with normal Coulomb exchange (xc51)
and without48Ni in the fit. The nuclear matter effective mas
which comes out of SKX and SKXce fits ism* /m50.99.

The results for the fit obtained with the even lower val
of a51/3 gives a largerx value of 0.91. The results labele
SKXm ~for monopole fit! are given in Table I. The largerx
value comes mainly from the SPE in heavy nuclei being
little too spread out compared to experiment and this is
lated to a slightly smaller effective mass ofm* /m50.97
which comes out of the fit. However, for the monopole gia
resonance, the SKXm parameter set with a lower value oa
which givesK5238 MeV might be preferred. For nuclea
matter the main difference with thea51/3 result is that it is
closer to the FP points at higher density~see Fig. 1!. With
a51/3 the calculated binding energy of24O comes out 2.3
MeV too large and the rms charge radius for16O comes out
0.02 fm too large compared to experiment.

VI. RESULTS FOR THE BINDING ENERGIES
AND SINGLE-PARTICLE ENERGIES

The deviation between the experimental and theoret
binding energies for the nuclei chosen for the fit are shown
Fig. 3. TheA548 point shown in Fig. 3 is for48Ca. The
overall rms is 0.82 MeV. The calculated value for the diffe
ence BE(48Ca) 2 BE(48Ni) is 5 66.30 MeV compared to

-

FIG. 3. Differences between the experimental and the theo
cal binding energy for the nuclei considered in the fit. The expe
mental errors are small except for those of24O and 100Sn. A548
represents the result for48Ca. The result for48Ni is discussed in the
text.
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the experimental value of 67.06 MeV. As discussed abo
this is the result obtained by turning off the exchange par
the Coulomb potential. If the exchange term is included,
theoretical binding energy difference is 62.7 MeV. Ev
though less weight was put on the16O and 40Ca binding
energies, the agreement with experiment for these two
typical of that for the other light nuclei.

The comparison between experiment and theory for
208Pb, 132Sn, 100Sn, 88Sr, 48Ca, 40Ca, and16O single-particle
energies are shown in Figs. 4–9. The rms deviation for
single-particle energies decreases with increasing mass
results for the rms of 1.7 MeV for16O, 34Si, and 40Ca, 0.84

FIG. 4. Comparison of the experimental and theoretical~SKX!
single-particle levels in208Pb. The levels connected by a dash
line were included in the fit. The labels are (n,l ,2j ). The long solid
lines indicate the division between particle and hole states.

FIG. 5. Comparison of the experimental and theoretical~SKX!
single-particle levels in132Sn. See caption to Fig. 4.
e,
f
e

is

e

e
ith

MeV for 48Ca, 88Sr, and 100Sn, 0.49 MeV for 132Sn, and
0.35 MeV for 208Pb. The large deviation for the lightest nu
clei cannot be removed with any reasonable adjustmen
the Skyrme parameters. These rms deviations were use
determine the theoretical errors discussed above for the
set. If I had used, for example, the same error of 0.5 MeV
all single-particle energies, the resulting rms deviations
main about the same as the above as a function of mass
the x value goes up by about a factor of 2.

There are five loosely bound particle states not shown
Fig. 4 for 208Pb, namely, those for the 2p3/2 and 2p1/2 proton
states and the 2d5/2, 2d3/2, and 3s1/2 neutron states. Thes
five levels are about 1 MeV lower in energy experimenta

FIG. 6. Comparison of the experimental and theoretical~SKX!
single-particle levels in100Sn. See caption to Fig. 4.

FIG. 7. Comparison of the experimental and theoretical~SKX!
single-particle levels in88Sr. See caption to Fig. 4.
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as compared to the theory. For example, the experime
3s1/2 SPE is21.91 MeV as compared to the SKX value
20.65 MeV. This problem remains essentially the same
all of the varieties of Skyrme parameters I investigated in
course of this study. All of these low-l states are loosely
bound and have a large rms radius. Thus, I speculate tha
Skyrme potential is a little too weak at large radii due to t
p-wave cutoff in the expansion, and that this is the rea
why these states are theoretically underbound. This is c
sistent with the observation that the SKX nuclear ma
binding energy at low density is too small compared to
FP variational calculations~see Fig. 1!. However, the prob-
lem may also be associated with the spreading of the sin
particle strength for thesenl j values to states at higher en

FIG. 8. Comparison of the experimental and theoretical~SKX!
single-particle levels in48Ca. See caption to Fig. 4.

FIG. 9. Comparison of the experimental and theoretical~SKX!
single-particle levels in16O and 40Ca. See caption to Fig. 4.
tal
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ergy which have not yet been observed experimenta
These five states in208Pb were included in the fit with a
theoretical error of 1.0 MeV and were not included in t
0.35 MeV rms deviation quoted above. There is a sim
situation in 132Sn with the loosely-bound 2p3/2 and 1f 5/2
neutron states~see Fig. 5!. These were also given a 1 MeV
theoretical error in the fit.

It is interesting to note that energies for the three deep
neutron hole states (0g9/2, 0g7/2, and 1d5/2) observed by
Galeset al. @22# which were not included in the fit are we
reproduced by the calculation. This good agreement for
deep-hole states tends to reinforce the need for the S
effective massm* /m value of near unity. The deep hol
states observed in light nuclei@41# ~which are not in the fit!
require a smaller effective mass of about 0.8 and are thus
reproduced by the SKX interaction. It is impossible with t
Skyrme interaction to get agreement for both the208Pb SPE
and those for the deep-hole states in light nuclei. Since
present work is designed to provide a starting point for sh
model configuration mixing of orbitals near the Fermi su
face, one needs an effective mass near unity.

The quality of the comparison between the theoretical a
experimental SPE for132Sn is comparable to that of208Pb.
As mentioned above, the agreement between the experim
tal and calculated SPE becomes somewhat wo
for 100Sn, 88Sr, and 48Ca, but there are systematic diffe
ences. For example, the splitting between the 1p1/2 and 0g9/2
orbitals is always larger in the calculations compared to
periment. TheZ538 proton shell gap for88Sr is not very
large and this will lead to an enhanced mixing across the
which will be reflected in less pure single-particle states. T
BCS calculations for the88Sr proton states given in Ref.@8#
do not appear to improve the agreement.

The classic signature of mixing across the gap is
larger experimental ‘‘quasiparticle’’ gap compared to t
calculated single-particle shell gap. This can clearly be s
in 48Ca, 40Ca, and16O. A nice example of how this effec
can be accounted for by configuration mixing was shown
Gloeckner and Lawson@24# in the example of12C, where the
experimental quasiparticle gap is nearly twice as large as
single-particle gap. This is due to the ground state corre
tions induced by excitations from the 0p3/2 to the 0p1/2 or-
bital. If one has a pure (0p3/2)

8 configuration, then the 0p3/2
‘‘hole’’ spectroscopic factor in13C and the 0p1/2 ‘‘particle’’
spectroscopic factor in11C are both zero. When the simpl
configuration is broken by considering the fu
(0p3/2, 0p1/2)

8 configuration space, these are no long
zero. The bare SPE can be recovered from experimental
by making an energy-weighted sum over the total strength
both orbitals in both the ‘‘particle’’ (A513) and ‘‘hole’’
(A511) nuclei. The deviation between effective and ba
SPE is related to the fact that the effective energy only ta
into account the dominant piece of the spectrosco
strength.

The largest deviations between theory and experiment
for the SPE of16O and40Ca. I have found that the agreeme
cannot be significantly improved with any reasonable se
Skyrme parameters even if one restricts the fit to light nuc
or to N5Z nuclei. It is known that core-excited admixture
are important for16O and 40Ca from the data from nucleon
pickup reactions@11,42#, from large-basis shell-model calcu
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lations which allow for core breaking@43,44#.
As an example, I will analyze the effect of core

excitations on the SPE of the 0f 7/2 orbital. The experimenta
value used in the fit and shown in Fig. 9 is just the bindi
energy difference between41Ca and 40Ca. However, one
finds from the 40Ca(d,t)39K reaction experiment@42# that
the 0f 7/2 ‘‘particle’’ orbital has about a 0.07 occupatio
probability in 40Ca leading to the first 7/22 state in 39K.
Taking the centroid of this 0f 7/2 hole strength together with
the dominant 0f 7/2 particle strength in41Ca gives an SPE
which is about 0.7 MeV lower than the ‘‘bare’’ value used
the fit—in the right direction to explain the deviation show
in Fig. 9.

The mixing across the gap appears to be more impor
for N5Z nuclei compared to those with a neutron exce
This is probably related to the importance ofa cluster exci-
tations across the gap, as is evident in the well-known lo
lying 4p-4h excitations in 16O and 40Ca @43,44#. The a
cluster excitations are large because of the enhanced pro
neutron interaction between two protons and two neutron
the same Nilsson orbitals. When there is a significant neu
excess as in48Ca, the lowest states for the two-proton ex
tation are different from those for the two-neutron excitati
and the interaction is not as large. As mentioned above, t
must be a certain amount of 2p-2h, 4p-4h, etc., excitations
present in the ground states of all nuclei, and the aver
effect of these are renormalized into the effective Skyr
interaction. The difference for nuclei withN5Z is that the
4p-4h (a cluster! excitations are larger than average. The
effects are presumably also important for100Sn, but they are
not so obvious from the comparison with the extrapola
single-particle energies@20# in Fig. 6. It will be important to
have some direct experimental data for the masses
single-particle levels around100Sn.

Given that the SPE for16O and 40Ca are not well de-
scribed by SKX it is somewhat surprising that the bindi
energies for these two nuclei are only off by 0.6 MeV~see
Fig. 3!. However, this agreement may be accidental. If o
were to take24O and 34Si as better examples of closed-sh
configurations, then the negative deviation for these~see Fig.
3! indicates that the SKX interaction systematica
overbinds light nuclei.~The 0\v correlation corrections for
these nuclei discussed in Sec. III would make the calcula
binding energies greater and the difference with experim
even larger.! With this interpretation one would take, fo
example, @BE~exp,16O) – BE~SKX,16O)] –@BE~exp,24O)
– BE~SKX,24O)]52.4 MeV as a measure of the extra bin
ing ~larger correlation energy! in 16O.

VII. CHARGE RADII AND CHARGE DENSITIES

The difference between the experimental@19,45# and the-
oretical rms charge radii for even-even nuclei are shown
Fig. 10. The numerical results for the five nuclei in the
are 16O ~rms52.747 fm!, 40Ca ~rms53.472 fm!, 48Ca ~rms
53.485 fm!, 88Sr ~rms54.213 fm!, and 208Pb ~rms55.498
fm!. Even though less weight was put on the16O and 40Ca
radii, the agreement with experiment for these two is as g
as for the others. In addition to these five nuclei included
the fit, I also include the comparison for all even-even nuc
given in the experimental compilations@19,45#. ~For the
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comparison of the rms radii between the closed shells I h
used the BCS1HF method @46# with a constant pairing
strengthG52.15/AA MeV in order to smooth out the occu
pation numbers.! The deviations for the five nuclei include
in the fit are among those points near the bottom of Fig.
whose deviation between experiment and theory is on
order of 0.01 fm. The deviations for those nuclei away fro
these ‘‘spherical’’ nuclei is always positive and reflects t
increase in the rms charge radius due to deformation, b
static and dynamic. In both cases the increase of the
radius A^r 2& can be related to theB(E2,01→21) to the
low-lying 21 states@47,48#:

^r 2&5^r 2&0S 11
5b2

4p D ~6!

and

B~E2!5F5Zb^r 2&0

4p G2

, ~7!

whereA^r 2&0 is the rms radius of the equivalent spheric
nucleus as obtained, for example, from the present sphe
SKX calculation.

The largest deviations are those for the most static
deformed nuclei. For example, for160Gd with B(E2)
552500e2 fm4 @49#, Z564 andA^r 2&055.066 fm, I obtain
b50.35 from Eq.~7! andA^r 2&2A^r 2&050.12 fm from Eq.
~6!, in excellent agreement with the largest difference atN
596 between the magic numbers 82 and 126 shown in
10. Further comparisons between the changes in radii
B(E2) values are shown and discussed in Ref.@48#.

The semimagic nuclei such as Sn~the lowest line of
points betweenN550 andN582 in Fig. 10! and Pb~the
lowest line of points betweenN5100 andN5126 in Fig.
10! show smaller increases away from the magic numb

FIG. 10. The experimental rms charge radii@19,45# minus the
calculated value for even-even nuclei. The comparison st
with 16O and ends with248Cm. The data are plotted vs neutro
number with those for a givenZ value connected by a line. Th
vertical lines are for the magic numbers 28, 50, 82, and 126.
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which may also be related to theE2 strength to the lowes
21 states. TheE2 strength for these valence neutron nuc
comes from the polarization of the core-protons by the
lence neutrons@50#. For example, for116Sn, one findsb
50.11 @49# andA^r 2&2A^r 2&050.011 fm, which is consis-
tent with the small positive deviation observed in the mid
of the Sn isotopes. The continued increase in the differe
down toN556 for the Sn isotopes indicates that theb value
must continue to increase as one approaches102Sn, but these
are not yet measured. A similar trend of increasingB(E2) as
one approaches42Ca is well known in the Ca isotopes whic
is related to the increased importance of core-excited adm
tures as one approachesN5Z12 @11#.

Also the significant increase in the rms radius for t
lightest Pb isotopes as well as for those just above208Pb
indicates that theseb are also large, but there is little exper
mental data on theB(E2) values. There has been some d
cussion in the literature@10# about the influence of the
Skyrme and relativistic potential parameters on the ‘‘kin
in the rms charge radii difference around208Pb. The system-
atics of the deviations in Fig. 10 show that this kink is
universal feature of the difference between experiment
spherical calculations at all magic numbers. One must c
sider the vibrational and deformed quadrupole correlation
order to fully understand their origin.

The isotopic dependence of the rms radii is dominated
the quadrupole deformation because the strength and ex
tion energy of this mode changes rapidly as a function
proton and neutron number. There must also be some le
influences from the higher multipoles (E3, E4), but the low-
lying strength for these modes does not show such str
shell effects. The vibrational correlations which are pres
even for the spherical nuclei@47#, are to some extent renor
malized into the effective Skyrme interaction.

The calculated and experimental@19# charge densities
for 208Pb, 90Zr, and 48Ca are shown in Figs. 11, 12, and 1
respectively. ~The comparison is made for90Zr rather

FIG. 11. The charge distribution for208Pb. The experiment
~points! is compared with the calculated SKX distribution~solid
line! and with a those from a typical Woods-Saxon distributi
~dashed line!. The experimental data is from the Fourier-Bes
decomposition given in Table IX of Ref.@19#.
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than 88Sr because the Fourier-Bessel decomposition is gi
for the former in Ref.@19# and not for the latter.! The agree-
ment is excellent for all three cases. One notices that
variety in the detailed structure of the interior oscillations
well reproduced by the calculations. For comparison I sh
some typical results based upon the Woods-Saxon pote
@51,52# ~dashed lines!. The main difference between the H
and Woods-Saxon formulations is that the Hartree-Fock
tential has self-consistent interior oscillations~rather than the
flat Woods-Saxon form! which result in charge-density dis
tributions which are in better agreement with experime
@51#.

Some of the Skyrme interactions obtained by Friedr
and Reinhard@9# included the surface thickness of the char
distribution in their determination which led to a small valu
of the power of the density dependence ofa50.2520.35.
Although I have not included the surface thickness in the
one notices in Figs. 11–13 that the surface part of the cha

l

FIG. 12. The charge distribution for90Zr. See caption to Fig. 11

FIG. 13. The charge distribution for48Ca. See caption to Fig
11.
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distribution is well described by the calculations. As o
goes away from these spherical nuclei, the quadrupole de
mations which are responsible for the increase in the
charge radii discussed above manifest themselves in
ground state density by an increase in the surface thickn
As discussed in Ref.@51#, the small disagreement in the d
tail of the 208Pb charge distribution may be due to th
p-wave truncation of the nucleon-nucleon interaction wh
is inherent in the Skyrme ansatz or to nonclosed s
~higher-order! contributions to the charge density which ca
not be fully taken into account by the simple densi
dependent interaction.

VIII. CONCLUSIONS

The entire set of data considered here is remarkably w
reproduced by the fitted Skyrme interaction SKX. Given t
previous successes obtained with the Skyrme interaction
is not too surprising. What is important is that one can ma
further improvements in the formulation based upon
added information from single-particle energies, mirror n
clei, and neutron matter. There is still some room for i
provement. The spin-orbit splittings are very well repr
duced but thel centroids are systematically shifted. Th
together with the fact that the loosely bound states in208Pb
are more bound experimentally than theoretically point to
fact that the surface properties of the Skyrme potential
not quite right. Perhaps the addition of a smalld-wave term
in the interaction would help.

As discussed in Sec. VI, an effective massm* /m of near
unity is required to reproduce the single-particle energ
near the Fermi surface. It is well known that the bareG
matrix givesm* /m50.7 and that the enhancement towar
unity is related to the coupling with the surface vibratio
@53,54#. Many of the Skyrme interactions starting with th
SII of Vautherin and Brink@2# give a small effective mas
with the philosophy that further work must be done to ta
into account the surface vibrations. In contrast, the pres
Skyrme SKX has an effective mass near unity with the p
losophy that all of the correlations at the closed shells
built into the effective Skyrme interaction and that the resu
ing mean field will provide an immediate starting point f
shell-model configuration mixing of the orbitals near t
Fermi surface. The freedom within the Skyrme interact
with regard to the effective mass was emphasized by Be
et al. @8#, and many Skyrme interactions, for example, SK
@55# and SkSC4@56#, have an effective mass of unity mot
vated by the desire to reproduce the level density at
Fermi surface. The full parameter set for the SKP and SkS
interactions are compared in Table I to the present res
The differences appear to be quite large, however, as em
sized in Sec. V, only six parameters are well determined
nuclear data and the consideration of nuclear and neu
matter properties are required in order to constraina, x1, x2,
andx3. Even with the nuclear and neutron matter consid
ations, x1 and x2 are not determined and their values a
strongly correlated with thet1 and t2 parameters.

The SKX interaction has unusual exchange properties
interpretation of which raises several unanswered questi
The small effective mass from theG matrix comes from the
exchange term in the potential. Does the coupling to
r-
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surface vibrations provide an accidental cancellation to br
the effective mass back to unity, and to make it appear
the exchange term is missing? Also there is some prefere
in the fit for neglecting the exchange term of the Skyrm
spin-orbit interaction. In addition, one way~of several! of
accounting for the Nolen-Schiffer anomaly is to ignore t
Coulomb exchange term. Are all of these things connect
Is this related to the fact that the actual nuclear ground s
is rather complex and not just a single Slater determinan

It is interesting to note that the result of not having all
these ‘‘exchange’’ terms produces a potential which is mu
like the Woods-Saxon formulation which has proven so u
ful in the early understanding of the nuclear mean field pr
erties@57#. As discussed in Sec. VII, the main difference
that the Hartree-Fock potential has self-consistent interior
cillations ~rather than the flat Woods-Saxon form! which
produces charge-density distributions which are in much b
ter agreement with experiment@51#. It is also interesting to
note that the problems with the single-particle energies
cussed for16O and 40Ca appear in the same way in the ea
Woods-Saxon comparisons~compare Fig. 9 of this pape
with Fig. 3–5 of Ref.@57#!.

I have not included BCS correlations in the present
because they are not important for the nuclei conside
Calculations for the semi-magic nuclei between the ma
numbers require the introduction of BCS or HFB, and for t
larger range of nuclei used for the comparison of Fig. 10
used the HF1BCS method@46#. The spherical binding en
ergies obtained in the HF1BCS approach are qualitativel
similar to those shown in Fig. 14 of Ref.@8#.

One can immediately make predictions for the mo
neutron-rich nuclei which could be doubly magic. The SK
binding energies for60Ca, 78Ni, 176Sn, and266Pb are 460.1,
642.3, 1149.0, and 1782.1 MeV, respectively. The SKX
sult for 78Ni is in agreement with the Audi-Wapstra extrap
lation of 641.4~1.1! MeV, perhaps confirming the doubl
closed shell nature of this nucleus. The present results g
above can be compared to the recent results obtained
Aboussir et al. @56# with the SkSC4 interaction of 454.3
641.3, 1156.3, and 1798.9 MeV, respectively, for the se
nuclei given above. At the bottom of Table I I show the
comparison of all of the interactions discussed in this pa
for the binding energy of176Sn. These comparisons illustra
the difficulty and model dependence one has in making
trapolations for the properties of nuclei far from stabilit
Comparison of the SKX and SKXce binding energies sho
that an understanding of the Nolen-Schiffer anomaly has
indirect influence on the properties of the most exo
neutron-rich nuclei, in addition to the direct influence on t
properties of the proton-rich nuclei. Comparison of SKX a
SKXm indicates that the binding energies of the most exo
nuclei are not very sensitive toa ~and the related incom
pressibility! as long as the parameter set is constrained to
same set of data. The extrapolations are dependent upo
data set and the weights assigned to them. In order to
prove the data set it would be most important to have
experimental value for the78Ni binding energy and a bette
measurement of the100Sn binding energy, both to an accu
racy of about 100 keV.

The SKX interaction or an extension of it allows one
carry out HF calculations for the spherical nuclei at an ac
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racy which matches that of the configuration-mixed sh
model calculations for light nuclei@17# at the level of a few
hundred keV for the binding energies and excitation en
gies. A complete microscopic model of nuclear structu
might be based upon starting with the SKX mean field~or a
similar suitable Skyrme interaction! and then adding the cor
relation energy due to the valence interactions, which
cludes the deformation driving proton-neutron interact
and the like-nucleon interactions~mainly pairing!. It is inter-
esting to try to derive the valence interactions from t
Skyrme interactions@46,58#, however, they may not be ad
equate since the valence spectra are sensitive to the h
multipole components of the interaction which are not de
mined from the closed shell data. At the most microsco
level the valence correlations can be treated by the la
basis shell-model methods for light nuclei@17# which are
being extended to heavy nuclei with the Monte-Carlo me
l.
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ods @25,59,60#. Well-deformed heavy nuclei are probab
best treated by the deformed HF method@56,61#. In addition,
one might use the interacting-boson model for heavy nu
@62#, or at a more qualitative level, theNp-Nn model @63#
may be useful in understanding the dependence of the co
lations between the closed shells in terms of the numbe
valence protons and neutrons.
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