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gD˜p0D reaction in the threshold region

M. Benmerrouche and E. Tomusiak
Department of Physics and Engineering Physics and Saskatchewan Accelerator Laboratory,
University of Saskatchewan, 107 North Road, Saskatoon, Saskatchewan, Canada S7N 5C6

~Received 31 March 1998!

Coherent pion photoproduction on the deuteron is studied in the threshold region spanning photon lab
energies from threshold at 139.83 MeV to 160 MeV. Unlike previous similar calculations which used the now
obsolete value for thes-wave E01 multipole, our work relies on the latest information on the elementary
amplitudes which are in excellent agreement with recent precise data on thegp→p0p reaction. We compare
the exact treatment of pion propagation against various approximations often used in the literature and their
impact on the very important pion rescattering contribution. We have investigated the sensitivity of thegD
→p0D cross section to various choices of the values of the elementary multipoles and in particular the neutron

s-wave amplitudeE01
p0n . The Fermi motion, corrections due to the boost from the nucleon to the deuteron

frames as well as the deuteronD-state are all taken into account. The predicted total and differential cross
sections are compared with the very recent experimental data from the Saskatchewan Accelerator Laboratory.
@S0556-2813~98!02609-0#

PACS number~s!: 25.20.Lj, 13.60.Le, 25.10.1s, 11.80.La
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I. INTRODUCTION

The determination of thresholds- andp-wave amplitudes
describing pion photoproduction from nucleons has rece
become a topic of increased interest. It took over a decad

unambigously determine thes-wave amplitudeE01
pp0

from
thresholdp0 photoproduction experiments on protons. T
currently accepted value has been ‘‘measured’’ indep
dently by two laboratories giving21.3260.08 @1# and
21.3160.08 @2# in the standard units of 1023/Mp1 ~units
will be suppressed from here on!. These results indicate
suppression of the cross section by nearly a factor of 4
compared to the value anticiptated from the classical lo
energy theorems~LET!. A theoretical explanation based o
chiral perturbation theory~ChPT! was put forward by the
BKM Collaboration @3# showing that the classical LET ar
incomplete. There a one-loop calculation up to and includ

orderO(q4) givesE01
pp0

521.16 compared with the classica
LET value of22.47. However, an important issue regardi
the convergence of the loop expansion has yet to be
dressed.

A crucial question remains concerning the value for

neutron amplitudeE01
np0

. Theoretically, the situation for this
amplitude is the reverse of what occurred for the prot
Namely, the classical LET predicts a small value of 0
while ChPT gives a relatively large value of 2.13, i.e., Ch
predicts 16 times more cross section than the classical L

Unfortunately the experimental determination ofE01
np0

must
rely on targets with mass number greater than or equal t
the simplest being the deuteron. It becomes important th
fore to determine the model dependence in the attemp

extractE01
np0

from the data.
Earlier investigations of coherent threshold pion prod

tion on the deuteron@4,5# have shown that the impulse ap
proximation is not sufficient but that one must also take i
account rescattering effects. That is, after being produced
PRC 580556-2813/98/58~3!/1777~13!/$15.00
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pion can interact with nucleons in the deuteron. In fact
importance of this rescattering effect has been recently c
firmed within the framework of ChPT. Its magnitude
threshold can be as large as six times the impulse contr
tion @6#. While ChPT is now believed to be the proper fram
work for pion-nucleon and pion-nuclei processes, it is a n
trivial task to apply it above threshold and in particular
few-body systems. Moreover, one must also understand
energy dependence of the multipoles as one deviates f
threshold. For example, the strong energy dependence in

E01
pp0

amplitude has a cusplike structure@7# which can only
be observed as the charged pion production threshol

crossed. A similar effect should be seen in theE01
np0

ampli-
tude and could be even more pronouced if this amplitud
as large as predicted by ChPT. Currently, no theoretical
culation incorporates these effects. Furthermore, just ab
threshold otherp-wave multipoles start to contribute. It ha
been pointed out@3# that thesep-wave multipoles are of
great interest as key low energy tests of ChPT. We sho
also point out that in most of the above-threshold calcu
tions the double scattering diagram was evaluated using
factorization approximation whereby the intermedia
nucleon momenta are fixed. While this eliminates a tim
consuming sixfold integration the validity of the approxim
tion is not well founded. One of the aims of this work is
investigate the model dependence of this assumption.

On the experimental side, data is now available from
Saskatchewan Accelerator Laboratory for differential and
tal cross sections for the coherent channel at photon lab
ergies from near threshold up to 160 MeV@8#. Experiments
are also planned at the Mainz Microtron to measure neu
pion photoproduction on deuterium including the break-
channel.

Our paper is organized as follows. In Sec. II the form
ism used for the calculation is described. First, the scatte
operators including both impulse and rescattering terms
derived. Input to these equations consists of the elemen
1777 © 1998 The American Physical Society
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1778 PRC 58M. BENMERROUCHE AND E. TOMUSIAK
operators for pion photoproduction and pion-nucleon scat
ing. These are reviewed along with the required boost r
tions. In Sec. III, we examine in some detail the double sc
tering diagram. We compare the results based on
factorization approximation, often assumed in the literatu
with the numerical calculation of the sixfold integration. Se
tion IV opens with a discussion on the threshold deute
amplitudeEd @6# that has been recently extracted from e
periment@8# along with a comparison with the recently com
pleted ChPT calculation@6# which is strictly valid at thresh-
old. The remainder of the section deals with the region ab
threshold and numerical results of the unpolarized cross
tion are presented and compared with experiment. A s
mary and conclusions are given in Sec. V.

II. FORMALISM

The reaction mechanism of the scattering amplitude
coherent neutral pion photoproduction on the deuteron is
scribed as a sum of single and double scattering term
illustrated in Fig. 1. The rescattering process is mediated
a pion exchanged between the two nucleons@Fig. 1~b!# and
turns out to be a very important correction to the impu
approximation @Fig. 1~a!# @4#. The reason is that in the
threshold region the charged pion photoproduction amplit
is an order of magnitude larger that the corresponding neu
pion production amplitude that enters the single scatte
diagram. Therefore it is crucial to examine this double sc

FIG. 1. Single~a! and double~b! scattering diagrams for theg
1D→p01D process with all momenta defined in thegD c.m.
frame.
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tering diagram with great care before any meaningful inf
mation on the neutron amplitude can be extracted.

A. Kinematics, matrix elements, and cross section

The deuteron scattering amplitude has the following t
pieces:

F~gD→p0D !5F SS1FDS, ~1!

where the labels SS and DS stand for single and dou
scattering contributions, respectively. They are given by

F SS52E CSSCD
† S pW 2

qW f

2
DFgp~PgN

m ,qi
m ,qf

m!

3CDS pW 2
qW i

2
D dpW , ~2!

FDS522
1

~2p!2E CDSCD
† S pW 81

qW f

2
DFpp~PpN

m ,qm
m ,qf

m!

3
2Em

~qm
022Em

2 1 i e!
Fgp~PgN

m ,qi
m ,qm

m!

3CDS pW 2
qW i

2
D dpW 8dpW , ~3!

with Em5AqW m
2 1Mp

2 and Mp5Mp1, the charged pion
mass. The amplitudesFgp andFpp are the pion photopro-
duction and pion-nucleon scattering elementary opera
and will be discussed in the next section. The coefficie
CSS andCDS come from our choice of normalization of th
reaction amplitude and are given by

CSS5A mgDmpD

mgN1
mp fN1

,

CDS5A mgDmpD

mgN1
mpmN1

mpmN2
mp fN2

, mab5
Pa

0 Pb
0

Wab
, ~4!

whereN1 , N2 , pm , and p f label nucleon 1, 2, the propa
gating pion, and the outgoing pion. All relevant kinemati
are shown in Fig. 1. Our expressions~2! and ~3! agree with
those given in Ref.@9#. The Fourier transform of the nonre
ativistic deuteron wave function with suppressed spin proj
tion quantum index is written as

CD~pW !5
1

A4p
Fu0~p!2

1

A8
S12~ p̂!u2~p!GxM

1 , ~5!

whereS12 is the tensor operator

S12~ p̂!53~sW 1• p̂!~sW 2• p̂!2~sW 1•sW 2!. ~6!

All calculations done in this paper use the Paris poten
@10# to generate the deuteron wave functions. TheS- and
D-state wave functionsu0 and u2 are related to the corre
sponding standard spatial ones by
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PRC 58 1779gD→p0D REACTION IN THE THRESHOLD REGION
ul~p!5A2

pE0

`

drr j l~pr !ul~r ! ~7!

subject to the normalization condition

E
0

`

@u0~p!21u2~p!2# p2dp51. ~8!

We have definedqi
m5(qi

0 ,qW i),qf
m5(qf

0 ,qW f), Pi
m5(Pi

0 ,PW i),

andPf
m5(Pf

0 ,PW f) as the four-momenta of the incoming ph
ton, outgoing pion, the target, and the recoiling deuter
respectively. We work in thegd center of momentum~c.m.!
frame and all the external particles are on their mass she

that qi
05uqW i u, qf

05AqW f
21Mp0

2 , Pi
05APW i

21Md
2, and Pf

0

5APW f
21Md

2. In additionEg denotes the incident photon la
energy andWgD5WpD5AMd

212MdEg is the total energy
in the gd c.m. frame.

We shall now discuss the kinematics involved in ea
diagram using the spectator-on-mass-shell prescrip
@5,11# and assuming an average nucleon mass ofMx5(M p
1Mn)/2. For the single scattering diagram@Fig. 1~a!# the
spectator nucleon indicated by a cross is on-shell withp2

m

5(AMx
21pW 2,2pW ). The active nucleon is off-shell and it

four-momentum before being struck by the the photon
p1

m5(Pi
02p2

0 ,2qW i1pW ). Note that the relative momentum o

the nucleons inside the deuteron in the initial state ispW 1

2pW 2)/252qW i /21pW rather thanpW . The total four-momentum
available to thegN subsystem isPgN

m 5(p1
01qi

0 ,pW 11qW i

5pW ) and its invariant mass issgN5WgN
2 5WgD

2 1Mx
2

22WgDAMx
21pW 2. In the double scattering diagram@Fig.

1~b!#, the on-shell nucleons have four-momentap2
m

5(AMx
21pW 2

2,2pW ) and p18
m5(AMx

21pW 18
2,pW 8). The four-

momenta of the off-shell nucleons are then determin
through energy-momentum conservation and given byp1

m

5(Pi
02p2

0 ,2qW i1pW ) and p28
m5(Pf

02p18
0 ,2qW f2pW 8). The

expression for the pion propagator can now be rewritten

qm
022Em

2 5qm
022qW m

2 2Mp
2 , qm

0 5WgD2ApW 21Mx
2

2ApW 821Mx
2, qW m5pW 2pW 8. ~9!

It is important to note that the pion propagator contains s
gularities atqm

0 56Em and a proper procedure is needed
evaluate the six-dimensional integral given by Eq.~3!. This
will be discussed in the Appendix. The total four-momentu
available to thegN and pN subsystems arePgN

m 5(p1
0

1qi
0 ,pW ) and PpN

m 5(p28
01qf

0 ,2pW 8) respectively. The in-
variant masses are then given bysgN5WgN

2 5WgD
2

1Mx
222WgDAMx

21pW 2 and spN5WpN
2 5WpD

2 1Mx
2

22WpDAMx
21pW 82. Other prescriptions to determineWgN

have been discussed by Wilhelm and Arenhoevel@12# and by
Breitmoser and Arenhoevel@13#. However, these author
discuss only single scattering diagrams so that the effec
the various prescriptions on double scattering diagram
unclear.
,
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n

s
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In this paper, we shall focus only on the unpolarized cro
section and compare with the available experimental d
One can now carry out the appropriate algebraic manip
tions to obtain the coherent c.m. differential cross section

S ds

dV D
c.m.

5
1

3

uqW f u

uqW i u
(

M f ,Mi

uFM f ,Mi
u2, ~10!

where Mi ,M f are the initial and final magnetic quantu
numbers of the deuteron@see Eq.~5!# and the photon helicity
is chosen to bel511. The matrix elements correspondin
to l521 are related to thel511 by parity conservation in
the following way:

FM f ,Mi
~l!5~2 !11l1Mi2M fF2M f ,2Mi

~2l!. ~11!

Furthermore, helicity conservation require that the matrix
ements must vanish in the forward and backward directi
unlessM f5Mi1l. This provides an additional check on th
numerical integrations.

B. Elementary operators

There are two elementary processes needed to eva
the T matrix for coherent pion photoproduction on the de
teron, pN→pN and gN→pN. Since we are mainly con
cerned with the threshold region, onlys- andp-wave ampli-
tudes will be considered. This is a good approximation sin
as will be described shortly, it reproduces the recent exp
mental data on the proton. The isospin structure of the
ementary amplitudes is written in the usual form

Fgp5F gp
~1 !db31F gp

~2 !
1

2
@tb ,t3#1F gp

~0!tb , ~12!

Fpp5F pp
~1 !dba1F pp

~2 !
1

2
@tb ,ta#, ~13!

wherea,b label the Cartesian isospin indices of the inco
ing and outgoing pions, respectively, andtW are the SU~2!
Pauli matrices. Because the deuteron hasT50 the relevant
isospin structure of the elementary operators becomesFgp

[F gp
(1) and FppFgp[F pp

(1)F gp
(1)22F pp

(2)F gp
(2) for the

single and double scattering diagrams, respectively. The
eratorsF gp

(a) andF pp
(a) can be decomposed with the followin

general spin structure in thepN c.m. frame:

F gp
~a!5 isW •KW ~a!1L ~a!, F pp

~a!5 isW •MW ~a!1N~a!, ~14!

with a being the isospin index (1),(2), or (0) which will
be suppressed from here on unless stated otherwise. Th
eratorsKW ,MW andL,N are related to the standard CGLN am
plitudes @14# for pion photoproductionF124 and pion-
nucleon scatteringf 122 by the following relations:

L5qW f
!
•~qW i

!3aW !!F2 , ~15!

N5 f 11qW f
!
•qW i

! f 2 , ~16!

KW 5~F12qW f
!
•qW i

!F2!aW !1qW f
!
•aW !qW i

!~F21F3!1qW f
!
•aW !qW i

!F4 ,
~17!
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1780 PRC 58M. BENMERROUCHE AND E. TOMUSIAK
MW 5qW f
!3qW i

! f 2 , ~18!

where we have defined the vectoraW 5eW !2qW i
!
•eW !qW i

!/qi
!2 so

that the photoproduction operator is now explicitly gau
invariant. HereeW !,qW i

! ,qW f
! are the photon polarization and th

initial and final relative momenta in the pion-nucleon c.
frame. Note that at agN→pN vertexqW i is the photon mo-
mentum whereas at apN→pN vertexqW i is the incident pion
momentum. The superscript star is used to avoid confus
with the corresponding quantities in thegD c.m. frame. If
only s- andp-partial wave amplitudes are retained one h

Fgp5 isW •aW !H11 iqW f
!
•aW !sW •qW i

! H21 iqW f
!
•aW !sW •qW f

!H3

1qW f
!
•~qW i

!3aW !!H4 , ~19!

Fpp5 isW •qW f
!3qW i

!G11G2 ~20!

with

H15E011qW f
!
•qW i

!p1 , H25p2 , H350, H45p3 ,
~21!

G150, G25apN1bpNqW f
!
•qW i

! . ~22!

The pi are connected to the standardp-wave multipoles by
p153e111m112m12, p253e112m111m12, p3
52m111m12 . The P-wave amplitudes as defined in Re
@3# are related to ours simply byPi5qi

!qf
!pi . The quantities

apN and bpN are the usual scattering lengths and volum
respectively. Finally, our elementary amplitudes are norm
ized so that the differential cross sections in thep-nucleon
c.m. frame are

ds

dV
~gN→pN!5

qf
!

qi
! uF̄gpu2, ~23!

ds

dV
~pN→pN!5uF̄ppu2, ~24!

where the overbar means that we need to average ove
initial and sum over the final spins.

In order to illustrate the model dependence of this cal
lation we use elementary production amplitudes from th
theories. These are the effective Lagrangian approach~ELA!
@15#, chiral perturbation theory~ChPT! @3#, and dispersion
theory~DR! @16#. The ELA model gives the ‘‘classical’’ val-
ues for the proton and neutron amplitude alluded to in
Introduction supplemented by corrections due to resona
exchanges. DR and ChPT nearly agree in the threshold

ton amplitudes, givingE01
pp0

521.22 and 21.16, respec-
tively, which are more compatible with the measured va
of 21.3 @1#. On the other hand their neutron amplitud

differ, with E01
np0

51.19 in the case of DR compared to 2.1
in the case of ChPT. For near threshold production from
deuteron the relevant quantity in the single scattering term

the isoscalar amplitudeE01
(1)5(E01

pp0
1E01

np0
)/2. We should

point out that previously most calculations of this sort ha
used the classical LET values of about'21 for the isosca-
.

n

,
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the

-
e

e
ce
o-

e

e
is

e

lar amplitude. However an inspection of Table II reveals th
there are considerable differences in this amplitude as
dicted by the three theories used here. This is one of
motivations for performing an accurate measurement
D(g,p0)D near threshold. However, as we shall see,
threshold cross section is dominated by the double scatte
diagram Fig. 1~b! and uncertainties in the calculation of th
term may mask theE01

(1) dependence.
As one moves away from threshold it is important to i

clude the effects ofp-wave multipoles as well as energy
dependence of thes-wave amplitudes. To describe the e
ergy dependence of the protons-wave multipoleE01 we use
the parametrization of Ref.@17#

E015a01a1~W22Wth
2 !/~2MNMp0!1 ia2q1 /Mp1.

~25!

HereWth5MN1Mp0 is the threshold c.m energy,q1 is the
p2N c.m. momentum~continued to nonphysical imaginar
momenta below the charged pion threshold!, and ai are
energy-independent parameters. The last term is relate
the rescattering of the pion before being emitted and is
sponsible for the cusp effect. In this low-energy region,a2
can be well approximated by a product of thepN scattering
lengthapN ~values used are discussed below! and thes-wave
charged pion electromagnetic production amplitudeE01 :

a2
pp0

5ap1p0E01
np1

Mp1, a2
np0

5ap2p0E01
pp2

Mp1.
~26!

The parametera2 has been evaluated using the experimen
scattering lengths@18# ap2p052ap1p052A2apN

(2) ~see be-

low! and $E01
np1

,E01
pp2

%5$28.2,232.7%,$28.0,231.7%,
$27.51,231.28% in units of 1023/Mp1 for ChPT, DR, and
ELA, respectively. The parametera0 is then obtained by
evaluating Eq.~25! at threshold and equating it to the thres
old value ofE01 predicted by the theory in question. No
that the term proportional toa1 vanishes at threshold. Th
parametera1 is determined by the experimental slope of t
real part ofs-wave multipole past the cusp. Note that th
procedure produces differenta0 anda2 for each of the three
theories but the samea1 . Table I lists the resulting param
eters for the three cases while the results of the fit are
played in Fig. 2. Clearly, the energy dependence is well
produced for ChPT and DR theories but not so well for t

ELA model due to its large value ofE01
pp0

at threshold.
Given the fact that the values fora2 are not that different

for pp0 and np0 channels, one might expect the same
hold for a1 . In order to make a prediction of the energ

TABLE I. Parameters for thes-wave multipole for various theo-
ries~see text for details!. They are expressed in the standard units
1023/Mp1.

a0 a1 a2

pp0 np0 pp0 np0 pp0 np0

ChPT 20.13 3.32 24.60 24.60 3.83 4.44
DR 20.20 2.35 24.60 24.60 3.80 4.30
ELA 21.04 1.80 24.60 24.60 3.74 4.25
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dependence ofE01
np0

we therefore assume thata1 is the same
for both the proton and neutron target as well as for all th
ries. This leads to our prediction~dashed line! in Fig. 2 for
thes-wave multipole for thegn→p0n reaction compared to
the correponding calculation of dispersion theory~empty
circles! @16#. We also display the results for ChPT and EL
with solid and dotted lines, respectively. It is expected t
the simple cusp function as given by Eq.~25! is in agreement
with the sophisticated dispersion calculation for both neu
pion photoproduction channels. As can be seen from Fig
the main difference between various theories is the thres
value, especially in the case of the neutron target. It is wo
emphasizing at this point that the samea2 enters the rescat
tering diagram of Fig. 1~b! involving two nucleons~two-
body rescattering! and the rescattering term appearing
E01 @Eq. ~25!# involving only one nucleon~one-body rescat-
tering!. Therefore, the two rescattering corrections should
treated consistently.

As mentioned above, the contribution ofp-wave multi-
poles becomes more important necessitating their inclu
as the energy increases. Table II gives the values of the i
calar threshold multipoles for the three different theor
considered in the present work. Figure 3 compares the
culated total cross section using the ChPT set with the re
experimental total cross-section data@1#. One observes ex
cellent agreement over an energy range from threshold,
responding to a photon lab energy ofEg5145.7 MeV, up to

FIG. 2. Energy dependence of thes-wave multipoleE01 for
both proton target~left pane! and predicted neutron target~right
pane!. The upper~lower! panel are for the imaginary~real! part of
the amplitude. The data is taken from Ref.@1#. The different curves
are for various theories as discussed in the text.
-

t

l
2,
ld

th

e

n
s-

s
l-
nt

r-

170 MeV. Also shown by a dashed line is the prediction
the neutron target where the cusp structure is more visible
Fig. 4, we show the corresponding angular distributions
various photon lab energies and again the agreement is
good. This figure also illustrates the importance of the
ergy dependence of thes-wave multipole. A constants-wave
multipole set equal to its threshold value results in t
dashed curves. The importance of including the energy
pendence can clearly be seen especially around the cha
pion production threshold.

Finally we discuss the parameters used to describe
pN to pN vertex. The pion-nucleons-wave scattering
lengths are obtained from a recent experiment on strong
teraction shifts in pionic hydrogen@18#. Due to the smallness
of the isospin even scattering lengthsapN

(1) , there are still
uncertainties surrounding its values which can range betw
3 and 831023/Mp1 @19#. Our results are not sensitive to th
value ofapN

(1) due to its smallness as compared toapN
(2) . The

effect of thep-wave rescattering, i.e., the contribution fro
scattering volumes, was shown by Koch and Woloshyn@4#
to amount to less than 3% and therefore we have negle
it. Furthermore they also concluded that multiples-wave res-
catterings can be ignored since they are suppressed by
factor apN^1/r &. For the purpose of the present work w
shall neglect all these higher order rescattering effects.
have assumed the central values of28.031023/Mp1 and
96.031023/Mp1 @18# for apN

(1) andapN
(2) , respectively.

Finally we note that in order to use the multipoles as inp

TABLE II. Thresholds- andp-partial wave amplitudes used i
the gD→p0D analysis.

E01
(1) p1

(1) p2
(1) p3

(1)

Units 1023 Mp1
21 1023 Mp1

23 1023 Mp1
23 1023 Mp1

23

ChPT 10.485 18.87 29.68 111.28
DR 20.015 19.08 210.04 110.00
ELA 20.690 19.98 210.16 112.00

FIG. 3. Total cross section~solid curve! for g1p→p01p re-
action for photon lab energies from thresholdEg5144.66 up to
170 MeV. The dashed curve is our prediction forg1n→p01n.
The experimental data are for the proton target measured at
Saskatchewan Accelerator Lab@1#.
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FIG. 4. Differential cross section forg1p
→p01p reaction for a selected set of photon la
energies. The dashed line is the result of ignori
the energy dependent cusp effect.
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to the deuteron calculation, one needs to boost the elem
tary operators to theg2D c.m. frame where the observable
are calculated. The relevant Lorentz transformations are

qW i
!5qW i1 f i PW gN , ~27!

qW f
!5qW f1 f f PW gN , ~28!

aW !5eW1~eW•PW gN /WgN!@qW i
!/qi

0!1PW gN /~PgN
0 1WgN!#,

~29!

f i5S qW i•PW gN

~PgN
0 1WgN!

2qi
0D /WgN , ~30!

f f5S qW f•PW gN

~PgN
0 1WgN!

2qf
0D /WgN , ~31!

qi
0!5~qi

0PgN
0 2qW i•PW gN!/WgN . ~32!

Similar expressions can be obtained for the relative mome
in the pN→pN channel with the obvious replacementPgN

m

→PpN
m .
en-
s

nta

III. EFFECTS OF FERMI MOTION
IN THE PION PROPAGATOR

Written out explicitly the denominator of the DS term
Eq. ~3! is

D5qm
022Em

2 5@WgD2ApW 21Mx
22ApW 821Mx

2#22~pW 2pW 8!2

2Mp
2 1 i e. ~33!

This denominator requires an evaluation of six-dimensio
integrals overdpW dpW 8. The numerical method adopted fo
this is discussed in the Appendix. Here we want to comp
the direct evaluation of this integral~referred to as exact! to
approximations used by others which reduce the dimens
ality of the integral. These approximations basically amo
to various approximations for the nucleon kinetic energy
D. The further neglect of momentum dependence of the
erators and/or the use of simplified deuteron wave functi
allows some of the integrations to be done analytically. T
Lazardet al. @20# in one case simply set these kinetic en
gies to zero. We refer to this as case 1. In another appr
mation which we refer to as case 2 Lazardet al. @20# and
more recently by Garcilazoet al. @11# considered the follow-
ing replacement:
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FIG. 5. Sensitivity of the differential cross
section g1D→p01D to the treatment of the
pion propagation for various photon lab energie
The data is from the Saskatchewan Accelera
Lab @8#. The curves correspond to the ChPT s
for the elementary mulipoles with solid~exact!,
dotted ~case 1!, dash dot~case 2!, dashed~case
3!.
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ApW 21Mx
21ApW 821Mx

2→A1

4
qW i

21Mx
21A1

4
qW f

21Mx
2.

~34!

We denote as case 3 the approximation used by Koch
Woloshyn @4# and more recently by Tiator, Bennhold, an
Kamalov @21# where bothp and p8 are replaced bypeff

5150 MeV. Using the ChPT set of the elementary amp
tudes~see Tables I and II!, the results of these various ap
proximations are displayed and compared with the data@8# in
Fig. 5. One observes that cases 1 and 2 consistently gi
larger cross section at larger angles, especially near thres
energies. It is interesting to see that case 2 reproduces
data rather well for the three lowest energies. As will
discussed in Sec. IV, the data for the three lowest ener
can also be described using the exact treatment and the
set for the amplitudes. This indicates that a proper treatm
of the pion propagation is necessary in order to extract r
ably the neutron amplitude. Case 3, on the other hand,
above the exact curve at small angles and then falls belo
at larger angles, except at the lowest energy where it is be
the exact curve for all angles. Thus the calculated cross
tion is sensitive to the method of treating the denominato
nd
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a
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the DS integral, an observation made earlier by Fa¨ldt @22#.
All results given later in this paper use the exact treatmen
this term.

The approximations in cases 1, 2, and 3 above are
based on assuming that the kinetic energies of the nucle
appearing inD can be replaced by some effective values.
as a further approximation, the elementary scattering op
tors are assumed to be independent of Fermi momenta
the resulting approximation is referred to as a factorizat
approximation. This approximation allows the amplitude
be written as

FgD52CsE Cd
†~rW !F gp

~1 !Cd~rW !eirW• tWm/2d3rW

12CsCdE Cd
†~rW !•~F pp

~1 !F gp
~1 !

22F pp
~2 !F gp

~2 !!Cd~rW ! f ~r !eirW• tWp/2d3rW. ~35!

Here Cd(rW) is the deuteron wave function in coordina
space,tm5qi

W2qW f is the momentum transfer to the deutero
and tp5qi

W1qW f . The functionf (r ) is defined as
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f ~r !5H eiqeffr /r qeff
2 .0

e2uqeffur /r qeff
2 ,0,

~36!

whereqeff
2 5qm

022Mp
2 . The remaining kinematical quantitie

are

Cs5
WgN

WgD
A ED~qW i !ED~qW f !

EN~qW i /2!EN~qW f /2!
,

Cd5
WpN

AEN~qW i /2!EN~qW f /2!
~37!

with WgD5WpD5Eg(qW i)1ED(qW i) and

WgN
2 5WgD

2 1MN
2 22WgDAMN

2 1qi
2/4, ~38!

WpN
2 5WpD

2 1MN
2 22WpDAMN

2 1qf
2/4. ~39!

We have used these approximations mainly as checks on
accuracy of the multidimensional momentum space integ
tions.

IV. RESULTS AND DISCUSSIONS

A. Threshold

Reference@6# quantifies the threshold cross section by t
numberEd defined through

Ed
25

3

8

uqW i u

uqW f u

ds

dVU
qW f u→0

. ~40!

A recently measured value for this isEd521.4560.09 @8#
in the standard units of 1023/Mp1. In the case of a pure
s-wave deuteron we can relate, ignoring boost effects
single matrix elementFM f ,Mi

to Ed by

Ed5
i

2
F0,215

i

2
F1,0. ~41!

We note that the equalityF0,215F1,0 no longer holds if the
deuteronD state is added and there are nucleon momen
terms arising from the Lorentz boost. Nevertherless a rea
able understanding of the main physics determiningEd can
be obtained by looking at a pures-wave deuteron. Our
s-wave deuteron results are simply obtained by turning
the d-wave in the wave function, i.e., wedo not renormalize
the s wave to unity. We consider then the SS and DS c
tributions toEd .

In the case of the SS contribution toEd one could delin-
eate the various effects which determine its value. Th
would include~1! the energy dependence ofE01

(1) , ~2! the
p-wave contributions induced by the Lorentz boost,~3! the
treatment ofWgN in the boost factors Eqs.~30!–~33!, and~4!
the influence of the deuteronD state. We leave this degree o
detail to a later paper and for now just summarize the m
effects. Clearly the value ofE01

(1) is crucial for the SS term
However, so also is the effect of the Lorentz boost. Thu
we use energy-independent values ofE01

(1) as given in Table
he
a-

a

m
n-

ff

-

e

in

if

II then Ed for the ChPT parameters goes from10.375 ~no
boost! to 10.246 ~boost on!. Similarly the DR parameters
give Ed from 20.012~no boost! to 20.144. The magnitude
of the boost effect is similar to that found in Refs.@4# and
@22#. Notice again the opposite signs between the ChPT
DR values of the SS contribution toEd caused by their very

different predictions forE01
np0

. If one next incorporates both
the energy dependence and the boost intoE01

(1) , then the
values forEd become 0.145 and20.235 for ChPT and DR,
respectively. We shall see that although the DS term do
nates the value ofEd , these two different SS contribution
will lead to an overall difference of about 25% in their pr
dictions ofEd .

Apart from its sensitivity to the method of treating Ferm
motion the DS term depends nearly linearly on t
apN

(2) p-N scattering length due to the relatively small co
tribution of the p0-N and p-wave rescattering processe
Both ChPT and DR predict nearly the same values
charged meson production so that they yield (s-wave deu-
teron! the same value of21.28 for the DS contribution to
Ed . Adding the SS and DS contributions together we obt
the s-wave deuteron values forEd of 21.14 for ChPT and
21.52 for DR.

Finally our complete calculation ofEd results from turn-
ing on the deuterond state and incorporating the energ
dependence ofE01

(1) . Table III displays these results for th
ChPT and DR parameter sets as a function of the techn
employed for treating Fermi motion in the rescattering ter
Note that what we have actually calculated in this table
uEdu5A(M f ,Mi

uFM f ,Mi
u2/2. As mentioned previously the

threshold cross section is not determined by a single ma
element when both theD-state and Lorentz boost terms a
present. Not surprisingly the results are consistent with
141.7 MeV cross section shown in Fig. 5, i.e., that case
the lowest and case 1 is the largest. The important obse
tion is that the approximately 30–40 % difference betwe
the ChPT and DR sets is due solely to their disparate va

of E01
np0

. Beaneet al. @6# calculateEd521.860.2 using
chiral perturbation theory for the kernel sandwiched betwe
phenomenological deuteron wave functions. Our single s
tering contribution is similar to theirs with the following ex
ceptions:~i! they do not incorporate energy dependence i
E01

(1) and ~ii ! their estimation of the effect of the Lorent
boost appears to disagree with ours and that of others@4,22#.
However, we can reproduce the value of their single scat
ing contribution toEd . The double scattering~labeled three-
body contribution in Beaneet al. @6#! contribution as calcu-
lated by us is phenomenological based on the works in R
@4,5,22,9,11#. Beaneet al. @6# have calculated all diagrams t

TABLE III. Effect of Fermi motion onuEdu for ChPT and DR
parameter sets.

Case ChPT DR

Exact 1.25 1.63
1 2.41 2.79
2 1.51 1.88
3 1.05 1.43
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order four in small momenta with all possible insertions o
tained from the chiral Lagrangian in the heavy baryon f
malism. Their main contribution, diagram Fig. 1~b! with ver-
tices from the leading orderp2N Lagrangian, gives a value
of 22.2 for Ed ~for S-wave deuteron wave function!. The
next correction is similar to the diagram in Fig. 1~b! except
that the incident photon is absorbed by the propagating p
It only contributes10.43 toEd . The rest of their diagrams
which encompass 1/MN corrections are about 10% of th
main contribution. Their treatment of Fermi motion seems
follow case 1~see discussion in previous section! and it is
unclear to us how such an approximation can be valid gi
that a proper treatment of Fermi motion reduces the dou
scattering contribution by almost 50%.

B. Above threshold

Since photoproduction experiments are done ab
threshold it follows that any threshold information such
the quantityEd discussed above relies heavily on the e
trapolation of the data above threshold. This region j
above threshold is sensitive to otherp-wave mulipoles and a
consistent discription of the low-energy coherent neu
pion photoproduction on the deuteron must also include
energy range in the vicinity of the threshold. We recall
particular thatp2

(1) andp3
(1) which do not enter the threshol

results do, however, contribute above threshold. There
reproducing threshold parameters does not necessarily m
that the observables can be described adequately. Befor
compare our predictions with the recent experimental d
we wish to recall, as discussed in Sec. III, that a pro
treatment of the pion propagation in the double scatter
diagram is necessary. As shown in the Appendix, the ev
ation of the double scattering contribution can be grea
simplified if the nucleons kinetic energies are assumed c
stant, i.e., ignore their Fermi motion. In what follows w
shall not make such a simplification and consider the Fe
effects fully. First, the sensitivity to the deuterond-state
component of the wave function is examined. Figure 6
picts the reduced differential cross sections at three pho
energies of 140,150,160 MeV with~solid line! and without
~dotted line! the d-state component. We remark that thes
state only curve is the contribution from the thes state which
is 94.2% of the Paris deuteron wave function. The so
curve results when the remaining 5.8% of the wave functi
i.e., thed wave, is added in. The effects are unremarkable
the 150 and 160 MeV distributions. However, for the ne
threshold curve at 140 MeV the effects of the smalld wave
are indeed sizable. This was observed in the previous sec
whereEd was calculated in ans wave only model and late
the complete model. Closer inspection shows that this se
tivity disappears if the Lorentz boost is turned off.

We now come to the comparison of the calculation w
the recent experiment just completed at the Saskatche
Accelerator Laboratory. Since onlyp0 were detected, the
actual process includes both the coherent and breakup c
nels, i.e.,D(g,p0)X. The data shown in Figs. 7 and 8 a
extracted based on a simple theoretical model for
breakup channel, i.e.,D(g,p0)np ~see Ref.@8# for details!.
We remark that the breakup channel should have no eff
at the very low photon lab energies, in particular the 14
-
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and 143.7 MeV points should be less contaminated by
breakup channel. A careful treatment of the breakup chan
would help ascertain the reliability of the theoretical es
mates as calculated in Ref.@8#. With these cautionary re
marks on the experimental data we display in Fig. 7
angular distributions at some selected energies for the t
theories discussed in Sec. II B. The ELA and DR are sho
by dotted and dashed curves respectively while the Ch
curve is indicated with a thin solid line. The thick solid lin
is obtained by using the ChPT values but with thep-wave
multipoles p1

(1) ,p2
(1) multiplied by a factor of 1.3 as sug

gested in Ref.@8#. It is remarkable that such a scaling repr
duces the data across the full energy range while all o
curves fail to do so. If such a scaling were indeed a fact
would be difficult to understand since it would imply a dra
tic change of the amplitudesp1

(1) ,p2
(1) from currently ac-

cepted values. That is, as can be seen from Table II
various theories agree to within 5% on these amplitud
Another observation is that DR seem to reproduce the th
low energies rather well which raises the question of whet
the breakup channel is underestimated in Ref.@8#. This un-

FIG. 6. Predicted differential cross section forg1D→p01D
showing the effect of theD-state deuteron bound state wave fun
tion. The dashed curve results from turning off theD-state compo-
nent of the wave function~without renormalizing!.
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FIG. 7. Predicted differential cross section
compared with the very recent data from th
Saskatchewan Accelerator Lab@8#. The curves
correspond to various sets of values for the
ementary multipoles~see Table II!: Thin solid
~ChPT!, dashed~DR!, dotted ~ELA!. The thick
solid line is obtained by multiplying ChPT value
for p1

(1) ,p2
(1) by 1.3.
tion
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FIG. 8. Predicted total cross section forg1D→p01D reaction
as compared with the experiment@8#. The thick and thin lines rep-
resent the total~single 1 double! and single scattering contribu
tions, respectively, based on ChPT values for the elementary
plitudes. The dashed lines are obtained withp1

(1) ,p2
(1) multiplied

by 1.3.
derscores the need, as mentioned above, for a full calcula
of the gD→p0np reaction.

It is useful to recall that the difference among differe
theories ELA, DR, and ChPT is connected with theE01

(1)

amplitude since their predictions of all the other remain
mutiploles are within a few percent~see Table II!. Therefore
the sensitivity seen in Fig. 7 can be ascribed to the differ
neutron amplitude used. For example, if we fixed the pro

amplitudeE01
pp0

to the experimental value of roughly21.3

then using Table II one obtains forE01
np0

amplitude
2.27,1.27,20.08 for ChPT, DR, and ELA, repectively. F
nally, in Fig. 8 we show the computed total cross section
thick solid ~thick dashed! curves for the ChPT parameter s
only without ~with! p1

(1) ,p2
(1) scaled as in Fig. 7. Here w

show the magnitude of the single scattering~SS! diagram
with the corresponding thin curves. The scaled total, sin
scattering~SS! and double scattering~DS!, seem to be in
agreement with the extracted data with slight deviation at
high energy end. Obviously, the nonscaled curve does
come as close to the data.

V. CONCLUSIONS

Coherentp0 photoproduction on the deuteron has be
studied including rescattering effects. The Fermi motion

m-
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been taken into account fully without making use of the
called factorization approximation or frozen nucleon a
proximation. For the elementary reactions, we have assu
that the process is dominated by only the lowest partias-
and p- wave amplitudes. The reaction on the proton tar
gp→pp is well described and compares very well with t
latest data for the total and differential cross sections@1#. To
study the sensitivity to the neutron amplitude we have c
sen three theories where the values for the neutrons-wave
multipole are calculated to be 0.4~ELA!, 1.19 ~DR!, and
2.13 ~ChPT!, respectively. Our findings can be summariz
as follows. ~i! The effects of the kinetic energies of th
nucleons in the pion propagator are found to be sizeable e
at threshold.~ii ! The D-state mixture in the deuteron boun
state wavefunction has also been examined and show
affect mainly the near threshold region because of the L
entz boost.~iii ! The results seem to be very sensitive to t

value of thes-wave neutron amplitudeE01
np0

. We have com-
pared our results with the very recent extracted experime
@8# data and found that in order to reproduce the data
needs to increase the values of thep-wave multipoles
p1

(1) ,p2
(1) by roughly 30%. This is in major disagreeme

with the current accepted values for these amplitudes. H
ever, one should realize that the experimental data on
coherent process is based on a simple theoretical mode
the breakup channel. Such a theoretical calculation for
breakup channel needs to be refined before any definite s
ments can be made. One expects the effects of the bre
channel to increase in importance with the energy. Suc
calculation may also help resolve the question of why
three low-energy data sets below 150 MeV appear to
more consistent with DR than with the other two theor
examined in this work.

Next, before any reliable statements can be made a
the neutron amplitude, one needs to further refine the ca
lation by examining the importance of off-shell effects a
estimate reliably the size of higher order rescattering p
cesses. On the experimental side, we need to separat
coherent and the incoherent production on the deutero
order to be able to extract the neutron amplitude in an
ambigious way. Furthermore any polarization data wo
provide valuable information that may help sort out the i
portance of the smaller imaginary part of the amplitude.
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APPENDIX: THE DOUBLE SCATTERING DIAGRAM

As mentioned earlier, the rescattering diagram devel

poles atqm
0 56AqW m

2 1Mp
2 which implies that the scatterin

amplitude becomes complex. The imaginary part of the s
tering amplitudeFDS has been ignored so far in all nea
threshold coherentp0 photoproduction calculations on deu
terium. In order to evaluate the six-dimensional integral
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assume a nonrelativistic nucleon energy which is a very r
sonable approximation since most of the contribution to
integral comes from the region where the diffrence betwe
relativistic and nonrelativistic nucleon energy is less tha
percent. In this case, after a suitable change of the integra
variables in Eq.~3!, one is lead to evaluate an integral of th
following form:

FDS5E dqW 1E dqW 2

F~qW 1 ,qW 2!

~Aq2
41Bq2

21C!
, ~A1!

with qW 15(pW 81pW )/2 andqW 25(pW 82pW ) andF(qW 1 ,qW 2) can be
obtained from Eq.~3!. We have also introduced new func
tions which depend only on the variableq1 and are given by

A5
1

16Mx
2 , B5

1

2Mx
2 ~q1

22WgDMx!,

C5
1

Mx
2 $@q1

22Mx~WgD22Mx!#
22Mx

2Mp
2 %. ~A2!

The existence and location of the poles depend on the i
gration variableq1 . There are four poles but two are th
image of the other two. The denominator of Eq.~A1! can be
rewritten as

D5A~u1
22q2

2!~u2
22q2

2!, u1
252

B1AD

2A
,

u2
252

B2AD

2A
. ~A3!

The poles are located on the real axis provided the discr
nant D5B224AC and u1

2 ,u2
2 are positive. The rootu2 is

outside the range of integration and therefore causes no p
lem. The other pole located atq25u1 is treated by introduc-
ing a subtraction function which is analytically integrab
and has the same behavior near the pole as the original
grand. Using the identities

1

~u1
22q2

21 i e!
52

ip

2u1
d~u12q2!1P

1

~u1
22q2

2!
,

PE
0

` dq2

~u1
22q2

2!
50, ~A4!

the integralFDS is transformed into

FDS52
ip

2 E q1
2dq1u1G~q1 ,u1!

1PE q1
2dq1E dq2

q2
2G~q1 ,q2!2u1

2G~q1 ,u1!

~u1
22q2

2!
,

~A5!

where P stands for the principal value. The functionG is
defined by

G~q1 ,q2!5E dVqW 1
dVqW 2

F~qW 1 ,qW 2!

A~u2
22q2

2!
. ~A6!
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FIG. 9. P-space ~solid line! vs R-space
~dashed-line! for the double scattering integra
Eq. ~A7!.
-

l-

d

The integrals, Eqs.~A5!,~A6!, are performed using Gauss
Legendre quadrature with 15 points for theq1 ,q2 integra-
tions and 9 points for the angular integrationsVqW 1

,VqW 2
. As a

check of our integration routine, we retained inF(qW 1 ,qW 2)
only the deuteronS-state wave function and ignored the e
ementary transition operators and theD-state wave function.
The results for the double scattering integral are illustrate
Fig. 9 where we compare the momentum (p space! ~solid
line! and coordinate (R space! space~dashed line! integra-
tt.
d

in

tions for the simplified case whereD5qf
22q2

2 . Only in this
special case can one reduce thep space tor space integra-
tions. The quantity that is compared in the figure is

I DS5
1

4pE u0~ uqW 11~qW 21qW f !/2u!u0~ uqW 12~qW 21qW i !/2u!

~qf
22q2

21 i e!

3dqW 1dqW 2 . ~A7!
te,

s.
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