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Hyperfine splittings of hydrogenlike ions and the dynamic-correlation model for one-hole nuclei

M. Tomaselli,1 T. Kühl,2 P. Seelig,2 C. Holbrow,3 and E. Kankeleit1
1Institut für Kernphysik, Technische Universita¨t Darmstadt, Schlossgartenstrasse 9, D-64289 Darmstadt, Germany

2Gesellschaft fu¨r Schwerionenforschung (GSI), Planckstrasse 1, D-64291 Darmstadt, Germany
3Colgate University, Hamilton, New York 13346

~Received 1 April 1998!

The dynamic-correlation model~DCM! has been used to calculate the ground-state hyperfine splitting in
hydrogenlike ions characterized by core nuclei with one valence neutron or proton hole. For such nuclei the
DCM nonperturbatively couples the single hole to the collective states of the reference closed-shell core.
Within this nuclear model the magnetic moments, the nuclear radii, and the quadrupole moments of the ground
states are well reproduced. The hyperfine splittings of165Ho661, 185Re741, 187Re741, and 207Pb811 are calcu-
lated from the derived configuration-mixing amplitudes. In all cases a very good agreement with measured
values is obtained.@S0556-2813~98!02709-5#

PACS number~s!: 21.60.2n, 21.10.2k, 27.70.1q, 32.10.Fn
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I. INTRODUCTION

The hyperfine splitting of hydrogenlike ions with nucl
possessing one valence neutron~proton! hole is investigated
by using the dynamic correlation model~DCM!. The DCM
has already been successfully applied@1# to describe the
ground-state hyperfine splitting of the one-valence-part
nucleus 209Bi. With the DCM model we calculate the
ground-state amplitudes of the valence hole strongly mi
with dynamic correlated states. These result from vector c
pling the valence hole with the collective excitations of t
reference core. Using these amplitudes we evaluate the m
netic moments, the quadrupole moments, and the nuc
radii of the ground states of the nuclei under investigati
The magnetic moments of such nuclei deviate from
Schmidt values predicted by the single-hole shell model. T
deviation is small for the207Pb ground state and much larg
in the other cases. Therefore the DCM has the challeng
task of reproducing extremely different magnitudes of c
rections to the shell model.

For the sake of comparison it is useful to summarize so
of the other models used to calculate the distribution of m
netization in nuclei.

A first modification of the single-hole description of
hole nucleus (A21) is to allow the single hole to interact a
a small perturbation with the residual core. Perturbation c
culations which introduce the core-polarization diagra
within spin-flip excitations were performed as early as
Ref. @2#.

In Ref. @3# the core-polarization calculations were e
tended to include the effects of the nuclear medium. W
this approximation there is still a small discrepancy betwe
the theoretical and measured magnetic moments. Thi
thought to be due to the need to correct the gyromagn
ratios for the effect of ‘‘quenching’’ arising from the appea
ance of the meson degrees of freedom in the nucl
structure calculation@4#.

Reference@5# presents first- and second-order polarizat
calculations performed for nuclei in the Pb region with
quenched gyromagnetic factor. The analysis is in terms
gl , gs , andgp and takes into account~i! core polarization,
PRC 580556-2813/98/58~3!/1524~11!/$15.00
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~ii ! two bodyLS force,~iii ! meson exchange current, and~iv!
higher-order configuration mixing in the the nuclear wa
functions. The results reported in Ref.@5# show that pertur-
bation calculations with the quenching of the gyromagne
factor gl and the introduction ofgp reproduce the magneti
moment of the neutron-hole ground state of207Pb reasonably
well, but they fail for the proton-hole ground state of165Ho.
No calculations were performed in Ref.@5# for the rhenium
isotopes.

In this paper we apply the nonperturbative DCM of Re
@6# to calculate the nuclear ground-state properties of the
hole nuclei 165Ho, 185Re, 186Re, and207Pb. This approach
provides a consistent treatment of the core polarization
of the ‘‘quenching factor’’ in a dynamic approximation. I
various numerical applications@7,8# good agreement ha
been achieved between the calculated and the measured
netic properties of light and heavy nuclei. The theoreti
calculations were performed using exact factorization me
ods which simplify the computation of the many-body m
trix elements of the model operators in the dynamic cor
lated basis.

The correlated dynamics are generated in this case by
residual interaction between the valence proton or neu
hole and the particles of the model vacuum, which leads t
the formation of the model configuration mixing wave fun
tions ~CMWFs!. In this paper the CMWFs are obtained b
allowing the valence 2d5/2, 2 f 7/2 proton hole, and the 3p1/2
neutron hole to polarize the core via proton and neut
particle-hole excitations~2\v!. This structure of the closed
shell vacuum state modifies the valence-hole configura
space and introduces into the model space~a! closed-shell
polarization of normal parity and~b! closed-shell polariza-
tion of non-normal-parity. These states have the same qu
tum numbers as the low-energy mesons~v,r, . . . ! and are
characterized, in this nonperturbative approximation,
many particle-hole pairs mixed via the two-body interacti
with the valence state.

As we discuss in Sec. IV, the amplitudes of these mod
calculated with a specific choice of the single-particle en
gies and the two-body potential, contribute coherently as
Ref. @1# to the formation of the magnetic distributions o
1524 © 1998 The American Physical Society
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165Ho, 185Re, 186Re, and207Pb. If we associate this cohere
effect with the degree of collectivity of the model, the
non-normal-parity polarizations are very well represented
the present calculations by collective states that bear
quantum numbers of the low-energy mesons. On this
sumption, we include in the calculation of the magne
structure of nuclei both the core polarizations and
quenching~meson! effects within the same formalism. Th
nonlinear terms modify the structure of the single-parti
operators and generate effective operators that, via the
body current, describe the exchange of virtual mesons
tween two nucleons in the nuclear system.

The model has been applied to calculate ground-s
wave functions which describe the magnetic and the elec
properties of165Ho, 185Re, 186Re, and207Pb. The calculated
rms radii and the nuclear charge distributions@9# are in very
good agreement with the experimental values.

Our calculations can be further tested by using the mo
nuclear magnetization distribution to calculate the hyperfi
structure splitting of a hydrogenlike ions in the Pb region a
to compare the theoretical results with the recently measu
experimental values@10–13#. As we will show in Sec. III,
almost perfect agreement with the experimental values
been obtained for the ground-state hyperfine splittings of
four nuclei if no radiative corrections are made. In order
understand this surprising result, already noted in Ref.@1#,
we present a direct comparison between the DCM calc
tion and the single-particle calculation of Bohr and We
skopf @14#, and we analyze the three terms generated by
DCM which contribute to the formation of the hyperfin
splitting. The results presented in Table I show that
single-particle contribution of the DCM has to be associa
with the term $e% as described in Ref.@14#, which in the
literature is referred to as the Bohr-Weisskopf effect. T
other two terms in the DCM model that characterize
magnetic splitting do not appear in the calculations of R
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@14#. The central question is therefore how to compare th
additional terms and the radiative corrections of Ref.@15#.
From the results achieved in the present calculations,
conclude that these terms have the same physical interp
tion as the QED corrections if we consider the possible de
of the virtual mesons included in the nuclear structure cal
lations. In the following sections we modify the DCM o
Ref. @1# in order to treat the (A21) nuclei.

II. MIXING OF ONE HOLE
TO THE DYNAMIC CORRELATIONS „CMWFs…

The electromagnetic properties of the ground state of
clei characterized by open shells are investigated within
DCM of Ref. @6#. The model describes the strong coupling
the single hole to the intrinsic-core states~valence coupled to
the collective excitations of the reference core! within a dy-
namic approximation. The coupling is implemented by t
residual interaction between the valence hole and the c
particles which causes the deformation of the nuclear c
and introduces meson effects into the structure calculatio
The effect of the extended nuclear core is included in
present calculation with the help of the nonlinear equati
of-motion method, which properly linearized allows us
calculate the eigenvalue equations of the model. In this pa
the hierarchy of the configuration-mixing wave functions
truncated within a dynamic-linearization approximation@6#
so as to include in the calculation only the CMWFs of t
first (2h21p) active states which result from the vector co
pling of the valence hole with the 1p21h core excitations.
The higher order CMWFs (3h22p) have been linearized
@16# to generate the dynamic eigenvalue equations of
model. According to this linearization approximation, th
ground-state wave function$f j 2m% of the uA21& nucleus is
given by
uf j 2m&5Fx j j
0 aj 2m1 (

j 1 j 2 j 3J1

x j 1 j 2 j 3J1 j
1 Nj 1 j 2 j 3J1 j

1 A1„j 1~ j 2 j 3!J1 ; j 2m…G u0&

5Fxa0 j
0 aj 2m1 (

a1J1

xa1J1 j
1 Na1J1 j

1 A1~a1J1 ; j 2m!G u0&, ~2.1!

where the operatoraj 2m creates a single valence hole with quantum numbers$ j 21,2m% and where the operator

A1~a1J1 ; j 2m!5A1@ j 1~ j 2 j 3!J1 ; j 2m#5(
m8s

@aj 1
^ ~aj 2

†
^ aj 3

!J1#2m
j

creates the 2h-1p states, obtained, as indicated by the notation@aj 1
^ (aj 2

†
^ aj 3

)J1#2m
j , by coupling the valence hole with

quantum number$ j 1
21% to the particle-hole pair with quantum numbers$ j 2% and$ j 3

21%, respectively. To simplify the notation
we have introduced the short notations$a0% for the $j% quantum number and$a1% for the $ j 1 j 2 j 3% quantum numbers. The
symbol u0& defines the model vacuum.$N% specifies the norm, and the$x%’s denote the mode amplitudes. The superscript$1%
in the N’s and $x%’s, as well as the subscript$1% of the A’s, characterize the excitation of one particle-hole pair.
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If the quantum numbers of the valence-hole$ j 1% are not equal to the quantum numbers of the core-hole$ j 3%, the set of
states@Eq. ~2.1!# is orthonormal, otherwise not. In the latter case the states are normalized via the orthogonalization pr
of Schmidt @17#, which consists in evaluating the overlap integrals between the two nonorthogonalA1@ j 1( j 2 j 1)J1 ; j # and
A1@ j 1( j 2 j 1)J18 ; j # states. With these integrals we define the orthogonal states as linear combination of the form

F j 2m
1 ~a1J1!u0&5

1

N
@F j 2m

1 ~a1J1!2^A1
†~a1J1!uA1~a1J18!&f j 2m

1 ~a1J18!#u0&.

The amplitudes of the different modes~xa0 j
0 and xa1J1 j

1 ! are calculated in the dynamic approximation of Ref.@6#. This

approximation consists in evaluating the chain of commutators

@H,A0~a0 ; j !#5(
a08

« jA0~a08 ; j !1 (
a1J1

^A0
†~a0 ; j !iViA1~a1J1 ; j !&A1~a1J1 ; j !, ~2.2!

@H,A1~a1J1 ; j !#5(
a08

^A1
†~a1J1 ; j !iViA0~a08 ; j !&A0~a08 ; j !1 (

a18J18
^A1

†~a1J1 ; j !iHiA1~a18J18 ; j !&A1~a18J18 ; j !

1 (
a29J19J29

^A1
†~a1J1 ; j !iViA2~a29J19J29 ; j !&A2~a29J19J29 ; j ! ~2.3!
ei
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and linearizing theA2(a29J19J29 ; j ) (3p-2p) terms in order to
obtain, in the first-order linearization approximation, the
genvalue equation for the$x% amplitudes of the mixed mode
space@1h-(2h-1p)#

x j
05^F0~A!uajm

† uFh~A21!&,

x j 1~ j 2 j 3!J1 j
1 5^F0~A!uA1

†
„j 1~ j 2 j 3!J1…uF2h1p

1 ~A21!&.

In Eqs.~2.2! and ~2.3! the nuclear Hamiltonian is

H5(
a

«aaa
†aa1

1

2 (
abgd

Vabgdaa
†ab

†adag5H01V,

whereVabgd are the matrix elements of the two-body pote
tial V

Vabgd5~abuVugd!,

and«a are the single-particle energies. These can be ca
lated either in the HF approximation or, as assumed in
work, taken from the low-lying spectrum of neighborin
closed-shell nuclei. The single-particle wave functions u
to calculate the matrix elements of the two-body potent
-

-

u-
is

d
s

have been approximated by harmonic oscillator wave fu
tions and the two-body potential has been assumed to h
the form

V5e2~r /b!2

(
S,T

VSTPST,

wherePST are the projection operators of the two-body sta
with quantum numbersS and T and where the parameter
VST are discussed in Sec. IV. To calculate the matrix e
ments of the two-body interaction in Eqs.~2.2! and~2.3! we
use the recoupling algebra of Ref.@18#.

We obtain the following terms:~i! Single-hole energy,
which can be calculated in the HF approximation or, as do
in this work, taken from the spectrum of neighboring close
shell nuclei,~ii ! off-diagonal terms

5(
Ji

~21! j 1 j 21Ji1J1~2Ji11!A2J111

2 j 11 H j j 3 Ji

j 2 j 1 J1
J

3^ j j 3uVu j 1 j 2&Ji

a , ~2.4!

~iii ! diagonal terms
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5(
Ji

~21!Ji1 j 381 j 2~2Ji11!H j 3 j 28 Ji

j 38 j 2 J1
J ^ j 3 j 28uVu j 2 j 38&Ji

a dJ1J
18

1(
Ji

~2Ji11!A~2J111!~2J1811!H j 2 j 3 J1

j 1 j J i
J

3H j 2 j 38 J18

j 18 j J i
J ^ j 18 j 38uVu j 1 j 3&Ji

a 1(
JrJi

~21! j 11 j 31J11J18~2Ji11!~2Jr11!A~2J111!~2J1811!H J1 j 1 j

j 2 J18 Jr
J

3H j 3 j 28 j 1

j 38 j 2 Jr
J H j 3 j 28 j 1

j 38 j 2 Jr
J H J1 j 3 j 28

j 38 J18 Jr
J ^ j 28 j 1uVu j 2 j 38&Ji

a

1(
JrJi

~21! j 181 j 281 j 31 j~2Ji11!~2Jr11!A~2J111!~2J1811!H J1 j 28 j 3

j 2 J18 Jr
J H j 2 j 18 Ji

j 1 j 28 Jr
J H J1 j 1 j

j 18 J18 Jr
J ^ j 2 j 18uVu j 1 j 28&Ji

a

1(
Ji

~21! j 11 j 181J11J18~2Ji11!A~2J111!~2J1811!H j 3 j 2 J1

j 1 j 28 Ji
J H j j 18 J18

j 28 j 1 J1
J ^ j 28 j 3uVu j 2 j 18&Ji

a . ~2.5!
ed

f
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of

ag-
r
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am-
op-
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In Eqs. ~2.4! and ~2.5! $d e f
a b c% denotes the 6-J symbols as

defined in Ref.@18# and the^ j aj buVu j c j d&Ji

a are the antisym-

metrized two-body matrix elements

^ j aj buVu j c j d&Ji

a 5^@ j aj b#JiuVu@ j c j d#Ji2@ j dj c#
Ji&.

Taking the expectation value of Eqs.~2.2! and~2.3! between
the vacuum and the states@ uf j 2m(1h12h1p)&#† we obtain
the eigenvalue equations that define the amplitudesxa0 j

0 and

xa1J1 j
1 of the nuclear modes:

(
j 1 j 2 j 3

j 18 j 28 j 38

U E2e j Vj j
38 j

18 j
28

Vj 1 j 2 j j 3
E2e j i

1e j 2
2e j 3

1Vj 1 j 2 j 3 j
18 j

28 j
38
UU xa0 j

0

xa1J1 j
1 U50.

~2.6!

Equation ~2.6! is suitable to describe ground and excit
states of the odd (A21) hole nuclei. The generalization o
Eq. ~2.6! to the isospin quantum numbers needed to desc
the spectrum of light medium-mass nuclei has been
scribed in Ref.@19#. For the ground state of207Pb with a
j 53p1/2 neutron hole, for the ground state of165Ho, Eq.
~2.6!, with a j 52 f 7/2 proton hole, and for the ground state
the two Re isotopes with aj 52d5/2 proton hole, the cutoff
parameter is fixed at 24 MeV, so that the matrices we di
onalize are of the order of 140031400. The cutoff paramete
has been introduced to limit the dimension of the eigenva
matrix ~2.6!. Diagonalizing Eq.~2.6! we calculate the dy-
namic amplitudes of the ground-state modes. With these
plitudes we evaluate the reduced matrix elements of the
eratorsOl that characterize the electromagnetic moments
order l. Three terms contribute to the reduced transitio
matrix elements in the DCM:~i! single-particle term

[xa0 j
0 xa

08 j 8
0

~ j iOli j 8!, ~2.7!

~ii ! off-diagonal terms
[xa0 j
0 xa

18J1 j 8
1 F ~21! j 281 j 38A2 j 1811

2l11
~ j 38iOli j 28!dlJ

18
d j

18 j

1~21! j 281 j 18
•A~2 j 1811!~2J1811!H j j 28 J18

j 18 j 8 l J ~ j 28iOli j 18!d j
38 j G , ~2.8!

~iii ! diagonal terms
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5xa1J1 j
1 xa

18J
18 j 8

1 A~2 j 11!~2 j 811!~2J111!~2J1811!F ~21! j 281J11J181 jH j 28 j 2 l

j 18 J1 j

J18 j 3 j 8
J ~ j 28iOli j 2!

1~21! j 21 j 31 j 181 j H J18 j 28 j 3

j 2 J1 l
J H J18 j 8 j 18

j J1 l
J ~ j 28iOli j 2!1~21! j 181 j 21 j 31 j 81J11J18H j 38 J18 j 2

J1 j 3 l
J

3H J18 j 8 j 18

j J1 l
J ~ j 3iOli j 38!1

~21!J11 j 181 j 1l

A~2J111!~2J1811!
H j 8 j 18 J1

j 1 j l
J ~ j 1iOli j 18!1~21! j 381 j 1J11l

3H j 38 j 2 J18

j 3 j J1
J H J1 j j 18

l j 38 j 8
J ~ j 1iOli j 38!1~21! j 181 j 1J181lH j 3 j 2 J1

j 1 j J18
J H J18 j 8 j 18

l j 3 j J ~ j 3iOli j 18!G . ~2.9!
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In Eqs. ~2.7!, ~2.8!, and ~2.9! the operatorOl successively
represents the magnetic moment, the quadrupole mom
the hyperfine splitting~detailed structure of this operator
given in the next section!, and the magnetic- and electric
distribution operators:

H a b c

d e f

g h i
J

is the 9J symbol, and the reduced matrix elements are
fined according to Ref.@18#. If the operatorOl represents the
magnetic-moment operator(ab(augl l z1gsszub)aa

†ab , the
reduced matrix element on the right-hand side of Eq.~2.7! is
the single-particle magnetic moment~Schmidt value!. Al-
though the corrections to the magnetic moments given by
right-hand side of Eq.~2.8! were already considered withou
the antisymmetrization effect in Ref.@2#, the terms of the
right-hand side of Eq.~2.9! represent something new, typic
of nonperturbative dynamic-correlation theories. Unlike t
calculations done in the perturbation theories, the right-h
side of Eq.~2.8! takes the antisymmetrization effect proper
into account. Furthermore, the terms of Eq.~2.9! have been
included exactly in the present calculations. They contrib
coherently to the distribution of magnetization in nuclei. In

FIG. 1. Dependence of the hyperfine splitting on the~LS!
strength parameter for207Pb. The dots give the respective magne
moments.
nt,

-

e

e
d

e

perturbative approximation these terms are proportiona
the second-order diagrams of the theory if we neglect
Pauli-antisymmetrization principle. This comparison b
tween our calculation and the perturbative calculation is
be considered formal, because, due to diagonaliza
method and to the large number of components introduc
the CMW functions of the DCM describes the collectiv
modes of the nucleus, an effect that cannot be found in p
turbative calculations.

III. INTERACTION WITH
THE ATOMIC MAGNETIC FIELD

Exotic atoms, i.e., atoms with configurations deviati
strongly from conditions typically realized in nature, offe
fascinating possibilities for testing nuclear models. Such

TABLE I. List of the three terms that in the DCM contribute t
the hypefine splitting. The single particles have to be associate
$e% of Ref. @14#. The termsDEoff-diag have been introduced accord
ingly Ref. @22#. DEdiag has been not considered by the other the
ries.

165Ho661 DEsp5 2.16910
DEoff-diag5 0.01667
DEdiag5 20.02137
Total 2.16490

185Re741 DEsp5 2.7591
DEoff-diag5 0.0189
DEdiag5 20.0580
Total 2.7192

187Re741 DEsp5 2.7839
DEoff-diag5 0.0349
DEdiag5 20.0730
Total 2.7449

207Pb811 DEsp5 1.20021
DEoff-diag5 0.03578
DEdiag5 20.01879
Total 1.21660
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TABLE II. The different contributions to the hyperfine splitting.

209Bi821 207Pb811 165Ho661 185Re741 187Re741

rms radius 5.519 fm 5.497 fm 5.21 fm 5.37 fm 5.37 fm
Magnetic moment
~corrected! @29# 4.1106(5)mN 0.58219()mN 4.132(3)mN 3.1871(3)mN 3.2197(3)mN

Point nucleus
~Dirac! @10,15# 212.320 nm 885.76 nm 538.90 nm 411.87 nm 407.70 nm
1 Breit-schawlow 238.791~50! nm 989.66~1! nm 564.67 nm 443.18 nm 438.68 nm
1 DCM contribution 243.91~38! nm 1019.1~1.6! nm 572.6 nm 455.78 nm 451.53 nm

Vacuum
Polarization@10# 21.64 nm 26.83 nm 22.46 nm 22.44 nm 22.40 nm
Self-energy@15# 2.86 nm 11.9 nm 5.20 nm 4.76 nm 4.66 nm
Total QED @15# 1.22 nm 5.08 nm 2.72 nm 2.31 nm 2.26 nm

Theory incl. QED 245.13~58! nm 1024.2~2.0! nm 575.32 nm 458.11 nm 453.79 nm
Experiment 243.87~2! nm~1! 1019.7~2! nm 572.79~15! nm 456.05~30! nm 451.69~30! nm
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otic atoms exhibit the interplay of nuclear and atomic qu
tities. They permit one to test specific parts of the elect
magnetic interaction by selectively changing or observ
the effect of just a single parameter much as precise stu
have been made in the past using muonic atoms@20#.

It is now possible to produce a wide variety of exo
atoms from energetic heavy-ion collisions. For example,
drogenlike high-Z atoms such as the ones considered in
present investigation have recently become available for
periments at Darmstadt@11# and Livermore @12,13#. In
Darmstadt at GSI207Pb has been produced from heavy io
accelerated to several hundred MeV/nucleon at the SIS
celerator. Because they are then stored and cooled in
ESR storage ring, they can be studied without the usual c
straints of unsatisfactory accelerator-beam quality and s
observation time. Where previously only the ground-st
hyperfine structure~HFS! splitting in muonic209Bi could be
studied, it is now possible to investigate the correspond
electronic effects in the hydrogenlike Pb ions.

Because the HFS splitting is proportional toZ3, the wave
length of theM1 transition between the ground-state co
ponents of hydrogenlike ions with highZ is in the optical
regime. This is dramatically different from the case of h
drogen where the 21-cm radiation of the HFS splitting is
the microwave regime. As a result it was possible to meas
the ground-state HFS splitting of hydrogenlike207Pb by
laser-induced fluorescence spectroscopy@11#. The experi-
ment yielded a ground-state energy splitting ofDEexp

51.216~1! eV and achieved a relative accuracy of.1024.
This high accuracy has made possible the first test of QED
the strong magnetic field of the highly charged heavy ion

At Livermore hydrogenlike165Ho, 185Re, and187Re have
been produced and stored in a high-energy electron-beam
trap ~Super EBIT! @12,13# by a variable-energy electro
beam axially compressed by a high magnetic field. The L
ermore experiments yielded ground-state-energy splitting
2.1646~3! eV for 165Ho, 2.7187~18! eV for 185Re, and
2.7449~18! eV for 186Re.

The aim of the present calculations is to compare the
oretical hyperfine splittings obtained in the DCM to the on
obtained in the single-particle approximation@15# and to the
-
-
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experimental values. In order to calculate the hyperfine sp
ting in the DCM we need precise information about both t
nuclear and the electron wave functions.

The nuclear wave functions are calculated as in Sec
With these wave functions the calculated basic propertie
the ground states of the nuclei under investigation are
good agreement with the experimentally determined valu

The electron is described as a Dirac particle moving in
Coulomb potential generated by a charge distribution o
Fermi type. To solve the Dirac equation we have appro
mated the nuclear density distribution with a two-parame
Fermi distribution as de Vrieset al. @21# did. The magnetic
interaction of the electron with charge of the nucleus is giv
by

Ve2N5eE d3rWece* ~rWe!aW •AW ~rWe!ce~rWe!,

where

AW ~rWe!52E d3rW jmW ~rW j !3¹W e

1

urWe2rW j u

with

mW ~rW j !5m0(
i

~gl
i lW i1gs

i sW i !d~rW j2rW i !.

From these expressions, making a multipole-expansion

AW (xW ) and using some recoupling, we obtain

DE5C~AL1AS! ~3.1!

with

C5
F~F11!2I ~ I 11!2 j ~ j 11!

2I j U
F1

F2

,

whereF designates the total2angular5momentum quantum
number of the electron-nucleus system.I is the angular mo-
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FIG. 2. The square of the amplitude of the single-particle and of the terms corresponding to the first-order contributions calculate
ground states of the four nuclei from the diagonalization of the eigenvalue Eq.~2.6!.
nd
ond

,

r

g;

ts
mentum quantum number of the nucleus andj is the angular-
momentum quantum number of the electron, so thatuF1u
<F<F2 .

For 207Pb we haveC22C154, for 165Ho C22C152.8,
and for both Re isotopesC22C152.4. For 207Pb this leads
to the value

DE54~AL1AS!,

for 165Ho to the value

DE52.28~AL1AS!,

and for both Re isotopes to the value

DE52.4~AL1AS!.

TABLE III. Calculated rms radii, nuclear magnetic momen
~mm!, and nuclear quadrupole moments~QM! of 165Ho, 185Re,
187Re, and207Pb ground states.

^r 2&1/2 MM QM

165Ho661

th. 5.210 fm 4.132 nm 20.35
exp. 5.210~7! fm @30# 4.132~3! nm @31#

185Re741

th. 5.389 fm 3.1870 nm 0.15
exp. 5.391~1! fm @12# 3.1871~3! nm @31#

187Re741

th. 5.395 fm 3.2196 nm 0.17
exp. 5.391~1! fm @12# 3.2197~3! nm @31#

207Pb811

th. 5.496 fm 0.5820 nm 0
exp. 5.494~6! fm @30# 0.58219~2! nm @29#
The AL and AS are the orbital-angular-momentum part a
the spin-angular-momentum part, respectively. In the sec
quantization formulation these operators are given by

AL5
4

3
emNK f j 2mU(

ab
~auOLub!aa

†abUf j 2mL , ~3.2!

and

AS5
4

3
emNK f j 2mU(

ab
~auOSub!aa

†abUf j 2mL , ~3.3!

where

OL5gl l zF E
R

`

f ~r !g~r !dr1E
0

RS r

RD 3

f ~r !g~r !drG
~3.4!

and

OS5gsszE
R

`

f ~r !g~r !dr2Ap

2
@Y2^ s#1

3E
0

RS r

RD 3

f ~r !g~r !dr. ~3.5!

In Eqs.~3.3!–~3.5! m0 is the nuclear magneton,gl andgs are
the orbital and sping factors, the notation@Y2^ s#1 means
the coupling ofY2 with the nucleon spin operators to a
spherical tensor of rank one,f and g are the Dirac spinors
and$f j 2m% is the ground-state wave function@see Eq.~2.1!#.
The latter term with@Y2^ s#1 is the asymmetry term of Boh
@14#. Using the ground-state wave function of Eq.~2.1! we
obtain the following contributions to the hyperfine splittin

DE5C~DEsp1DEoff-diag1DEdiag!. ~3.6!

The termDEsp is given by Eq.~2.7!, the termDEoff-diag by
Eq. ~2.8!, and the termDEdiag by the Eq.~2.9!. The single-
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FIG. 3. The normalized magnetization distribution~full line! given in terms of the single particle~dashed line! and dynamic-correlation
~dot line! contributions as a function of the radial coordinate.

FIG. 4. The normalized charge distributions~full line! given in terms of the single particle~dashed line! and dynamic-correlation~dot
line! contributions as a function of the radial coordinate.
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particle term includes implicitly the Bohr-asymmetry term
Ref. @14#. The off-diagonal term is proportional to the ter
obtained by a nonperturbative calculation as described
Ref. @22#. The DCM terms have not until now been analyze
The results of the calculation of the hyperfine structure sp
ting are presented in Table I where the different contrib
tions of Eq. ~3.6! are given without the QED corrections
Note that in the DCM two additional terms appear to co
tribute to the hyperfine splitting. These terms have not b
considered in the Bohr-Weisskopf$e% of Ref. @14#. In Fig. 1
we give for 207Pb the dependence of the hyperfine splitti
on the spin-orbit force.

The hyperfine splitting as derived in the present nonlin
formulation Eq.~3.6! can be compared with the results
Refs. @14,15#, where the hyperfine splitting is calculate
from the formula

DE~m!5
4

3
a~aZ!3

m

mN

m

mN

2I 11

2I
mc2

3$A~aZ!~12d!~12«!1xrad%. ~3.7!

Herea is the fine structure constant,Z is the nuclear charge
m is the electron mass,mN is the proton~neutron! mass,m is
the nuclear magnetic moment,mN is the nuclear magneton
andI is the nuclear spin. The relativistic correctionA(aZ) is
obtained from exact solution of the Dirac equation with
Coulomb potential. The factor (12d) corrects for the finite
spatial distribution of the nuclear charge~Breit-Schawlow
correction!, (12e) corrects for the finite spatial distributio
of the nuclear magnetization and for the asymmetry te
which results from coupling the valence particle with t
core degrees of freedom~Bohr-Weisskopf correction@14#!.
xrad stands for the QED corrections. The radiative correctio
to ordera have been calculated in the Ref.@15#. Since this
effect yieldsDEVP or Dl, the importance of determining th
self-energy part of the radiative corrections in order to
plain theoretically the experimental value is evident. In t
extreme single-particle model QED and nucle
magnetization corrections for high-Z atoms are of the sam
order of magnitude. Therefore the feasibility of testing t
QED corrections depends strongly on the accuracy of
model used to evaluate the effects of nuclear magnetiza
The results of this perturbation calculations are presente
Table II where we have attributed, as in Ref.@1#, the Bohr-
Weisskopf effect to the three terms of Table I. The theor
ical calculations reproduce the experimental HFS splitting
the QED corrections are neglected. However, from the an
sis done in this work, the Bohr-Weisskopf effect has to
attributed only with the single-particle term of the DCM.
numerical comparison of the single-particle contributi
with the results of Ref.@15# is in favor of this assumption
The new analysis presented in Ref.@23#, which assumes for
207Pb a larger magnetic moment, is giving, to our opinion
too large Bohr-Weiskopf contribution, by overestimating t
asymmetry terms. The other two terms of Table I contrib
to the HFS splitting proportionally to the QED correctio
~the values given in Table II for165Ho661, 185Re741,
187Re741, 207Pb811, and 209Bi821 were obtained from Ref
@15#!.

To conclude we note the following.
in
.
t-
-

-
n

r

s

-
e
-

e
n.
in

t-
if
y-
e

a

e

~a! Perturbation approximations given by Eq.~3.7! as-
sume that the global contributions to the hyperfine splitt
are attributed to a point nucleus approximation. In this a
proximation the nuclear magnetic moment is a well defin
input. The nuclear effects are included as a small pertur
tion $e%. The radiative correctionsxrad are then calculated
according to QED perturbation theory.

~b! The nonperturbative calculation does not modify t
structure of the single-particle~hole! operators but calculate
the effective operators directly from the configuration spa

The termsDEoff-diag andDEdiag are typical of a dynamic
theory and are very important to give a good theoretical
scription of the magnetic structure of the nucleus. Since
have included in the theory meson effects, we would exp
that DCM contributions to the hyperfine splitting are propo
tional to the diagrams of the QED perturbation theory. T
advantages of DCM calculations relative to perturbat
theories are that we do not need to modify the gyromagn
factors of the magnetic operators and that the three te
which contribute to the hyperfine splitting arise from th
same model.

IV. NUCLEAR PARAMETERS

To calculate the electromagnetic properties of the grou
states of the165Ho, 185Re, 186Re, and207Pb nuclei, we have
to make, as in the case of209Bi, some assumptions about th
input parameters of the theory, i.e., single-particle wa
functions, single-particle energy, and two-body potentia
The following single-particle configuration space has be
used.

Proton hole: 2p3/2, 1f 5/2, 2p1/2, 1g9/2, 2d5/2, 1g7/2,
3s1/2, 2d3/2, 1h11/2.

Proton particle: 1h9/2, 2 f 7/2, 3p3/2, 3p1/2, 1i 13/2, 3d5/2,
2g7/2, 4s1/2, 3d3/2, 2h11/2.

Neutron hole: 2d5/2, 1g7/2, 3s1/2, 2d3/2, 1h11/2, 1h9/2,
2 f 7/2, 3p3/2, 2 f 5/2, 3p1/2, 1i 13/2.

Neutron particle: 3d5/2, 2g7/2, 4s1/2, 3d3/2, 2h11/2,
1 j 15/2, 1i 11/2, 2g9/2.

The single-particle energies are those of Kuo@24#. The
single-particle wave functions are assumed to be harmo
oscillator wave functions with size parameters chosen to
produce Wood-Saxon wave functions as proposed in R
@25#.

In Eqs. ~2.5! two types of two-body matrix elements oc
cur: ~1! particle-hole matrix elements and~2! hole-hole ma-
trix elements. The two-body model potential used to cal
late the particle-hole matrix elements~1! is taken from Ref.
@25# ~VST of COP type! while the two-body model potentia
used to calculate the hole-hole matrix elements~2! is taken
from Ref. @26#. The matrix elements of Eq.~2.4! are of
mixed type and are calculated from hole-hole potential. T
strength of this force is weakened in comparison with
one used for the (A11) nuclei. The particle-hole potentia
already has been successfully applied in the theoretical
scription of the septuplet states in209Bi ~see Ref.@27#!, while
the VST parameters of the particle-particle potential ha
been derived by fitting the two-body matrix elements calc
lated with the Bethe-Goldstone formalism as described
Ref. @26#. The depth of the particle-hole potential is chos
to reproduce the energy of the first 32 state in208Pb. The
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particle-particle potential has been adjusted to reproduce
level scheme of210Bi @28# and to calculate the spectrum o
the excited states in209Bi as preliminarily shown in Ref.
@27#.

With these parameters, diagonalizing Eq.~2.6! for $ j p

57/22,5/21,1/22% we obtain the wave functions of th
DCM. In Fig. 2 we give the spin-flip 11 amplitudes calcu-
lated for the different nuclei. The remaining (2h-1p) ampli-
tudes, not given explicitly, are small compared to the1

amplitudes but counteract the deviation produced in the m
netic structure by the first-order approximation. In Table
we compare the calculated nuclear magnetic moments,
nuclear quadrupole moments, and the nuclear rms radii
165Ho, 185Re, 187Re, and207Pb with the experimental quan
tities. The agreement between the experimental@21,29–32#
and theoretical values is remarkably good. The small d
crepancy between the computed nuclear radius and the
perimentally quoted one is probably due to the 4h-3p com-
ponents not included in the calculations~i.e., the CMWFs of
the third kind which allow for the formation of low lying
$01% states!. On the other hand, the calculated nuclear ra
agree remarkably well with the results obtained in calcu
tions done within the framework of a relativistic mean-fie
theory. In Fig. 3 we have plotted the normalized ground-s
magnetization distributions. In Fig. 4 we give the normaliz
ground-state charge distributions.

V. DISCUSSION

This paper has used the DCM to analyze the structur
the hyperfine splittings of207Pb, 165Ho, and185,187Re. These
nuclei are characterized by one hole in the closed shel
models these nuclei with nonperturbative equations of m
tion which introduce into the structure calculations of t
(A21) nuclei and the 2h-1p and 3h-2p configurations. The
model reproduces very well the magnetic moments of th
(A21) isotopes. The distribution of magnetization calc
lated in this way differs from the normally assumed shape
particular the distribution of the magnetic moment exten
T

P
a

he

g-
I
he
or

-
x-

ii
-

te

of

It
-

e
-
n
s

farther out than the charge distribution. In its consequence
the hyperfine splitting this is similar to the model propos
by Bohr and Weisskopf@14#. There the single-particle de
scription of the nucleus has been refined by the addition
an asymmetry term which represents the interaction with
rotational flow of the reference nucleus. Compared to
single particle treatment, however, the results of DCM sh
a smaller variation between the nuclei studied here than
application of Bohr’s prescription@14,15#. Three terms con-
tribute to the theoretical energy splittings. The first term
due to the single hole, the second to diagrams that in
perturbative calculation are proportional to the term int
duced by Le Bellac@22#, and the third term characterizes th
dynamics of the model. With these three terms the DC
calculations and experimental observations of HFS splitt
of hydrogenlike Ho, Re, Pb, and Bi agree quite exactly
long as no QED corrections are added to the DCM calcu
tions. This seems to be very significant in view of the diffe
ent nuclear structure of these nuclei. Independent calc
tions of the size of the QED contributions result in valu
close to 0.5% for all these candidates. Inclusion of the Q
effects introduces a discrepancy of that magnitude. This
led us to examine the DCM more closely again to see i
already includes the equivalent of the QED corrections. O
could speculate that these corrections may be part of
non-normal parity states of core polarization that can
identified with low-energy mesons. Presently only the sim
lar size of these contributions is in favor of such an arg
ment. Another possible explanation for a deviation with slo
variation along the table of isotopes might be an underrep
sentation of specific contributions in the dynamic mixin
prescription. A study of the sensitivity to details of the mi
ing procedure is under way using an RPA approach for
DCM.
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