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Equation of state, spectra, and composition of hot and dense infinite hadronic matter
in a microscopic transport model
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Equilibrium properties of infinite relativistic hadron matter are investigated using the ultrarelativistic quan-
tum molecular dynamics~UrQMD! model. The simulations are performed in a box with periodic boundary
conditions. Equilibration times depend critically on energy and baryon densities. Energy spectra of various
hadronic species are shown to be isotropic and consistent with a single temperature in equilibrium. The
variation of energy density versus temperature shows a Hagedorn-like behavior with a limiting temperature of
130610 MeV. Comparison of abundances of different particle species to ideal hadron gas model predictions
show good agreement only if detailed balance is implemented for all channels. At low energy densities, high
mass resonances are not relevant; however, their importance rises with increasing energy density. The rel-
evance of these different conceptual frameworks for any interpretation of experimental data is questioned.
@S0556-2813~98!00609-8#

PACS number~s!: 25.75.2q, 64.30.1t, 24.10.Pa
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The intriguing possibilities of phase transitions at vario
orders in the nuclear equation of state~EOS! have long
played a central role in heavy-ion physics from intermedi
to very high energies@1–3#. Indications about the nuclea
liquid-gas phase transition at moderate temperaturesT,10
MeV and densitiesr,r0 @4–8#, and about the transition to
resonance matter at higher densities and/or temperaturer
'325r0, T'1002150 MeV! @9–11# have been reported
Deconfinement of hadronic matter into quark-gluon plas
and strange matter may occur at even higher energy de
ties. Deconfinement temperatures of aboutTc'150610
MeV have been predicted by lattice QCD simulations
zero net baryon and strangeness density@12#. However, the
statistical concept of phase transitions is developed for
tionary states close to equilibrium@13–16#. Therefore, the
question immediately arises: can thermal and chemical e
librium concepts actually be used and equilibrium be reac
in central heavy-ion collisions?

At bombarding energiesElab<1 GeV/nucleon, experi-
mental data on multifragmentation@17# have been described
e.g., by statistical models„quantum statistical model~QSM!
@18–20# or statistical multifragmentation models~SMM!
@21#…. Also measured particle abundances and energy spe
from central heavy-ion reactions at both AGS~14.6 GeV/
nucleon! and SPS~200 GeV/nucleon! energies@22# have
been described in statistical models assuming global the
and hadrochemical equilibrium~with overall moderate lon-
gitudinal and transverse expansions! @23–26#. These models
assume an instantaneous global freeze-out for all particl

However, this hypothesis is, on first sight, not consist
with the results of microscopic models. They predict diffe
ent freeze-out times and radii for the different particle s
cies @27–31#. Another related question is whether the sh
time scales (10223 s! are long enough for the system to mo
through consecutive equilibrium states before freeze-out
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In this paper, we study equilibrium properties of infini
relativistic hadronic matter within the framework of the u
trarelativistic quantum molecular dynamics~UrQMD! model
@29#. However, in contrast to the usual simulations of hea
ion collisions from the two colliding nuclei to the comple
final state, here a closed microcanonical system is c
structed at a fixed net baryon density and net strange
density, confined to a cubic box with periodic boundary co
ditions. The yield of the various particle species can cha
due to inelastic collisions and decays of hadron resonan
and strings.

UrQMD, as a dynamical microscopic model, follows th
time evolution of a nonequilibriumA-particle system, e.g., a
heavy-ion reaction, in the entire many-body phase spac
has been applied in the energy range from 100 MeV/nucl
up to several hundreds of GeV/nucleon for heavy-ion co
sions using the same basic concepts and physics inputs
energies. The model includes explicitly 55 different bary
species~nucleons,D’s, hyperons, and their known reso
nances@32# up to masses of 2.25 GeV! and 32 different
meson species~including the known meson resonances@32#
up to masses of 2 GeV!, as well as their respective antipa
ticles and all isospin-projected states@29#. For higher mass
excitations, a string mechanism is invoked. Hadrons p
duced through string decays have nonzero formation t
t f , which depends on the energy momentum of the parti
Newly formed particles cannot interact during their form
tion time. The leading hadrons with constituent quarks int
act within their formation time with a reduced cross sectio
which is taken to be proportional to the number of th
original constituent quarks. All hadrons are propagated~in a
relativistic cascade sense! according to Hamilton’s equation
of motion, supplemented by a relativistic Boltzman
Uehling-Uhlenbeck collision term involving all hadro
states. The collision term is based on tabulated or par
etrized experimental cross section~when available!. Reso-
nance absorption and scattering is handled via the princ
1727 © 1998 The American Physical Society
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1728 PRC 58M. BELKACEM et al.
of detailed balance. If no experimental information is ava
able, the cross section is either calculated via an OBE mo
or via a modified additive quark model. The baryo
antibaryon annihilation cross section is parametrized as
proton-antiproton annihilation cross section at the same c
ter of mass energy. For a detailed description of the UrQM
model, the reader is referred to the original publication of
model presentation@29#.

For the present study, additional features have been ad
to the model, which allow for the calculation of infinite ha
ronic matter properties in equilibrium. This is done by co
fining the different particles in a cubic box with cycli
boundary conditions at a fixed net baryon densityrB and
fixed net strangenessrS . In this paper, we restrict our stud
to a net baryon densityrB5r050.16 fm23 and rS
50 fm23, i.e., net strangeness zero. Although in heavy-
collisionsrSÞ 0 andrBÞr0 are expected, we shift the de
tailed study of different net baryon densities and/or nonz
net strangeness to a forthcoming paper@33#.

The initial system considered here consists of 80 prot
1 80 neutrons, which are uniformly distributed in config
ration space in a cubic box of 10310310 fm3. The mo-
menta are uniformly distributed in a sphere with rando
radius and then rescaled to the desired energy density.

Figure 1 displays the time evolution of the multiplicitie
~averaged over 50 events! of nucleons, pions, and kaons
two different energy densitiese5200 MeV/fm3 ~upper
panel! and e5700 MeV/fm3 ~lower panel!. Particle multi-
plicities saturate after some time. This equilibration time d
pends strongly on energy densitye. The different hadrons
continue to interact strongly, but their average absolute n
bers remain nearly constant. Note that the equilibration t
of kaons is much longer at the energy densitye
50.2 GeV/fm3 than those for nucleons and pions, which a
rather similar. In fact, this is the case for all strange hadr
~both mesons and baryons!. This difference between th
strange and nonstrange hadrons decreases with growin
ergy density. Equilibration times of all hadrons are qu
similar for energy densities above 0.7 GeV/fm3.

We have checked whether our system is ergodic in
equilibrium phase: Both ensemble averages~i.e., when the
averaging is done over a large set of parallel events! and time
averages~when the averaging is done over time evolution
a single event, but in both cases after equilibrium is est
lished! coincide within 1%. The following results are ob
tained by time averaging~if not stated otherwise!. All quan-
tities presented below have been extracted from
equilibrium phase, i.e., after particle multiplicities ha
achieved their saturation values.1 Figure 2 shows the energ
spectra for four particle species; nucleons, pions,L’s, and

1In practice, we start the time averaging much after particle m
tiplicities of the most relevant species~N, p, D, K, L) have
achieved their saturation values, to allow for the equilibration of
higher resonances. For example, ate50.2 GeV/fm3, the averaging
starts after a time evolution of 500 fm/c, much after the kaons hav
equilibrated (;250 fm/c, see Fig. 1!. For energy densities large
than 0.5 GeV/fm3, we average after an initial evolution of 15
fm/c. Moreover, in most cases, the time averaging is done fo
time evolution from 500 to 1000 fm/c.
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kaons ~top panels! for two different energy densitiese
5250 MeV/fm3 ~left! and e5800 MeV/fm3 ~right!. The
distributions of the three momentum componentspx , py ,
and pz are given for nucleons in the bottom panels. T
energy spectra~top panels! are reproduced by Boltzman
distributions, exp(2E/T), with nearly the same temperatur
for all four species~T5125610 MeV for e5250 MeV/fm3,
andT5130610 MeV for e5800 MeV/fm3!.

The momentum components distributions~lower part
of the figure! are reproduced by Gaussian distributio
exp~2p2/2mT) with the same temperature for the thre
space directions~complete isotropy of the momentum distr
butions!. This holds for all other hadron species as well,
analogous procedures are applied. At this point, it should
noted that the temperature of mesons is always smaller~by 5
to 10 %! than that of the baryons. This is mainly due

l-

e

a

FIG. 1. Time evolution of particle multiplicities for two differ-
ent energy densities. The calculations are done atrB50.16 and
rS50 fm23.
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FIG. 2. Energy spectra~top
panels! of nucleons, pions,L’s,
and kaons, and momentum distr
butions ~low panels! of nucleons
at two different energy densitie
0.25 GeV/fm3 ~left part! and 0.8
GeV/fm3 ~right part!. The calcula-
tions are done atrB50.16 and
rS50 fm23.
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decay kinematics of resonances@34#. The temperature use
in Fig. 2 is the average value between the two. Apart fr
this small discrepancy, all particles have the same temp
ture T and are globally equilibrated.

Figure 3 shows the energy density versus the tempera
as resulting from the box calculations using the UrQM
model ~open diamonds!. It shows a Hagedorn-like equatio
of state@35#: a rapid rise of the temperature at low ener
densities is followed by a saturation at a temperature aro
130610 MeV. The calculations have been done up to ene
densities of 5 GeV/fm3, where still the same limiting tem
perature is observed. In the same figure, solid circles s
the EOS of the UrQMD model without strings and man
body decays. In this case, the temperature shows a con
ous rise with energy density and no limiting temperature
observed. The inclusion of strings in the UrQMD mod
changes then the equation of state from a continuously
creasing temperature with energy density~when strings are
not taken into account! to a Hagedorn-like EOS with a lim
iting temperature,TH5130610 MeV.

Ideal hadron gas models have been used to describe
ticle abundances and energy spectra from central heavy
reactions at both AGS and SPS energies@23–26#. In these
models, the system is described by a grand canonical
semble of noninteracting fermions and bosons in equilibri
at temperatureT. Particle multiplicities are given by

Ni5
giV

~2p\!3E0

` 4pp2dp

exp@~Ei2BimB2SimS!/T#61
. ~1!
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Here gi is the spin-isospin degeneracy factor of particlei ,
Ei , Bi , andSi are the single particle energy, baryon numb
and strangeness, andmB andmS are the baryon and strange
ness chemical potentials~the electric chemical potential ha
been neglected!. V is the volume of the box. For resonanc
with a finite width, Eq.~1! is folded by an integration ove
the mass distributionr i(m):

FIG. 3. Equation of state. The energy densitye is plotted versus
the temperatureT. The symbols show the results of UrQMD bo
calculations with ~open diamonds! and without ~solid circles!
strings and many-body (n.2) decays. The lines show the EOS
a quantum statistical model of ideal hadrons~solid line! plus con-
tinuous mass spectrum~dashed line! ~see text!. The calculations are
done atrB50.16 andrS50 fm23.
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Ni5
giV

~2p\!3E r i~m!dm

3E
0

` 4pp2dp

exp$@E~m!2BimB2SimS#/T%61
. ~2!

For r i(m), the Breit-Wigner mass distribution of resonanci
is used. All hadron species used in the UrQMD model@29#
have been included in the present statistical model.
UrQMD model uses a stochastic collision term, and soft
hard core effects are neglected for all different particles~cas-
cade calculations!. Hence, excluded volume~Van der Waals!
correction@26# has not been included in Eqs.~1!, ~2!. The
excluded volume decreases the energy density and cha
the EOS as well as transport coefficients considerably in
high density limit. The inclusion into a relativistic transpo
theory is nontrivial, the nonrelativistic Chapmann-Ensk
expansion cannot simply be extended due to causality p
lems arising in the relativistic case.

The strategy adopted to determine the three paramete
the statistical model (T, mB , andmS) is the following: In-
stead of fitting these parameters to some particular par
multiplicities and energy spectra@23,25,26#, the three param-
eters of the statistical model are defined by the input used
the corresponding UrQMD box calculations. For fixed e
ergy density, baryon density, and strangeness density,
parameters are defined such that

e5(
i

gi

~2p\!3E0

` E4pp2dp

exp$@E2BimB2SimS#/T%61
, ~3!

rB5(
i

Bi

Ni

V
, ~4!

rS5(
i

Si

Ni

V
. ~5!

Here i runs over all hadron species~and their antiparticles!.
The temperature varies with the energy density obtaine
this model~at rB5 0.16 fm23 andrS50 fm23) as shown by
the solid curve in Fig. 3. The curve exhibits a continuous r
of the temperature with the energy density, in good agr
ment with UrQMD box calculations without strings an
many-body decays~solid circles!.

However, in the above sums, string degrees of freed
~which can be considered as heavy mass resonances
small lifetimes! are not taken into account. Therefore, a
rect comparison with the UrQMD model~which includes
these degrees of freedom! shall yield different results at high
energy densities. The same results from the UrQMD b
model and the corresponding statistical model can only
expected if strings~or higher mass resonances! are included
in the statistical model. For this, the Hagedorn mass sp
trum @35# for the strings given by

r~s!~m!5r0
~s!maHexp~m/TH! ~6!

must be included. We fix the Hagedorn temperatureTH to
the limiting temperature obtained in standard UrQMD b
calculationsTH5130 MeV. Moreover, the constantsr0
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aH have been fixed in order to obtain the same equation
statee(T) as in the UrQMD box model~open diamonds in
Fig. 3!. Their values arer0

(s)5500 MeV2 andaH523.
Six different kinds of strings are excited within th

UrQMD model, namely, baryon strings with differen
strangeness content (B51 and S50,21,22,23) and me-
son strings with strangeness 0 or 1 (B50 andS50,1) and
their respective antistrings~antibaryon stringsB521 and
S50,1,2,3 and antimeson stringB50 andS521). String
multiplicities are then given by

Nj
~s!5

V

~2p\!3Emmin

`

r~s!~m!dm

3E
0

` 4pp2dp

exp$@E~m!2BjmB2SjmS#/T%61
, ~7!

where the indexj , j 51, . . . ,6, distinguishes the six kinds o
strings defined above~plus their respective antistrings!. The
lowest mass limit in the mass integration is fixed tommin
51.7 GeV, the lowest mass of the strings excited in UrQM
calculations. The upper limit is fixed tommax51000 GeV.
The variation of the temperature with the energy density

FIG. 4. Absolute particle abundances as obtained in UrQM
box calculations~club symbols! and in the statistical model~open
circles! where high mass resonances from the continuum have b
taken into account.
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PRC 58 1731EQUATION OF STATE, SPECTRA, AND COMPOSITION . . .
the statistical model of hadrons and strings~discrete and con-
tinuous mass spectrum, respectively! is shown in Fig. 3 by
the dashed line.

Figure 4 shows particle multiplicities of all baryon~top
panel! and meson~lower panel! species as obtained i
UrQMD box calculation ate51 GeV/fm3, rB50.16 fm23,
and rS50 fm23 ~club symbols!. Also shown are hadron
multiplicities resulting from the statistical model where t
continuum mass spectrum has been taken into accoun
cording to Eq.~6! ~open circles!.

From Eqs.~3!–~5!, with the sums extended to includ
string degrees of freedom, we get from the statistical mo
the following values for the intensive thermodynamical va
ables:T5129.98 MeV,mB5505 MeV, andmS5130 MeV.
Large discrepancies are observable between the UrQMD
model and the statistical model for almost all hadron spec
The statistical model overestimates almost all baryon mu
plicities ~e.g., by a factor 5 for nucleons!, whereas it under-
estimates drastically meson multiplicities~almost by an order
of magnitude for pions!.

It appears that the difference between the two model
due to the principle of detailed balance, which is violat
when strings and many-body decays of resonances~more
than two outgoing particles! are included into the UrQMD

FIG. 5. Absolute particle abundances from UrQMD box calc
lations~club symbols! and from the statistical model~open circles!.
In UrQMD calculations, strings and many-body decays have b
suppressed while no continuum has been taken into account in
statistical model.
c-

el
-

ox
s.
i-

is

box calculations. It is obvious that detailed balance~which is
assumed in the statistical model! must be violated in many-
body decays, if for the back reaction only binary collisio
are considered, as in the microscopic UrQMD simulatio
which employs a Boltzmann limit collision kernel~with mo-
lecular chaos!. Chapmann-Enskog-type extensions would e
aggerate this effect even more. String and many-body dec
lead to an enhancement of light mesons, mostly pions, res
ing in nonzero effective chemical potentials.

Figure 5 shows hadron abundances as obtained
UrQMD box simulations~club symbols! if string degrees of
freedom are excluded. At the same time, also all other ma
body (n.2) decays are suppressed. The results of the
responding statistical model are shown in the same figure
open circles forT5184 MeV, mB567 MeV, andmS548
MeV from Eqs.~3!–~5!. The sums in the equations run on
over hadron degrees of freedom without the continuous m
spectrum. Good agreement between the two models is
served, although there are still some differences for
heaviest resonances. The particles with the highest pro
tion probabilities~nucleons,D’s, pions, kaons, etc.!, how-
ever, agree much better than in Fig. 4. Note thath8 and f 1
mesons are missing in Fig. 5. This is because these part
can be produced in UrQMD simulations only via string d
cays, which have now been explicitly canceled.

Energy spectra of the particles shown in Fig. 6 are a
nicely reproduced at a temperature of 180 MeV. ThisT value
is in agreement with the temperature obtained in the stat
cal model for the same inpute, rB , andrS ~see above!. The
dependence of the temperature on the energy density as
tained in the UrQMD simulations, but without strings an
many-body decays, is shown in Fig. 3 by the solid circl
The UrQMD model and the statistical model of ideal hadro
seem to agree when strings and many-body decays are
cluded in the UrQMD model. The inclusion of strings an
many-body decays of resonances results in a Hagedorn
equation of state.

-

n
he

FIG. 6. Energy spectra for nucleons, pions,L’s, and kaons re-
sulting from UrQMD box calculations without strings and man
body decays. All spectra are fitted by Boltzmann distributions w
a single temperatureT5180 MeV.
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1732 PRC 58M. BELKACEM et al.
At this point, a comment is due. It is evident for bo
models ~UrQMD and the statistical model! that string de-
grees of freedom~a continuously increasing mass spectru
in the statistical model! become increasingly relevant wit
increasing energy density. As an example, ate51 GeV/fm3

andr50.16 fm23, both models show that an important fra
tion of the energy density and of the net baryon density
stored in string degrees of freedom. These string degree
freedom must therefore be taken into account for interpre
heavy-ion experimental data. To date, this has been to
ignored.

In conclusion, we have studied equilibrium properties
relativistic hadronic matter in the framework of the UrQM
model. The system is confined to a box with periodic bou
ary conditions at fixed baryon density and zero net stran
ness. Starting from random initial conditions, particle mu
plicities saturate after some time, indicating chemi
equilibration. Strange hadrons show much longer equilib
tion times than nonstrange hadrons at low energy densi
This difference, however, disappears at energy densitiee
.500 MeV/fm3. The slopes of all hadron spectra can
reproduced by Boltzmann fits with two temperaturesTB and
TM , indicating a complete thermalization of the system w
two-body decay contributions. These equilibrium propert
allow us to study local thermodynamical equilibrium in rea
istic heavy-ion collisions@36#.

The equation of state of the hot dense hadron med
~energy density versus temperature! is extracted from the
C

v

t,
k-

,

t.

s

-

s
of
g
lly

f

-
e-

l
-
s.

s

m

UrQMD model. The EOS appears to be Hagedorn-like, w
a limiting temperature of aboutTH5130610 MeV. When
comparing the UrQMD results with those resulting from
statistical model for ideal hadrons based on the grand can
cal ensemble, the two models agree much better~for hadron
multiplicities and energy spectra! when strings and othe
many-body decays are suppressed in the UrQMD model.
differences when strings and many-body decays are
cluded, are quite pronounced (.50%) at energy densitie
e.500 MeV/fm3. This is due to the Boltzmann collision
kernel with its restriction to binary collisions in the UrQMD
model. It results in a violation of the principle of detaile
balance, which is the basis of the statistical model wh
strings and many-body decays are taken into account. On
other hand, strings are needed for a description of relativi
heavy-ion data in terms of subsequent hadron-hadron c
sions~and even for simple first collision models! @29#. The
strings carry a substantial fraction of the energy density
the baryon density. Therefore, they should be taken into
count in thermal models for comparisons to experimen
data in relativistic heavy-ion collisions.
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