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One loop corrections to quantum hadrodynamics with vector mesons

Gary Prézeau
Department of Physics, College of William and Mary, Williamsburg, Virginia 23187-8795

~Received 27 April 1998!

The renormalized elasticpp scattering amplitude to one loop is calculated in the chiral limit in thes model
and in a quantum hadrodynamic model~QHD-III ! with vector mesons. It is argued that QHD-III reduces to the
linear s model in the limit that the vector meson masses become large. The pion decay constant is also
calculated to 1-loop in thes model, and at tree level in QHD-III; it is shown that the coefficient of the tree
level term in the scattering amplitude equalsFp

22 . The 1-loop correction ofFp in QHD-III violates strong
isospin current conservation. Thus, it is concluded that QHD-III can, at best, only describe the strongly
interacting nuclear sector.@S0556-2813~98!05309-6#

PACS number~s!: 21.30.Fe, 24.10.Jv, 13.20.Cz
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QCD is very successful at describing hadronic inter
tions at highQ2 where perturbation theory is applicable. A
low Q2 however, nonperturbative methods must be used
most quantitative predictions can not be extracted dire
from QCD. Models that are designed to describe lowQ2

hadronic interactions must be guided by the symmetries
QCD and phenomenology. It is a fact that QCD posses
global SU(2)L3SU(2)R symmetry and that large scale pr
cesses must involve meson loops because of confinem
Phenomenology also reveals the existence of conserved
tor and~partially! conserved axial vector currents. QHD-I
@1# is a relativistic quantum field theory that incorporat
these features: in this model, hadrons are the effective
grees of freedom and the vector mesons that couple to t
currents, ther and the a1 , are introduced as the gaug
bosons of a local SU(2)L3SU(2)R s2v model with pions
~see below!. The vector mesons are made massive via
Higgs mechanism~although the Higgs scalars do not contri
ute to the order considered in this paper! and the model is
renormalizable.

A further motivation for QHD-III is the fact that simple
versions of QHD based on$N;s,v% and $N;s,v,p% have
had significant phenomenological success@2#; hence, it is of
interest to see how far this description can be extended
similar model with vector mesons was developed in@3#. For
models with vector mesons in nonlinear chiral Lagrangia
see@4~a!,4~b!,4~c!,4~d!,4~e!#. For early work on the subject
see@4~f!#. The consequences of the present model have
yet been explored. In the final analysis, the currents of QH
III allow the theoretical exploration of strongly interactin
systems and processes, while incorporating meson loop
rections.

This paper calculates to 1-loop the two simplest am
tudes in the meson sector of this model~the baryon sector is
not included in this initial investigation!: pp scattering and
pion decay. First, the invariantpp scattering amplitude
Mpp→pp is calculated to 1-loop toO(gp

4 ) and toO(gp
2 gr

2)
in the limit ms

2@mr
2@s with mp50. To renormalize this

scattering amplitude, the divergent parts of the counterte
are extracted from thes, s2 ands3 vertex functions, and it
is shown that these counterterms cancel all the diverge
in Mpp→pp to O(gp

4 ) and toO(gp
2 gr

2), as well as the di-
vergences in thes 4-point function as expected in a reno
PRC 580556-2813/98/58~3!/1853~4!/$15.00
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malizable theory. To 1-loop, it is also argued that the gau
bosons decouple in the limitmr→`. Note that QHD-III re-
duces to the linears model whengr50. Second, pion decay
is analyzed by looking at the axial current matrix eleme
^0uAm

i up j& in the s model to 1-loop; from it, the pion deca
constant is identified. To renormalize the pion decay c
stant, the same counterterms evaluated toO(gp

4 ) are used,
and it is verified that the coefficient of the tree-level term
Mpp→pp is the inverse square of the pion decay constan
this order. The matrix element^0uAm

i up j& is next considered
in QHD-III so as to identify the pion decay constant in th
model. At tree level, the pion decay constant of thes model
is replaced by 1/Fp

2 51/s0
21gr

2/mr
2 . To next order, it is

found that the 1-loop corrections violate local current co
servation in this model; this matrix element to 1-loop
therefore neither gauge-invariant nor renormalizable: to t
order, it is not an S-matrix element of the theory. Thus the
model can at best provide a phenomenological descriptio
the strongly interacting nuclear sector. In the process of p
forming these calculations, the QHD-III counterterm L
grangian with coefficients$dz ,dm ,dl ,dgr

, . . . % is derived.

The model is constructed as follows: start with thes
2v model with pions@2# ~we use the conventions in@1#!:

L5c̄@ igm~]m1 igVVm!2gp~s1 ig5t•p!#c

1
1

2
~]ms]ms1]mp]mp!

2
1

4
l~s21p22v2!22

1

4
FmnFmn

1
1

2
mV

2VmVm1es1Lct , ~1!

wherees is the chiral symmetry violating term andLct is the
counterterm Lagrangian. The QHD-III Lagrangian is co
structed as follows~details are given in@1#!: this Lagrangian
is first made locally invariant under SU(2)L3SU(2)R ; this
results in the appearance of thel m and r m gauge bosons
coupled to conserved currents. These bosons are given
through the Higgs mechanism. The mass matrix is then
agonalized and thel m and r m fields are replaced by the new
generalized coordinates, therm andam . TheO(4) symmetry
1853 © 1998 The American Physical Society
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is spontaneously broken by giving the scalar field a vacu
expectation value (s5s02s with s0[M /gp). This in turn
yields a bilinear term in the Lagrangian that must now
diagonalized by redefining the pion anda1 field. The end
result for the meson sector is

Lsp5
1

2 F S 12
ma

2

mr
2D ]mp]mp

1S ma

mr
]mp1grsam1grp3rmD 2G

1
1

2 F S ]ms2gr

ma

mr
p•amD 2

2ms
2s2G

2gr
2s0amS sam1

ma

mr
p3rmD

1gp

ms
2

2M
sS s21

ma
2

mr
2 p2D

2gp
2

ms
2

8M2 S s21
ma

2

mr
2 p2D 2

1L sp8 . ~2!

In the above, thea1 mass is given byma
25mr

21gr
2s0

2 with
mr ther mass andgr ther-nucleon coupling constant. Equa
tion ~2! is referred to as the ‘‘diagonalized Lagrangian’’ an
reduces to the linears model whengr50. L sp8 contains the
‘‘new’’ interactions that appear when the pion anda1 fields
are redefined; toO(gr

2) it is given by

L sp8 5
gr

2s0

mr
2 @s]mp•]mp2p•]mp]ms#. ~3!

The scattering amplitude is considered first toO(gp
4 ) by

putting gr50 and then toO(gp
2 gr

2). The loop integrals are
done using dimensional regularization in the metric~1,2,
2,2!, and it is assumed thatmp5e50 as well asms

2@mr
2

@s,t,u wheres, t andu are the Mandelstam variables~for
discussions regarding thems→` limit of the linears model,
see@2,5,6,7#!. To O(gp

4 ) in the t-channel, the amplitude is
Mac,bd5Mdacdbd with

M5@bt1a1t21a2~s21u2!#

1
1

F4

1

16p2 F2
t2

2
ln

2t

ms
2 2

1

12
~3s21u22t2!

3 ln
2s

ms
2 2

1

12
~3u21s22t2!ln

2u

ms
2 G , ~4!

b[
1

F2 H 12dz2
3

16p2

ms
2

F2 FGS e

2D1 ln 4p

2 ln
ms

2

m2 1
7

6G12~dm1dl!J , ~5!

a1[2
1

F4

1

16p2

49

18
1

2

ms
2F2 @2dm1dl#,
m

e

a2[2
1

F4

1

16p2

2

9
. ~6!

Here, 1/F2[1/s0
2[gp

2 /M2, $dz ,dm ,dl% are of O(gp
2 ),

andm parametrizes the renormalization conditions. The a
plitudeM does not depend onm; the counterterms and th
running coupling constant conspire to ensure that. The s
scripts are defined in Fig. 1 and twenty diagrams contribu
to the above result. Note the first term inb is just the tree-
level amplitude. Note also that the unitary corrections in
second line of equation~4! has the log structure in Mande
stam variables first derived by Lehmann@8#. The divergent
parts of the counterterms are obtained by considering ths
1-point, 2-point and 3-point functions. The result to 1-loop

dm82
3

2

gp
2

M2

ms
2

16p2 GS e

2D ; dl822dm , ~7!

with dz finite. One can check by direct substitution that t
above counterterms determined from the scalar sector ca
the divergences occurring in thepp scattering amplitude.
This verifies the counterterms calculated in@9#.

For the scattering amplitude toO(gp
2 gr

2), the gauge
bosons from QHD-III contribute another fifty diagrams. Th
corrections to the parametersb,a1 anda2 are

db5
gr

2

mr
2 S 11

1

16p2

ms
2

F2 H 21216
mr

2

ms
2 ln

ms
2

mr
2 19

mr
2

ms
2

3FGS e

2D1 ln 4p2 ln
ms

2

m2 1
131

162G J D
12

gr
2

mr
2 dgr

1S 8
gr

2

mr
2 2

1

s0
2D dz1

2

s0
2 ~dm1dl!, ~8!

da152
1

F2

gr
2

mr
2

6

16p2 FGS e

2D1 ln 4p2 ln
ms

2

m2 2
85

108G
28

gr
2

mr
2

dgr

ms
2 12

gr
2

mr
2

dz

ms
2 24

gr
2

mr
2

dm

ms
2

1
2

ms
2s0

2 ~2dm1dl!, ~9!

da25
1

F2

gr
2

mr
2

1

16p2 F26

9
1 ln

ms
2

mr
2G12

gr
2

mr
2

dgr

ms
2 . ~10!

Now, in Eqs.~8!–~10! and in the coefficient of the log term
in Eq. ~4!, 1/F2[1/s0

21gr
2/mr

2 to O(gp
2 gr

2) as required by
unitarity. The counterterms become

FIG. 1. pp scattering.
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dm8
3

2 S gr
22

ms
2

s0
2 D GS e

2D
16p2 ; dl822dm ; dz86gr

2

GS e

2D
16p2 .

~11!

The calculation is carried out in the unitary gauge. It
shown that the divergent contributions to amplitudes in
scalar sector are gauge invariant; this is proved using
non-diagonalized Lagrangian which maintains explicit c
rent conservation at each step. Here,dgr

can be determined

from r decay, and it is finite. Note thatdz has acquired a
divergence. Upon substitution of Eq.~11! into Eqs.~8! and
~9!, it is found that the amplitude is nowfinite to O(gp

2 gr
2);

note that thes 4-point function is also made finite with thes
counterterms. Hence, thepp scattering amplitude is now rid
of all infinities ~as is the entire scalar sector!.

Consider pion decay in thes model. From the axial cur-
rent,Fp is calculated to 1-loop to be

Fp5s0H 11
dz

2
1

3

32p2

ms
2

s0
2 FGS e

2D1 ln 4p

2 ln
ms

2

m2 1
7

6G2~dm1dl!J . ~12!

First, note that the counterterms given in Eq.~7! cancel the
divergences inFp . Second, notice that toO(gp

4 ), Fp
22 is

identical to b given in Eq.~5!. This verifies a well known
property of thes model in the chiral limit@10#.

From the axial current of QHD-III, the tree level pio
decay constant is found to be

Fp5
mr

ma
s05S 11

gr
2

mr
2 s0

2D 2 1/2

s0 , ~13!

or 1/Fp
2 51/s0

21gr
2/mr

2 . This result was first obtained b
Gasiorowicz and Geffen@3# ~see also@4~b!#!. From the first
term in Eq.~8!, it is seen that the relationship between t
pion decay constant and thepp scattering amplitude in the
chiral limit is also verified in QHD-III at tree level.

Consider theO(gp
2 gr

2) corrections to thepp scattering
amplitude, Eqs.~8!–~10!. As mr→`, da1 , da2→0. This
can be seen directly from Eqs.~9! and ~10! by noticing that
to this order,~i! dgr

is finite in this limit and~ii ! theO(1/ms
2)

terms are to be neglected so that the only surviving con
butions from the counterterms are those of thes model in
Eq. ~7!. Note also that the tree-level correction ofb @the first
term of Eq.~8!# goes to zero in that limit. However, in thi
amplitude, the limitmr→` must be taken without violating
the constraintms

2/mr
2@1 but finite. This constraint implies

the appearance of a new~quadratic! divergence inb propor-
tional to ms

2 . The lnms
2/m2 divergences inb and db are

already absorbed in the renormalization of the parameter
the Lagrangian and need not be considered further. The
quadratic divergence inb renormalizes the pion decay con
stant to 1-loop in exactly the same fashion; in@6,7#, it is
shown quite generally that the linears model reduces to the
nonlinears model in the limit ms→` and that quadratic
divergences have no observable effect to 1-loop. Indb, note
e
e

-

i-

of
w

that the 1-loop corrections are finite constants in the he
mass limit subject to the above constraint. They are t
negligible with respect to the quadratic contributions inb.
Hence, the gauge boson contribution to the scattering am
tude becomes negligible in the heavy mass limit: the QH
III scattering amplitude reduces to thes model amplitude in
the limit mr→` with ms

2/mr
2@1 but finite.1

The decoupling of thea1 and ther can be understood
more generally as follows: from the Lagrangian given in E
~2! and the definition ofma , it is seen that the gauge boson
decouple from thep and thes when the gauge fields ar
rescaled according torm5rm8 /mr and am5am8 /mr and the
limit mr→` is taken; this procedure results in the Lagran
ian of the linears model ~for a similar discussion in the
linear s model see@2#!. This suppression in inverse powe
of the mass is essentially the decoupling theorem@11#.

Now consider pion decay in QHD-III. When the 1-loo
correction of the matrix element^0uAm

i up j& is evaluated us-
ing the axial current derived from the QHD-III Lagrangian,
is found that the counterterms given in Eq.~11! fail to cancel
all of the divergences; it is also explicitly found that th
matrix element is not gauge invariant to 1-loop in QHD-I
This violation of current conservation occurs because
pion acquires a strong isospin charge when the vector
sons are introduced as gauge bosons as is the case in Q
III; hence, in a process which destroys strong isospin cha
such as pion decay, vector and axial-vector isospin cur
conservation is violated,2 and that process is not an S-matr
element of QHD-III.

In summary, the renormalizedpp scattering amplitude
has been calculated to 1-loop in thes model and in QHD-III
in the chiral limit for small external momenta with respect
the masses. The pion decay constant has been calculat
1-loop in thes model and it is shown explicitly thatFp

22

5b. It is also shown that this relation holds at tree level
QHD-III. It is argued that the gauge bosons decouple fr
the pion and thes in the heavy mass limit. The 1-loop cor
rection to Fp in QHD-III is seen to violate strong isospi
current conservation; thus, the model can at best describe
strongly interacting nuclear sector.

The author would like to thank J.D. Walecka for his gui
ance and useful discussions during the completion of
work. He would also like to thank C. Carlson, J. Goity, a
M. Sher for very worthwhile discussions. This work wa
supported under U.S. DOE Grant No. DE-FGO
97ER41023.

1Since the 1-loop corrections inb anddb become larger than the
tree-level terms in the limitmr ,ms→`, taking these limits in our
scattering amplitude is questionable since we used perturba
theory to obtain our result. However, 4-point functions can be u
to construct effective Lagrangians in the heavy mass limit@6#, and
our scattering amplitude would have the same structure as tha
fective Lagrangian.

2Electromagnetic charge also disappears in pion decay. Of cou
it is carried off in the lepton sector. The author knows of no sim
way to fix up strong vector and axial vector isospin current cons
vation in this model for pion decay.



cs

E.

1856 PRC 58BRIEF REPORTS
@1# B. D. Serot and J. D. Walecka, Acta Phys. Pol. B23, 655
~1992!.

@2# J. D. Walecka,Theoretical Nuclear and Subnuclear Physi
~Oxford University, New York, 1995!.

@3# S. Gasiorowicz and D. Geffen, Rev. Mod. Phys.41, 531
~1969!.

@4# ~a! Fayyazuddin and Riazuddin, Phys. Rev. D36, 2768~1987!;
~b! U. Meißner, Phys. Rep.161, 213 ~1988!; ~c! G. Ecker, J.
Gasser, A. Pich, and E. de Rafael, Nucl. Phys.B321, 311
~1989!; ~d! G. Ecker, J. Gasser, H. Leutwyler, A. Pich, and
de Rafael, Phys. Lett. B223, 425 ~1989!; ~e! M. Bando, T.
Kugo, and K. Yamawaki, Nucl. Phys.B259, 493 ~1985!; ~f! J.
Schwinger, Phys. Lett.24B, 473 ~1967!.
@5# J. Gasser and H. Leutwyler, Ann. Phys.~N.Y.! 158, 142
~1984!.

@6# R. Akhoury and York-Peng Yao, Phys. Rev. D25, 3361
~1982!.

@7# T. Appelquist and C. Bernard, Phys. Rev. D23, 425 ~1981!.
@8# H. Lehmann, Phys. Lett.41B, 529 ~1972!.
@9# M. E. Peskin and D. V. Schroeder,An Introduction to Quan-

tum Field Theory~Addison-Wesley, New York, 1995!, Chap.
11.

@10# S. Weinberg,The Quantum Theory of Fields II~Cambridge
University Press, Cambridge, England, 1996!, p. 200.

@11# T. Appelquist and J. Carazzone, Phys. Rev. D11, 2856~1975!.


