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Cumulant moments in hadron-nucleus collisions and stochastic processes
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Cumulant moments of negatively charged particles observed in hadron-nulceus collisions are analyzed by a
leading particle cascade model. A modified negative binomial distribution~MNBD! or a negative binomial
distribution ~NBD! is used for multiplicity distribution from each participant hadron. If multiplicity distribu-
tions are truncated, both calculated results with the MNBD and the NBD can explain the oscillation of
cumulant moments obtained from the data.@S0556-2813~98!01409-5#
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I. INTRODUCTION

From a reduction of a generating functional based on
QCD, it has been pointed out that the cumulant momen
the multiplicity distribution oscillates irregularly as the ran
of the moment increases@1#. Analyses of the cumulant mo
ments in hadron-hadron (hh) ande1e2 collisions show that
the j th rank normalized cumulant moment of observed ne
tively charged multiplicity distributions oscillates irregular
around the zero with increasing the rankj @2#. The minimum
points are aroundj .5. However the gross feature of th
oscillation of the cumulant obtained from the experimen
data are not described by the QCD at present.

It is known that multiplicity distributions inhh ande1e2

collisions are well described by the solutions of stocha
processes@3#, for example, by the negative binomial distr
bution ~NBD! or by the modified negative binomial distribu
tion ~MNBD!. The NBD is derived from the birth proces
with immigration under the condition that no particles ex
at the initial stage@4#. The MNBD is derived from the pure
birth process under the initial condition of the binomial d
tribution @4,5#.

The NBD and the MNBD differ distinctively in the fol-
lowing sense: for the untruncated multiplicity distribution
the j th rank normalized cumulant moment of the NBD
positive and decrease with increasing the rankj , whereas
that of the MNBD can oscillate according to the choice
parameters. Therefore the behavior of the cumulant mom
obtained from the experimental data puts a new constrain
the model of multiplicity distributions.

The cumulant moments of negatively charged particles
e1e2 collisions are analyzed by the NBD and the MNBD
Ref. @6#. The cumulant moment calculated from the tru
cated MNBD oscillates, and can explain the gross featur
the oscillatory behavior of the data ine1e2 collisions. How-
ever, the oscillation of the cumulant moment calculated fr
PRC 580556-2813/98/58~3!/1720~7!/$15.00
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NBD is much weaker than that from the MNBD, and cann
explain the behavior of the data. On the other hand, inhh
collisions, calculated cumulant moments both from trunca
MNBD and NBD well describe the behavior of the data@7#.
These results indicate that truncation of multiplicity distrib
tions are important to describe the observed behavior of
experimental data@6–8#.

In the present paper, we would like to extend previo
analyses to the case of hadron-nucleus (hA) collisions. It is
known that the cumulant moment obtained from the exp
mental data inhA collisions also oscillates, and the magn
tude of it is comparable to that observed inhh collisions@9#.
In hA collisions, there will be an additional condition com
pared with those inhh collisions that an incident hadron ca
collide inelastically with nucleons more than once inside
target nucleus. In order to estimate the effect of multip
collisions of the incident hadron, cumulant moments inhA
collisions are investigated with a one-dimensional lead
particle cascade model. The details of the model are
plained in the next section.

In general, the generating functionP(z) of the multiplic-
ity distribution P(n) is defined by

P~z!5 (
n50

`

P~n!zn. ~1!

Then, the multiplicity distribution is given from Eq.~1! as

P~0!5P~0!,

P~n!5
1

n!

]nP~z!

]zn U
z50

, n51,2, . . . . ~2!

The j th rank factorial momentf j of the multiplicity distribu-
tion is given by
1720 © 1998 The American Physical Society
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f j5^n~n21!•••~n2 j 11!&5
] jP~z!

]zj U
z51

, j 51,2, . . . .

~3!

The cumulant moment is given by

k j5
] jH~z!

]zj U
z51

, ~4!

where

H~z!5 ln P~z!. ~5!

From Eqs.~3!–~5!, we have the relation between the norm
ized cumulant momentK j and the normalized factorial mo
mentF j :

K15F151,

K j5F j2 (
m51

j 21

j 21Cm21 F j 2m Km , j 52,3, . . . , ~6!

where

K j5
k j

^n& j
, F j5

f j

^n& j
. ~7!

The H j moment is defined as

H j5K j /F j , ~8!

which should be used in the analysis of the experime
data.

II. A LEADING PARTICLE CASCADE MODEL

For particle production processes inhA collisions, the
leading particle cascade model is taken. Main assumption
the model are the following:

~i! The incident hadron can repeat inelastic collisions w
nucleons inside the nucleus with constant inelastic cross
tion s in . The nucleons which participate inelastic collisio
and the incident hadron is called participant hadrons. If
incident hadron collides inelasticallyn times inside the
nucleus, the number of participant hadrons aren11.

~ii ! The secondary particles are emitted only from part
pant hadrons, and do not interact inelastically~or do not
hadronize! inside the nucleus.

~iii ! The multiplicity distribution from each participan
hadron is assumed to be the same and the generating
tion of it is written asG0(z).

From the assumption~i!, the number distribution of in-
elastic collisions of the incident particle inside the nucleus
impact parameterb is given by the binomial distribution
Then the number distribution of inelastic collisions of t
incident particle is given by
-

al

of

c-

e

-

nc-

t

p~k!5
1

sabs
E d2b ACk db

k~12db!A2k, k51,2, . . . ,A,

sabs5E d2b@12~12db!A#,

db5s inT~b!, ~9!

whereA is the atomic mass number of the target nucle
sabs is the absorption cross section ofhA collisions. In Eq.
~9!, T(b) is a nuclear thickness at impact parameterb, and it
is normalized as

E d2b T~b!51.

The generating function of Eq.~9! is given by

p~u!5 (
k51

A

p~k! uk5
1

sabs
E d2b@$11db~u21!%A

2~12db!A#. ~10!

The kth moment of inelastic collisions of the incident pa
ticle inside the nucleus is given from Eq.~10! as

^n~n21!•••~n2k11!&

5
]kp~u!

]uk U
u51

5
A~A21!•••~A2k11!

sabs
E d2b @db#k.

Then the average number^n& of inelastic collisions of the
incident hadron is written as

^n&5
A s in

sabs
.

As the generating function of the secondary partic
emitted from each participant hadron is given byG0(z), the
generating functionP(z) of the multiplicity distribution in
the final states is given by the following equation:

P~z!5p@G0~z!# G0~z!5
1

sabs
E d2b„$11db@G0~z!21#%A

2~12db!A
…G0~z!.

It is convenient to introduce the generating functionPb(z) at
impact parameterb,

Pb~z!5„$11db@G0~z!21#%A2~12db!A
…G0~z!,

P~z!5
1

sabs
E d2b Pb~z!. ~11!

Then we have
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@~12db!G0~z!1dbG~z!#
]kPb~z!

]zk

5
Adb

2 (
j 51

k
1

kS j 2
2k23 j

A D kCj

djG~z!

dzj

dk2 jPb~z!

dzk2 j

1~12db!(
j 51

k
2 j 2k

k kCj

djG0~z!

dzj

dk2 jPb~z!

dzk2 j

1Adb~12db!A(
j 51

k
j

k kCj

djG0~z!

dzj

dk2 jG~z!

dzk2 j
,

k51,2, . . . , ~12!

where

G~z!5@G0~z!#2.

It should be noted that asG0(z) denotes the generating func
tion for one participant,G(z) is that for two participants, and
corresponds to that in hadron-nucleon (hN) collisions. The
j th rank factorial momentf j

(0) of the multiplicity distribution
from one participant hadron is given fromG0(z) as

f j
~0!5^n0~n021!•••~n02 j 11!&5

] jG0~z!

]zj U
z51

.

The j th rank factorial momentf j
(1) is given fromG(z) as

f j
~1!5^n1~n121!•••~n12 j 11!&5

] j G~z!

]zj U
z51

.

The normalized factorial moments are defined by

F j
~0!5

f j
~0!

^n0&
j
, F j

~1!5
f j

~1!

^n1&
j
.

From the relationG(z)5G0(z)2, we have

^n1&52^n0&, F2
~1!5

1

2
~F2

~0!11!.

From Eqs.~3!, ~7!, ~11!, and~12!, the following relations
are obtained:

^n&5^n0&~^n&11!5
^n1&

2
~^n&11!,

F25
^n~n21!&12^n&

~^n&11!2
1

1

^n&11
F2

~0! , ~13!

where^n& is the average multiplicity in the final states. Th
first equation in Eq.~12! roughly satisfy the relation betwee
^n& and^n& obtained from the experiments@10,12#. In addi-
tion, The normalized factorial momentFk satisfies the fol-
lowing relation:
Fk5
1

sabs
E d2b Fk~b!,

F0~b!512~12db!A,

Fk~b!5
Adb

2 (
j 51

k
1

kS j 2
2k23 j

A D kCj S 2

^n&11D j

F j
~1!Fk2 j~b!

1~12db!(
j 51

k
2 j 2k

k kCj S 1

^n&11D j

F j
~0!Fk2 j~b!

1Adb~12db!AS 2

^n&11D k

3(
j 51

k
j

2 j k
kCjF j

~0!Fk2 j
~1! , k51,2, . . . . ~14!

The multiplicity distributionp0(n) from each participant
hadron is given by

p0~0!5G0~0!,

p0~n!5
1

n!

]nG0~z!

]zn U
z50

, n51,2, . . . .

The multiplicity distributionp1(n) is defined fromG(z) as

p1~0!5G~0!,

p1~n!5
1

n!

]nG~z!

]zn U
z50

, n51,2, . . . .

Then from Eqs.~2!, ~11!, and~12!, the multiplicity distribu-
tion in the final states is given by

P~n!5
1

sabs
E d2b Pb~n!,

Pb~0!5„$12db@12p1~0!#%A2~12db!A
… p0~0!,

Pb~k!5
Adb

2 (
j 51

k
1

kS j 2
2k23 j

A D
3 kCj

p1~ j ! Pb~k2 j !

~12db!p0~0!1dbp1~0!

1~12db!(
j 51

k
2 j 2k

k

3 kCj

p0~ j ! Pb~k2 j !

~12db!p0~0!1dbp1~0!
1Adb~12db!A

3(
j 51

k
j

k kCj

p0~ j ! p1~k2 j !

~12db!p0~0!1db p1~0!
,

k51,2, . . . , ~15!

where the multiplicity distribution at impact parameterb is
defined by
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Pb~n!5
1

n!

]nPb~z!

]zn U
z50

.

III. MULTIPLICITY DISTRIBUTION
FROM ONE PARTICIPANT

For the multiplicity distribution from each participan
hadron, two cases are considered: one is that the distribu
is given by the modified negative binomial distributio
~MNBD!, and the second is that it is given by the negat
binomial distribution~NBD!.

A. The MNBD

The MNBD is derived from the pure birth process wi
the binomial distribution as the initial condition@4#. The gen-
erating function of the MNBD is written as

G0~z!5S 12r 1~z21!

12r 2~z21! D
N

, ~16!

whereN is an integer,r 1 is real andr 2.0 @4,5#.
The MNBD is obtained fromG0(z) as

p0~0!5G0~0!5S 11r 1

11r 2
D N

,

p0~n!5
1

n!

]nG0~z!

]zn U
z50

5NS r 1

11r 2
D n

(
j 51

min~n,N!
~N1n2 j 21!!

j ! ~n2 j !! ~N2 j !!

3S 2r 1

r 2
D j S 11r 1

11r 2
D N2 j

, n51,2, . . . . ~17!

From Eq.~16!, we have thekth rank factorial moment

f k
~0!5

]kG0~z!

]zk U
z51

5Nr2
k (

j 51

min~k,N!

kCj

~N1k2 j 21!!

~N2 j !! S 2r 1

r 2
D j

. ~18!

The first and the second factorial moments are given fr
Eq. ~18! by

f 1
~0!5^n0&5N~r 22r 1!,

f 2
~0!5^n0~n021!&5^n0&

21^n0&~r 11r 2!.

Then, the parametersr 1 and r 2 are expressed as

r 15
1

2S F2
~0!212

1

ND ^n0&,

r 25
1

2S F2
~0!211

1

ND ^n0&. ~19!

The generating functionG(z) is given as
on

e

G~z!5G0~z!25S 12r 1~z21!

12r 2~z21! D
2N

.

The factorial momentf k
(1) and the multiplicity distribution

p1(n) are given from Eqs.~17! and~18!, if N is replaced by
2N.

B. The NBD

The NBD is given from the birth process with the imm
gration with no particles in the initial stage@4#. The gener-
ating function of the NBD is given by

G0~z!5F12
^n0&

l
~z21!G2l

. ~20!

The NBD is obtained from Eq.~20! as

p0~0!5F11
^n0&

l G2l

,

p0~n!5
G~l1n!

G~l!G~n!S ^n0&
l D nS 11

^n0&
l D 2n2l

. ~21!

The kth rank factorial moment is given by

f k
~0!5

G~l1k!

G~l! S ^n0&
l D k

. ~22!

The normalized second factorial moments are given from
~22! by

F2
~0!511

1

l
. ~23!

The generating functionG(z) is given as

G~z!5G0~z!25F12
^n1&
2l

~z21!G22l

.

The factorial momentf k
(1) and the multiplicity distribution

p1(n) are given from Eqs.~21! and~22!, if ^n0& is replaced
by ^n1& andl by 2l.

IV. ANALYSIS OF EXPERIMENTAL DATA

The cumulant moments obtained from multiplicity distr
butions of observed negatively charged particles inhA col-
lisions @11,12# are analyzed by the leading particle casca
model in this section. Observed values of^n& and F2 are
shown in Table I.

In order to calculate theH j moments by the cascad

TABLE I. The observed values of̂n&, F2 , and nmax in hA
collisions @11,12#.

Ein GeV/c ^n& F2 nmax

K1Al 250 5.00 1.12 16
K1Au 250 6.68 1.22 22
p Ar 200 5.39 1.21 17
p Xe 200 6.84 1.27 24
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model, two parameters, the inelastichN cross sections in and
the nuclear thicknessT(b) should be fixed, in addition to the
parameters in the multiplicity distribution from one partic
pant hadron. For the inelastic cross section, we uses in
518.0 mb for kaon-nucleon collisions, ands in532.0 mb for
proton-nucleon collisions.

In our calculations, a somewhat simplified picture of
nucleus is adopted: It has a uniform density and is appr
mated by a sphere with radiusR. Then the nuclear density i
given by

r5
3

4pR3
,

and the nuclear thickness at impact parameterb is

T~b!52rAR22b2.

In order to integrate over impact parameter, variable
changed as

x5A12~b/R!2,

and the Gaussian integral formula with eight sample point
used.

The nuclear radiusR is parametrized as

R51.23A1/311.23A21/3,

to reproduce the absorption cross sectionsabs in hA colli-
sions@10#. The mass numbers of the target nuclei used in
calculations are shown in Table II.

At first, theH j moments are calculated from the factor
moments derived from the generating function without tru
cation of multiplicities, in other words from Eqs.~6!, ~8!, and
~14!. In Fig. 1, the calculatedH j moments are shown forp
Ar and p Xe collisions. Parameters used in our calculatio
are adjusted to reproduce the observed values of^n& andF2

listed in Table I;^n0&51.596 andF2
(0)51.185 forp Ar col-

lisions and̂ n0&51.535 andF2
(0)51.380 forp Xe collisions.

The values of̂ n0& andF2
(0) are common for the MNBD and

the NBD. In additionN54 is used for the MNBD.
Results for p Ar collisions, obtained from both the

MNBD and the NBD, oscillate with almost the sam
strength. However, those oscillations are smaller by alm
two orders of magnitude from those seen in data~cf. Fig. 3!.
For example, relative minimum by the NBD within 0< j
<15 is H8523.8331024.

In the case ofp Xe collisions, theH j moments calculated
by the MNBD and the NMD almost coincide, therefore on

TABLE II. The parameters used in the calculations of the c
mulant moments inhA collisions.N54 is used for the MNBD, and
^n0& andF2

(0) are common with the MNBD and the NBD.

A ^n0& F2
(0)

K1Al 27 1.95 1.079
K1Au 197 1.93 1.251
p Ar 40 1.62 1.297
p Xe 131 1.55 1.429
i-

s

is

e

-

s

st

the result by the NBD is shown in Fig. 1. The oscillatio
becomes much weaker than that inp Ar collisions. In this
case the relative minimum is now equal toH85
7.6631025.

One can see from our calculations that as the aver
collision number̂ n& increases from 2.38 forp Ar collisions
to 3.46 forp Xe collisions, the oscillation of theH j moments
become much weaker.

The calculatedH j moments forK1Al ( ^n&51.57) and
K1Au (^n&52.50) collisions show similar behavior a
those forp Ar and p Xe collisions. However, the differenc
between two results inKA collisions is not so significant.

It should be noted that although theH j moment calculated
directly from the NBD does not show oscillatory behavi
without truncation of multiplicity, that from our leading par
ticle cascade model does show. This effect will come fro
the finiteness of the collision number of the incident hadr

Second, theH j moments are calculated by the use of tru
cated multiplicity distributions. The multiplicity distribution
used in the analysis are normalized as

(
n50

nmax

p0~n!51, (
n50

nmax

p1~n!51, (
n50

nmax

P~n!51,

wherenmax is the maximum multiplicity of observed nega
tively charged particles. The factorial moments of negativ
charged particles in the final states are calculated by the
of Eq. ~15! as

f j5 (
n51

nmax

n~n21!•••~n2 j 11! P~n!, j 51,2, . . . .

~24!

Then theH j moments of negatively charged particles a
calculated from Eqs.~6!, ~7!, and~8!.

-

FIG. 1. TheH j moments calclulated from Eqs.~6!, ~8!, and~14!
for p Ar and p Xe collisions without truncation of multiplicities.
Open circles are calculated results by the MNBD forp Ar colli-
sions. Full circles and full diamonds are by the NBD forp Ar and
p Xe collisions, respectively.
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The observed values of^n&, F2, andnmax in the experi-
ments are listed in Table I, and parameters used in our
culations are shown in Table II. The values of^n0& andF2

(0)

are common with the MNBD and the NBD, and in the ca
of the MNBD we useN54. By these input parameters, th
values of^n& andF2 listed in Table I are well reproduced

The H j moments calculated from the MNBD and th
NBD are compared with those of observed negativ
charged particles forK1Al and K1Au collisions @11#, re-
spectively, in Figs. 2~a! and 2~b!. Those forp Ar and p Xe
collisions are presented in Figs. 3~a! and 3~b!.

As can be seen from the Figs. 2 and 3, both calcula
results almost coincide with each other, and well reprod
the gross feature of the oscillations obtained from the exp
mental data. IfN53 or N55 and same values of^n0& and
F2

(0) with those in Table I are used for the MNBD, almost t

FIG. 2. TheH j moments of negatively charged particles in~a!
K1Al collisions and~b! K1Au collisions. Full circles are calculate
from the data in Ref.@11#. Open circles and open diamonds are o
calculations by the MNBD and by the NBD, respectively. Calcu
tions are done from Eqs.~15! and ~24! with truncated multiplicity
distributions.
l-

e

y

d
e
i-

same results withN54 are obtained.
From the analysis ofK1Al and K1Au collisions, the re-

lation between̂ n& and the strength of oscillation inH j mo-
ments is not clear. However, from the analysis ofpA colli-
sions, as the average collision number^n& increases, the
oscillations ofH j moments obtained both from the data a
our calculations become weaker.

To clarify this effect, we calculate theH j moments for
KA andpA collisions usinĝ n0&55.00 andF2

(0)51.20. The
maximum multiplicity is determined by the formulanmax
54^n0&(^n&11). The calculated results by the NBD a
almost the same with those by the MNBD withN54 for any
process. The calculated results show that the oscillation
H j moments forKA collisions weakly decreases as the a
erage collision number̂n& increases from 1.57 forK1Al
collisions to 2.50 forK1 Au collisions.

r
-

FIG. 3. TheH j moments of negatively charged particles in~a!
p Ar collisions and~b! p Xe collisions. Full circles are calculate
from the data in Ref.@12#. Open circles and open diamonds are o
calculations by the MNBD and by the NBD, respectively. Calcu
tions are done from Eqs.~15! and ~24! with truncated multiplicity
distributions.
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For p Ar and p Xe collisions, the calculated results fo
the MNBD with N54 are shown in Fig. 4. The correspon
ing results for the NBD are almost the same with those
the MNBD, and therefore those are not plotted. It can
seen as the mass number of target nucleus increases
oscillation ofH j moment becomes weaker. For comparis
we calculateH j moments forp Be collisions corresponding
to A59 (^n&51.54) with ^n0&55.00 andF2

(0)51.20. The
results are almost the same with those forp Ar collisions.

V. SUMMARY AND DISCUSSIONS

TheH j moments of multiplicity distributions of observe
negatively charged particles inhA collisions are analyzed by
the leading particle cascade model. The incident particl
assumed to collide with a nucleon inside the nucleus with
constant inelastic cross section, and the number distribu
of inelastic collisions at fixed impact parameter is given
the binomial distribution. We use the MNBD or the NBD fo

FIG. 4. TheH j moments of negatively charged particles calc
lated by the truncated MNBD. Full circles are forp Ar collisions,
and open circles are forp Xe collisions.
r
e
the
,

is
e
n

multiplicity distribution from each participant hadron. Ou
model roughly reproduces the relation between the collis
number^n& and ^n& observed by experiments@10,12#.

In order to compare our calculations with the experime
tal data, parameters are adjusted to reproduce the obse
values of^n& andF2 . Calculated results without truncatio
of multiplicity for both the MNBD and the NBD oscillate
However, the magnitude of oscillation is much weaker th
that of the experimental data. Moreover, as the mass num
A of the target nucleus, or the average collision number^n&
of the incident hadron increases, the magnitude of osc
tions become weaker.

If multiplicity distributions are truncated, both calculate
H j moments by the MNBD and by the NBD well describ
the experimental data. ForpA collisions, the oscillation of
H j moments decrease clearly as^n& increases.

We also calculate theH j moment with^n0&55 andF2
(0)

51.20 for K1Al, K1Au, p Ar, and p Xe collisions. The
oscillation ofH j moment becomes weaker as the mass nu
ber of target nucleus increases. This effect appears m
clearer for ^n&>2. Therefore from our analysis, it can b
said that the oscillation of theH j moment inhA collisions
decreases as the collision number^n& increases.

If we directly apply the MNBD or the NBD to the analy
sis of theH j moments inhA collisions, calculated moment
with truncated multiplicity distribution, the MNBD or the
NBD, well describe the behaviors ofH j moments obtained
from the data, as inhh collisions.
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