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Nucleon momentum and density distributions in 4He considering internal rotation
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A successful, simultaneous reproduction of density and momentum distributions in4He is presented in a
method accounting for nucleon correlations using only two functions (1s and 1d) and totally three parameters,
while in the best fit of equal quality known to us there are 12 parameters. Further, a physical interpretation of
the 1d state involved is given as coming from an internal rotation of nucleons. Such an interpretation provides
a hint that the neutron skin and neutron halo in exotic nuclei could have a rotational origin.
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I. INTRODUCTION

As is well known, the mean field approximation has be
proved to be very fruitful in nuclear physics for many yea
However, many recent experimental findings have pointe
the limitations of this approximation and have opened
way for investigations beyond it. Such experimental findin
include the appearance of a tail in the momentum distri
tion, the observation of a halo in the mass distribution
exotic nuclei, and the discovery ofD-state admixture in very
light nuclei, e.g., in4He. The present work is one of th
attempts beyond the mean field theory in its effort to inv
tigate some of the above phenomena which usually are
lated to the study of very light nuclei. Moreover, it suppo
the assumption that some of these phenomena, at leas
very light nuclei, have a common origin, namely, that t
key for their explanation is to consider additional degrees
freedom which have not been included in the models use
far. Indeed, there are indications that for these nuclei
adiabatic assumption is not valid and as a consequence~as
will become clear in the next section! the nucleon interna
motion contains internal rotation~even in their ground state!
beyond the usual motion described by the mean field
proximation. This additional motion needs investigation b
yond mean field theory. The simultaneous reproduction
experimental results of different observables in this wo
lends support to the present assumption that the invalidit
the adiabatic approximation and its consequence of app
ance of internal rotation is the starting point for a comm
explanation of several from the above mentioned new p
nomena in very light nuclei.

This work employs the isomorphic shell model~ISM!
@1,2#, which considers a different harmonic-oscillator pote
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tial for each nuclear shell. This important difference of t
ISM from the conventional shell models makes it possible
incorporate short-range nucleon-nucleon correlatio
~SRC’s! and to consider their effects on basic characteris
of nuclei, such as nucleon momentum and density distri
tions, energies, radii, and others. This eventually leads to
approximate simultaneous description of the momentum
density distributions in nuclei which was impossible with
the models based on the mean-field approximation@3–5#.

It has been shown recently@6# that, using the natural or
bital representation@7# and quasiexperimental data~i.e., data
whose analysis is based on certain assumptions! for the pro-
ton momentum distribution of4He @8#, it is possible by em-
ploying the ISM wave functions to obtain good agreement
the calculated momentum distributionn(k) with the avail-
able experimental data for12C and56Fe and with the results
of other sophisticated correlated methods for16O, 40Ca, and
208Pb nuclei. The successful estimation of the correlated p
of n(k) in @6# is based on the well-known fact that the hig
momentum components of the momentum distribution~at k
>2 fm21) ~normalized to unity! are nearly the same for a
nuclei withA>4 @5#. This important fact leads to the nece
sity of studying the momentum distribution of4He by itself
simultaneously with the density distribution and constitu
the subject of the present investigation.

In doing this we consider carefully the internal motion
the particles in4He whose peculiarities seems to be respo
sible for the mentioned high-momentum components of
momentum distribution and, in addition, they modify th
density distribution and the radius. This also gives a hint w
the tail of the momentum distribution in all nuclei is almo
identical to that of4He and why a halo appears in som
exotic nuclei. One also could find common points betwe
2115 © 1998 The American Physical Society
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this work and that of Ref.@9# describing the appearance
D-state admixture in4He.

II. THE MODEL

We start by considering the Hamiltonian@10–12#:

H5H0~r 8!1H rot1H, ~1!

where the three terms on the right-hand side describe
motion of the internal degrees of freedom, the rotation of
nucleus, and the coupling between the rotation and the in

nal motion, respectively. If the total momentumIŴ is written
as the sum

IŴ5RŴ 1JŴ , ~2!

whereRŴ is the angular momentum of the rotation andJŴ is the
angular momentum associated with the internal degree
freedom, the Hamiltonian~1! takes the form@10#

H5H0~r 8!1
\2

2I
JŴ21

\2

2I
IŴ22

\2

I
IŴJŴ1H8, ~3!

For the ground state whereI 50, the last three terms in
Eq. ~3! become zero and the Hamiltonian is simplified to

H5H0~r 8!1
\2

2I
JŴ2, ~4!

where both terms refer to the internal motion of the nucleo
Now, the internal wave function~up to normalization factor!:

C}xK50
t ~r 8!, ~5!

can be assumed to be an eigenfunction of Hamiltonian~4!,
whereK is the projection of the total angular momentum
the axis (z8) andt stands for the rest of quantum number

The existence ofJÞ0 implies that a sort of nonadiabatic
ity is included in Hamiltonian~4!. Indeed, for very light
nuclei it has been found@13# that the frequency of interna
motion v intrinsic is comparable with the frequency of rotatio
v rotation ~i.e., v int r'v rot), in contrast with the case of nucle
in the rare-earth region wherev intrinsic@v rotation. These rela-
tionships ofv mean that while in the rare-earth region t
condition for the adiabatic approximation is valid, in ve
light nuclei it is not.

Apparently forI 50 from Eq.~2! we obtainRŴ 52JŴ , i.e.,

if the interior angular momentumJŴ is different from zero,

hence a rotation should exist to compensateJŴ and lead to
I p501. That is, there is a collective rotation of nucleons. F
reasons of parity the minimum value ofJ(Þ0) is 2. Indeed,
this value ofJ can be obtained by coupling of nucleon spi
in 4He. It is obvious that in this case any possibility to a
proximate the internal motion Hamiltonian by a mean-fie
one is excluded. This already is an indication that corre
tions should be included in the Hamiltonian.

The problem ofJÞ0 can be approximated by using th
formalism of the one-body density matrix corresponding
the correlated state of the system. It has to describe corre
as many as possible observables of the nuclear system u
he
e
r-

of

s.

r

-

-
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consideration. The natural orbital representation@7# is suit-
able for this purpose as explained below.

As is known, the natural orbital representation makes
possible to ‘‘restore’’ in a model-independent way the si
plicity and transparency of the single-particle picture with
the methods which account for nucleon-nucleon correlatio
The single-particle natural orbitals~NO’s! contain informa-
tion on the SRC included in a given model. They form
natural orbital Fermi sea and the NO’s below the correspo
ing Fermi-level~FL! which possess large occupation pro
abilities are called hole-state NO’s, while those above t
Fermi-level which possess small occupation probabilities
called particle-state NO’s.

Let the radial function of the NO’s for a state with qua
tum numbersnl in the coordinate and momentum space
Rnl(r ) andRnl(k), correspondingly~the latter being the Fou
rier transform of the former!, and its occupation probability
~occupation number! be lnl . Then, the nucleon density an
momentum distributions can be written in the form

r~r !5
1

4p (
nl

`

2~2l 11!lnluRnl~r !u2

5
1

4p (
nl

FL

2~2l 11!lnluRnl~r !u2

1
1

4p (
FL

`

2~2l 11!lnluRnl~r !u2

[rh~r !1rp~r !, ~6!

and

n~k!5
1

4pZ (
nl

`

2~2l 11!lnluRnl~k!u2

5
1

4pZ (
nl

FL

2~2l 11!lnluRnl~k!u2

1
1

4pZ (
FL

`

2~2l 11!lnluRnl~k!u2

[nh~k!1np~k!, ~7!

whererh(r ), nh(k), andrp(r ), np(k) are the hole-state~h!
and the particle-state~p! contributions to density and mo
mentum distributions.

The normalizations for Eqs.~6! and ~7! are

E r~r !drW5Z, E n~k!dkW51. ~8!

The first moments of the distributionsr(r ) and n(k),
namely, the mean-square radius and the mean-kinetic ene
are also divided into hole- and particle-state contributio
similar to these distributions themselves in Eqs.~6! and ~7!:

^r 2&5
1

Z E r~r !r 2drW5
1

Z E rh~r !r 2drW

1
1

Z E rp~r !r 2drW[^r 2&h1^r 2&p , ~9!
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^T&5E \2k2

2m
n~k!dkW5E \2k2

2m
nh~k!dkW

1E \2k2

2m
np~k!dkW[^T&h1^T&p . ~10!

It has been shown in different theoretical correlati
methods and for different systems of particles~for instance,
in @14# for Fermi-liquid drops of3He and in Jastrow-type
correlation method@15# for 4He, 16O, and 40Ca) that the
particle-state NO’s are much more localized in the coor
nate space than the unoccupied mean-field orbitals
hence, they have significantly larger high-momentum co
ponents. Due to the SRC’s small but nonzero occupa
probabilities appear for the particle-state orbitals. At t
same time it was shown@15# that hole-state NO’s are close t
occupied mean-field orbitals~shell model or Hartree-Fock
ones! in coordinate and momentum spaces. Thus, a con
sion has been drawn, that SRC’s do not affect significan
the hole-state orbitals in nuclei, but they affect the hole-s
occupation probabilities, which are close to~but less than!
unity. These properties of hole and particle NO’s and th
occupation probabilities have been used for the analysi
n(k) in @6#. Following them, it can be stated that hole-sta
contributions to density@rh(r )#, to momentum distribution
@nh(k)#, to mean-square radius (^r 2&h), and to mean-kinetic
energy (̂ T&h) correspond to shell-model predictions, whi
particle-state contributions present SRC effects on th
quantities. Specifically, concerning the mean-kinetic ener
it has been shown@16,5# that SRC’s lead to a substanti
increase of^T& values with respect to their Hartree-Foc
ones, a fact which is related to the high-momentum tail
the momentum distribution. It was shown, in addition, th
the increase of̂T& and of the mean-removal energy whe
SRC’s are included leads to a good agreement with the
pirical binding energy per nucleon, which is not the case
the Koltun sum rule within the Hartree-Fock approximati
@5#.

III. RESULTS OF CALCULATIONS AND DISCUSSION

The point proton density and momentum distributions
4He have been calculated according to Eqs.~6! and~7! using
the corresponding wave functions and occupation numb
for 1s and 1d states. In addition here, we calculate t
folded charge density distribution

rch~rW !5E rpr~rW2rW8!r~rW8!drW8, ~11!

wherer(r 8) is taken from Eq.~6! and the charge distribution
of a proton is taken to be@17#

rpr~r !5
1

~papr
2 !3/2 exp~2r 2/apr

2 !, ~12!

with r pr(rms)5( 3
2 )1/2apr'0.8 fm @17#.

After integration over angles in Eq.~11! we get
i-
d,
-
n

e

u-
ly
te

ir
of

se
y,

f
t

-
r

f

rs

rch~r !5
2

Apaprr
er 2/apr

2 E
0

`

dr8r 8r~r 8!er 82/apr
2
sinhS 2rr 8

apr
2 D ,

~13!

from which we obtain the expression for the charge rms
dius

^r ch
2 &5

8Ap

Z

1

apr
E

0

`

drr 3e2r 2/apr
2

3E
0

`

dr8r 8r~r 8!e2r 82/apr
2
sinhS 2rr 8

apr
2 D

[^r ch
2 &h1^r ch

2 &p . ~14!

Figure 1~a! presents the calculated point@r(r )# and
charge@rch(r )# density distributions together with the ex
perimental charge distribution@18# for comparison. Figure
1~b! presents the calculated proton momentum distribut
n(k) and the corresponding quasi-experimental data fr
@8#. Our curves present the results of the simultaneous fit
of rch(r ) andn(k) to the corresponding data. The best valu
of the totally three parameters involved are (\v)1s
522.50 MeV, (\v)1d5150 MeV, l1s50.86, l1d50.028,
where 2l1s110l1d52. The comparison of our results wit
the data from both Figs. 1~a! and 1~b! is satisfactory. This is
becoming more interesting if one considers that only t
functions~namely, 1s and 1d) and totally three parameter
are employed. Indeed, this fit is at least comparable in q
ity with that of any other previous publication~e.g., @19#!
with simultaneous fitting of density and momentum distrib
tions and, most importantly, it uses the smallest numbe
parameters. Specifically, here only three parameters are u
while in @19# which is the best fit we know there are 1
parameters. It is farther interesting to notice in Fig. 1~a! the
great similarity of our point proton density distribution wit
that of @20# for 4He.

The use of only~two functions and! three parameters in
this work has the additional advantage that it leads to
understanding of the physics hidden behind these par
eters. Indeed, it relates our results with the internal~collec-
tive! rotation of nucleons in4He mentioned in Sec. II as
explained below.

Inspired by Refs.@9# and@13# we interpret the 1d-particle
state involved in the present analysis as coming from
internal rotation of nucleons in4He. Indeed, the large~\v!
value of this state implies strong localization apparent fr
the shift of the 1d wave function towards the origin and from
its very small width. This is further seen by comparing o
(\v)1d5150 MeV with that of Ref.@2# equal to 9.32 MeV.
In order to test this interpretation we substituted our 1d wave
function with a simple Gaussian function imitating a rotati
and we repeated our procedure. Similar results were obta
when\v takes on larger values than that stated above. Gi
thatJp521 for both the 1d and the rotation, the above clos
similarity of results gives us a basis to interpret t
1d-natural orbital as due to internal rotation of nucleons
4He. In such a case the high-momentum components of
momentum distribution and the maximum of the point pr
ton density distribution are due to the internal rotation
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FIG. 1. ~a! Density distribution in4He. Continuous thick and thin lines stand for the present predictions of charge and point p
density distributions, respectively, while the broken line and crosses~which correspond to the upper limit of the experimental errors fr
@20#! for the corresponding experimental quantities.~b! Momentum distribution in4He. The continuous line stands for the present predicti
while squares stand for the quasiexperimental values.
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nucleons. Hence, our analysis supports that the Hamilto
of 4He is that given by Eq.~4!, i.e., despite the fact that fo
the g.s. of4He the total angular momentumI 50, there is an
internal angular momentumJ52. This J value comes from
coupling of the nucleon spins. The rotation discussed ab

results from Eq.~2! for 4He g.s.~i.e., 05RW 1JW ) and intends
to compensate the internal angular momentumJ in such a
way thatI 50. Thed-state tos-state ratio~i.e., 10l1d/2l1s)
here is 0.16. Despite the fact that the rotation in4He sup-
ported by Ref.@9# comes from a different reasoning, w
think that both works contain approximately the same ph
ics.

By applying Eqs.~14! and~10! we calculate the first mo
ments of the charge density and momentum distributio
namely the charge rms radius and the mean-kinetic ene
Their hole-state and particle-state components are also c
puted. Their numerical values are

^r ch
2 &1/25A~1.71!21~0.47!251.77 fm, ~15!
n

ve

-

s,
y.
m-

^T&5~14.51!1~36.75!551.26 MeV. ~16!

The square of our rms charge radius 1.77 fm has to be
duced by the negative contribution of the charge distribut
of a neutron (0.34)2. This reduction leads tô r ch

2 &1/2

51.74 fm, which compares well with the corresponding e
perimental value 1.71 fm@18#. As seen from Eq.~15!, there
is a component of the radius~0.47 fm! coming from the
rotation which, however, for4He is rather small.

The part of kinetic energy due to 1s state, i.e.,^T&h
514.51 MeV, can be compared to 17.1 MeV coming fro
shell model calculations@5#, if the corresponding occupatio
probabilities are considered. Indeed, by considering tha
shell modell1s51.00, while herel1s50.86, one can obtain
^T&1s517.130.86514.71 MeV, which is in good agree
ment with the present value. The rather large values of t
kinetic energy, i.e.,̂T&551.76 MeV, and its part due to 1d
state, i.e.,̂ T&p536.75 MeV, show that the explanation o
the high momentum tail inn(k) requires rather strong SRC
to be included.
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Concerning the binding energy of4He by consulting Ref.
@2# we found that the depth of the harmonic-oscillator cen
potential needed to reproduce the experimental binding
ergy is about 107 MeV. This is a rather large value, but i
justified in our analysis since it has to compensate the ne
tive contribution of the rotational kinetic energy or, in oth
words of the rather significant contribution of thed state.

IV. CONCLUSIONS

In the present work a good approximation of a simul
neous reproduction of the charge density and momentum
tributions in 4He has been obtained, together with the r
charge radius and the mean-kinetic energy. By apply
natural orbital~NO! representation it was possible to includ
in our calculations the effect of short-range correlations
the quantities considered. Only two functions correspond
to 1s and 1d states and totally three parameters were su
cient for our task. The first function (1s) is the expected one
from the mean-field approximation, while the second (1d) is
the particle-state wave function. The latter is responsible
the ~rather small! increase of the radius and for the observ
bump of the point proton density distribution, but also for t
high-momentum components of the momentum distribut
and for the large value of the mean-kinetic energy.

The 1d function has been interpreted here as coming fr
the internal~collective! rotation of nucleons in4He, which is
E.
l
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s
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-
is-
s
g

n
g
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r

n

also supported in Ref.@9#. Specifically, the nucleon spins i
the g.s. of4He are considered to couple to an internal angu

momentumJ52 and, as a consequence, a rotationRW of
nucleons~or of the two deuterons in@9#! results which com-
pensateJW and leads to a total angular momentumI 50. This
rotation is a new degree of freedom beyond the mean-fi
approximation which affects the numerical values of ma
observables, e.g., of density and momentum distributio
radii, kinetic energy, etc.

The increase of the nuclear radius due to internal rota
@see Eq.~15!# gives a hint that the neutron skin and neutr
halo observed in exotic nuclei could have a rotational orig
Such work is in progress. According to Ref.@6#, one can
calculate the momentum distribution of nuclei beyond4He
by employing the present results. Such an effort is also
progress.
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