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Cumulant moments in hadron-nucleus collisions and stochastic processes
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Cumulant moments of negatively charged particles observed in hadron-nulceus collisions are analyzed by a
leading particle cascade model. A modified negative binomial distribMiNBD) or a negative binomial
distribution (NBD) is used for multiplicity distribution from each participant hadron. If multiplicity distribu-
tions are truncated, both calculated results with the MNBD and the NBD can explain the oscillation of
cumulant moments obtained from the d4®0556-28188)01409-3

PACS numbdps): 13.85-t

I. INTRODUCTION NBD is much weaker than that from the MNBD, and cannot
explain the behavior of the data. On the other handyhn
From a reduction of a generating functional based on theollisions, calculated cumulant moments both from truncated
QCD, it has been pointed out that the cumulant moment oMNBD and NBD well describe the behavior of the d&a.
the multiplicity distribution oscillates irregularly as the rank These results indicate that truncation of multiplicity distribu-
of the moment increasd4]. Analyses of the cumulant mo- tions are important to describe the observed behavior of the
ments in hadron-hadromf) ande* e~ collisions show that €xperimental datg6—8].
the jth rank normalized cumulant moment of observed nega- [N the present paper, we would like to extend previous
tively charged multiplicity distributions oscillates irregularly analyses to the case of hadron-nuclebid)( collisions. It is
around the zero with increasing the rank2]. The minimum known that the cumulant moment obtained from the experi-
points are around=5. However the gross feature of the mental data irhA collisions also oscillates, and the magni-

oscillation of the cumulant obtained from the experimentaltude of it is comparable to that observechih collisions[9].
data are not described by the QCD at present_ In hA CO”ISIOnS, there will be an additional condition com-

It is known that mu|t|p||c|ty distributions ifnh andete™ pared with those imh collisions that an incident hadron can

collisions are well described by the solutions of stochasticollide inelastically with nucleons more than once inside a
processe$3], for examp|e, by the negative binomial distri- targ_e_t nucleus. |-n Qrder to estimate the effect of multlple
bution (NBD) or by the modified negative binomial distribu- collisions of the incident hadron, cumulant momentshi
tion (MNBD). The NBD is derived from the birth process collisions are investigated with a one-dimensional leading
with immigration under the condition that no particles existparticle cascade model. The details of the model are ex-
at the initial stagg4]. The MNBD is derived from the pure Plained in the next section. _ o
birth process under the initial condition of the binomial dis-  In general, the generating functidf(z) of the multiplic-
tribution [4,5]. ity distribution P(n) is defined by

The NBD and the MNBD differ distinctively in the fol- .
lowing sense: for the untruncated multiplicity distributions, B n
the jth rank normalized cumulant moment of the NBD is H(Z)_z‘o P(n)z". @
positive and decrease with increasing the rankvhereas
that of the MNBD can oscillate according to the choice of Then, the multiplicity distribution is given from Eql) as
parameters. Therefore the behavior of the cumulant moments

obtained from the experimental data puts a new constraint on P(0)=11(0),
the model of multiplicity distributions.
The cumulant moments of negatively charged particles in 1 J"MI(z)
e’ e collisions are analyzed by the NBD and the MNBD in P(n)=— , n=12,.... 2)
Ref. [6]. The cumulant moment calculated from the trun- N9z |,

cated MNBD oscillates, and can explain the gross feature of
the oscillatory behavior of the dataéie™ collisions. How-  Thejth rank factorial moment; of the multiplicity distribu-
ever, the oscillation of the cumulant moment calculated frontion is given by
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_ Il(2)
fi=(n(n—=1)---(n—j+1))= po

The cumulant moment is given by

IH(z)
Kj: 0]
z z=1
where
H(z)=InII(2).

From Eqgs.(3)—(5), we have the relation between the normal-
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ji=12,.... p(k)= 01 J d?b ACy SK(1—6,)A 7K, k=1,2,...A,
ab:
()
Uabs:f dzb[l_(l_5b)A]y
dp=0inT(b), 9
4

where A is the atomic mass number of the target nucleus,
O aps 1S the absorption cross section oA collisions. In Eq.
(9), T(b) is a nuclear thickness at impact paraméteand it

is normalized as

5)
J d?b T(b)=1.

ized cumulant momerK; and the normalized factorial mo-

mentFj :

ji—1
Kj:Fj—mZZ1 i-1Cm-1 Fj—m Km,

where

Kj fj

Ki=—=, Fj -,
(n)’ (n)’
The H; moment is defined as

i=23,..., (6

The generating function of Eq9) is given by

! J d2b[{1+ s,(u—1)}A

O ab

A

m(u)= 2, p(k) uk=
k=1
—(1-8p)"]. (10

The kth moment of inelastic collisions of the incident par-
ticle inside the nucleus is given from E@.0) as
) (v(v—1)---(v—k+1))
CFm(u)| A(A-1)---(A—k+1)

uk O abs
u=1

f d?b [8,]%.

®  Then the average numbép) of inelastic collisions of the
incident hadron is written as

which should be used in the analysis of the experimental

data.

A oi
(="

O abs

II. A LEADING PARTICLE CASCADE MODEL

For particle production processes I collisions, the

As the generating function of the secondary particles

leading particle cascade model is taken. Main assumptions &mitted from each participant hadron is given®y(z), the

the model are the following:

generating functiodI(z) of the multiplicity distribution in

(i) The incident hadron can repeat inelastic collisions withthe final states is given by the following equation:
nucleons inside the nucleus with constant inelastic cross sec-
tion oj,. The nucleons which participate inelastic collisions B 1 2 A
and the incident hadron is called participant hadrons. If then(z)_W[GO(z)] Go(2)= G d*b({1+6[Go(2) ~ 11}
incident hadron collides inelastically times inside the

nucleus, the number of participant hadrons atel.

ab:

—(1-6,)MGo(2).

(ii) The secondary particles are emitted only from partici-

pant hadrons, and do not interact inelastically do not

hadronize inside the nucleus.

It is convenient to introduce the generating functibg(z) at
impact parametel,

(i) The multiplicity distribution from each participant
hadron is assumed to be the same and the generating func- 1, (z)=({1+ 8,[Go(2) — 1]}*— (1 - 6,)")Gy(2),

tion of it is written asG(z).

From the assumptiofi), the number distribution of in-
elastic collisions of the incident particle inside the nucleus at
impact parameteb is given by the binomial distribution. Oab

(z)=

1J d?b I1,(2). (11

Then the number distribution of inelastic collisions of the

incident particle is given by

Then we have
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M y(z 1
[(1—68,)Go(2)+ 6,G(2)] bk( ) Fv=5 szb Fi(b),
ab
As & 1) 2k=3j| _ diG(z) d< il (2) Fo(b)=1—(1-6,)"
= AT TA O e .
_ v F(b)= A5b2 1(' Zk_sj) C ( 2 )JF(l)F (b)
k dJG o(2) dITIL(2) “ 2 A kT TA ey T e
+(1- 5b>2 . -
dz dz< k 1 o
y | | +(1- 5b)2 Sl oy FOF,(b)
j  dGy(2) dIG(2)
+A8y(1- 5p) EE T4y ar i )
z a2
+AS,(1—6p) Tl
k=1,2,...,(12
where xZ Ci FIOFD,, k=12,.... (14)
G(2)=[Go(2)]*. The multiplicity distributionpg(n) from each participant
i hadron is given by
It should be noted that &,(z) denotes the generating func-
tion for one participant(z(z) is that for two participants, and Po(0)=G,(0),
corresponds to that in hadron-nucledmN) collisions. The
jth rank factorial moment}o) of the multiplicity distribution &”Go(z)
from one participant hadron is given fro@y(z) as Do(n)— n , n=12,....
Jz ,—0
_ 3Gy(2) o . .
=(ng(ng—1)---(Ng—j+1))= _ The multiplicity distributionp4(n) is defined fromG(z) as
0z B
! p(0)=G(0),
The jth rank factorial moment{") is given fromG(z) as
1 "G(2)
' pi(n)=——— n=12,....
" _ ' G(z) ntoz |
f] :<n1(n1_1)"‘(n1_l+1)>27 - =
z=1 Then from Eqgs(2), (11), and(12), the multiplicity distribu-

tion in the final states is given by

OJ i ()
n),
ab! b

Py(0)=({1— 8,[1—p2(0) ]}~ (1~ 6,)") Po(0),

The normalized factorial moments are defined by

(0) (1) P(n)=
|:<0>:fi_ SEON f m

Pt T (g

From the relatiorG(z) = G,(z)?, we have

(n)=2(ng), F=5(FP 1)

P1(j) Pp(k—j)
From Egs.(3), (7), (11), and(12), the following relations K1 (1= 6,)po(0) + 8pp1(0)
are obtained:

k
) RS
(M=(o)((»)+1)=—7=((»+1),
o Poli) Py(k—j)
(v—1))42(») 1 71 (1= 6,)Po(0) + 5,P1(0)

(0)
((v)+1)2 S 13

X

+AS8,(1— 8"

=

k . . .
] Po(j) Pa(k—])
X2 e

_ o _ (1= 8p)Po(0) + 8 p1(0)”
where(n) is the average multiplicity in the final states. The
first equation in Eq(12) roughly satisfy the relation between k=1,2,..., (15
(v) and(n) obtained from the experimenf%0,12. In addi-
tion, The normalized factorial momem, satisfies the fol- where the multiplicity distribution at impact parameteiis
lowing relation: defined by
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1 9"y(2) TABLE I. The observed values afn), F,, and ng,, in hA
Py(n)=— b . collisions[11,12.
n! azn 0
7=
E, GeVic {n) F, Nmax
IIl. MULTIPLICITY DISTRIBUTION K*AI 250 5.00 1.12 16
FROM ONE PARTICIPANT K*Au 250 6.68 1.22 22
For the multiplicity distribution from each participant P A" 200 539 1.21 17
hadron, two cases are considered: one is that the distributidh Xe 200 6.84 1.27 24

is given by the modified negative binomial distribution

(MNBD), and the second is that it is given by the negative oN

binomial distribution(NBD). G(2)=Gy(2)2= (Lz—l))
1-ry(z—1)

A. The MNBD . s L .
The factorial momenf{" and the multiplicity distribution

The MNBD is derived from the pure birth process with pl(n) are given from Eqs(l?) and(18), if Nis rep|aced by
the binomial distribution as the initial conditi¢gd]. The gen- 2N

erating function of the MNBD is written as

o auN B. The NBD
1-ry(z—1)
Go(2)= 1-r,z-1)] ° (16) The NBD is given from the birth process with the immi-
gration with no particles in the initial stadd]. The gener-
whereN is an integerr is real andr,>0 [4,5]. ating function of the NBD is given by
The MNBD is obtained fronGy(z) as (o) N
No
1+r, N GO(Z): l—T(Z—l)} . (20)
Po(0)=Go(0)=| 15~/
2 The NBD is obtained from Eq20) as
1 anGo(Z) n -\
Po(M =17 (0)= 1+ﬂ
n! azn 40 pO )\
rg \"MON N —j - 1) T(A+n) [((ng)\" noy| "
N . 1~ . Do(N)= ( ) ({no) 1+< o>) L@
1+r,) &1 §(n=) (N=))! T(M)T(n)| A )\
—r {1+ \NT The kth rank factorial moment is given b
x(r—l) L n=12. @) given by
2 2 0 TAFK)((ng)|" -
From Eq.(16), we have thekth rank factorial moment k7T \n (22)
0 *Gy(2) The normalized second factorial moments are given from Eg.
= (22 by
Jz 1
min(k,N) (N+k—j—1)'/—r j F<20>:1+ 1 (23
=N, o . 1) NGE: A
PR e T ow R o
The generating functio®(z) is given as
The first and the second factorial moments are given from (no) o
n
Eq. (18) by G(2)=Gy(2)*=|1~ ﬁ(z—l)} :

f=(noy=N(ro=ry),
The factorial momenf{" and the multiplicity distribution
52 =(no(No—1))=(Ng)2+{Ng)(r1+r5). p1(n) are given from Eqs(21) and(22), if (n) is replaced

by (n;) and\ by 2.
Then, the parameterg andr, are expressed as

IV. ANALYSIS OF EXPERIMENTAL DATA

rl:E F(O)_l_i (no) . TR
202 N ' The cumulant moments obtained from multiplicity distri-

butions of observed negatively charged particle$ & col-
lisions [11,12 are analyzed by the leading particle cascade
{No)- (19 model in this section. Observed values (ofy and F, are
shown in Table I.
The generating functio(z) is given as In order to calculate théd; moments by the cascade

1 1
r2:§<F<2°>—1+N
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TABLE Il. The parameters used in the calculations of the cu- 210° ——q | , , |
mulant moments imA collisions.N=4 is used for the MNBD, and L
(ng) andF{Y are common with the MNBD and the NBD. . F PA ]
1.510% [ .
A (ng) F(0 I —s— MNBD(Ar) |
2 i —e- -NBD(Ar)
K*Al 27 1.95 1.079 110° ¢ “me--NBD(Xe) 7
K*Au 197 1.93 1.251 Hj L
p Ar 40 1.62 1.297 510¢ [ ]
p Xe 131 1.55 1.429 L
010° | .
model, two parameters, the ineladtitl cross sectiowr;, and [ 1
the nuclear thicknesB(b) should be fixed, in addition to the 510% [ ]
parameters in the multiplicity distribution from one partici- [ ]
pant hadron. For the inelastic cross section, we uase s100 . . . . .

=18.0 mb for kaon-nucleon collisions, ang,=32.0 mb for
proton-nucleon collisions.
In our calculations, a somewhat simplified picture of a

nucleus is adopted: It has a uniform density and is approxi- F|G. 1. TheH; moments calclulated from Eqg6), (8), and(14)
mated by a sphere with radii& Then the nuclear density is for p Ar and p Xe collisions without truncation of multiplicities.

given by Open circles are calculated results by the MNBD foAr colli-
sions. Full circles and full diamonds are by the NBD foAr and
3 p Xe collisions, respectively.
P anR® . I -
the result by the NBD is shown in Fig. 1. The oscillation
and the nuclear thickness at impact parambtir becomes much weaker than thatprAr collisions. In this
case the relative minimum is now equal tblg=
T(b)=2pVR?>—b?. 7.66x10°.

One can see from our calculations that as the average
In order to integrate over impact parameter, variable igollision number(v) increases from 2.38 fqu Ar collisions
changed as to 3.46 forp Xe collisions, the oscillation of thel; moments

[I=(bIR? become much weaker.
=V1-(b/R)", The calculatecH; moments forkK "Al ((»)=1.57) and
AU ((v)=2. 50) collisions show similar behavior as
ose forp Ar andp Xe collisions. However, the difference
between two results iKA collisions is not so significant.
It should be noted that although th moment calculated

and the Gaussian integral formula with eight sample points i
used.
The nuclear radiuR is parametrized as

R=1.23AY34+ 12313 directly from the NBD does not show oscillatory behavior

without truncation of multiplicity, that from our leading par-
to reproduce the absorption cross sectinps in hA colli-  ticle cascade model does show. This effect will come from
sions[10]. The mass numbers of the target nuclei used in théhe finiteness of the collision number of the incident hadron.
calculations are shown in Table II. Second, thé1; moments are calculated by the use of trun-

At first, theH; moments are calculated from the factorial cated multiplicity distributions. The multiplicity distributions
moments derived from the generating function without trun-used in the analysis are normalized as
cation of multiplicities, in other words from Egk), (8), and
(14). In Fig. 1, the calculatedi; moments are shown fqy Nmax Nmax Nmax
Ar and p Xe collisions. Parameters used in our calculations 2, Po(M=1, X py(m)=1, > P(n)=
are adjusted to reproduce the observed valugspandF, n=0 n=0 n=o

listed in Table I;(ny)=1.596 and={"’=1.185 forp Ar col- . . .
(o) 2 P where n,5 is the maximum multiplicity of observed nega-

.. _ (O): ..
lisions and(no) =1.535 andF5 "= 1.380 forp Xe collisions. tively charged particles. The factorial moments of negatively

(0)
The values ofno) andF;” are common for the MNBD and  ¢,5rged particles in the final states are calculated by the use
the NBD. In additionN=4 is used for the MNBD. of Eq. (15) as

Results for p Ar collisions, obtained from both the
MNBD and the NBD, oscillate with almost the same

nmax
strength. However, those oscillations are smaller by almost fi= E n(n—1)---(n—j+1) P(n), j=12
two orders of magnitude from those seen in dafaFig. 3. n=1 ’
For example, relative minimum by the NBD within<(j (29

<15isHg=—3.83x10™%.
In the case op Xe collisions, theH; moments calculated Then theH; moments of negatively charged particles are
by the MNBD and the NMD almost coincide, therefore only calculated from Eqs(6), (7), and(8).
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FIG. 2. TheH; moments of negatively charged particles(@ FIG. 3. TheH; moments of negatively charged particles(@

K * Al collisions and(b) K * Au collisions. Full circles are calculated P Ar collisions and(b) p Xe collisions. Full circles are calculated
from the data in Ref.11]. Open circles and open diamonds are our from the data in Ref.12]. Open circles and open diamonds are our
calculations by the MNBD and by the NBD, respectively. Calcula- calculations by the MNBD and by the NBD, respectively. Calcula-
tions are done from Eqg€15) and (24) with truncated multiplicity ~ tions are done from Eq#15) and (24) with truncated multiplicity
distributions. distributions.

The observed values g¢h), F,, andn,, in the experi- same results wittiN=4 are obtained.
ments are listed in Table |, and parameters used in our cal- From the analysis oK " Al and K*Au collisions, the re-
culations are shown in Table II. The values(af) andF{” lation betweer(v) and the strength of oscillation id; mo-
are common with the MNBD and the NBD, and in the casements is not clear. However, from the analysisp@ colli-
of the MNBD we useN=4. By these input parameters, the sions, as the average collision numbes increases, the
values of(n) andF, listed in Table | are well reproduced. oscillations ofH; moments obtained both from the data and
The H; moments calculated from the MNBD and the our calculations become weaker.
NBD are compared with those of observed negatively To clarify this effect, we calculate thel; moments for
charged particles foK *Al and K*Au collisions [11], re- KA andpA collisions using(n,)=5.00 andF{’=1.20. The
spectively, in Figs. @) and Zb). Those forp Ar andp Xe  maximum multiplicity is determined by the formulay,y
collisions are presented in FigsaBand 3b). =4(ng)({v)+1). The calculated results by the NBD are
As can be seen from the Figs. 2 and 3, both calculatedlmost the same with those by the MNBD with=4 for any
results almost coincide with each other, and well reproduc@rocess. The calculated results show that the oscillation of
the gross feature of the oscillations obtained from the experiH; moments forKA collisions weakly decreases as the av-
mental data. IN=3 or N=5 and same values ¢hy) and erage collision numbe¢v) increases from 1.57 foK ™Al
F) with those in Table | are used for the MNBD, almost the collisions to 2.50 forK ™ Au collisions.
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006 =TT T T T multiplicity distribution from each participant hadron. Our
F oo MNED 3 model roughly reproduces the relation between the collision
0.05 o par ] number(v) and(n) observed by experimenf&0,12,.
r o pXe ] In order to compare our calculations with the experimen-
0.04 N4 ] tal data, parameters are adjusted to reproduce the observed
0.03 b <n>=5.00 values _of_<n_> andF,. Calculated results without trun_cation
H [ F®-1.20 1 of multiplicity for both the MNBD and the NBD oscillate.
! 0.02 E z E However, the magnitude of oscillation is much weaker than
T . 1 that of the experimental data. Moreover, as the mass number
001k ° ] A of the target nucleus, or the average collision number
E . ] of the incident hadron increases, the magnitude of oscilla-
oL e e T 0% e 3 tions become weaker.
. ¢ g o o © 1 If multiplicity distributions are truncated, both calculated
001 L b H; moments by the MNBD and by the NBD well describe
E * ] the experimental data. FqrA collisions, the oscillation of
VYo 7-) MU EEE S EEA S R R, H; moments decrease clearly @g increases.
2 4 & 8 10 12 14 16 'We also calculate thel; moment with(ng)=5 andF”

=1.20 for K*Al, K*Au, p Ar, and p Xe collisions. The
FIG. 4. TheH; moments of negatively charged particles calcu- oscillation ofH; moment becomes weaker as the mass num-
lated by the truncated MNBD. Full circles are fprAr collisions, ~ ber of target nucleus increases. This effect appears much
and open circles are fgr Xe collisions. clearer for(v)=2. Therefore from our analysis, it can be
said that the oscillation of thel; moment inhA collisions
For p Ar and p Xe collisions, the calculated results for decreases as the collision numi§e) increases.
the MNBD with N=4 are shown in Fig. 4. The correspond-  If we directly apply the MNBD or the NBD to the analy-
ing results for the NBD are almost the same with those forsis of theH; moments inhA collisions, calculated moments
the MNBD, and therefore those are not plotted. It can bewith truncated multiplicity distribution, the MNBD or the
seen as the mass number of target nucleus increases, tR&8D, well describe the behaviors &f; moments obtained
oscillation ofH; moment becomes weaker. For comparisonfrom the data, as ifh collisions.
we calculateH; moments forp Be collisions corresponding
to A=9 ((v)=1.54) with(ny)=5.00 andF{®=1.20. The

results are almost the same with those rBoAr collisions. ACKNOWLEDGMENTS
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