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Radiative corrections in neutrino-deuterium scattering

I. S. Towner*
Research Center for Nuclear Physics, Osaka University, Mihogaoka 10-1 Ibaraki, Osaka 567, Japan

~Received 22 January 1998!

The radiative corrections for neutrino-deuterium scattering are computed for the charged-current~CC! re-
action,ne1d→p1p1e2, and for the neutral-current~NC! reaction,nx1d→p1n1nx . Nonrelativistic ki-
nematics are used for the hadrons, which considerably simplifies the calculations. The impact radiative cor-
rections have on the observables to be detected in the Sudbury Neutrino Observatory~SNO! are discussed and
for most observables is found to be negligible. Only in the case where the internal bremsstrahlung photons
emitted in the reactionne1d→p1p1e21g are detected, is the expectation for the ratio of the number of CC
to the number of NC events seen in SNO shifted by about one standard deviation.@S0556-2813~98!00508-1#

PACS number~s!: 25.30.Pt, 13.15.1g, 26.65.1t, 96.60.Jw
y

th
en
-

i
er
su
is

an
o
n

ov

e
rio
e
to

n

so
th

ed,
pec-
ons
ost

mit-
-
ese
as-
the
es
c-
%
the

tics,
so-
tor
this

s is
ffi-
le,
os-
-
NO
f a
m-
een
tec-

ac-
g

si
I. INTRODUCTION

The Sudbury Neutrino Observatory~SNO! @1# will utilize
the interaction of8B solar neutrinos with deuterium in heav
water to measure the total neutral-current~NC! cross section
in the reaction

nx1d→p1n1nx . ~1!

Also to be measured is the charged-current~CC! cross sec-
tion in the reaction

ne1d→p1p1e2. ~2!

Since the NC reaction is independent of neutrino flavor,
ratio of the number of charged-current to neutral-curr
events,NCC/NNC, will be a powerful indicator of the pres
ence of neutrino oscillations. A measurement of this ratio
a primary goal for the SNO experiment. A secondary exp
ment that could provide an independent check is to mea
the shape of the recoil spectrum in the CC reaction. A d
tortion in the electron spectrum from that expected in st
dard weak-interaction theory could also suggest neutrino
cillations. The likely measured signals are the first mome
^Te&, and possibly the second moment,^Te

2&, of the recoil
electron’s kinetic energy, where the averages are taken
the electron spectrum for a detection threshold set atTmin
55 MeV.

Bahcall, Krastev, and Lisi@2,3# have given values for the
SNO observables,^Te&, ^Te

2&, andNCC/NNC for the standard
solar model with no neutrino oscillations, and for a numb
of cases representing various neutrino-oscillation scena
The shift in SNO observables with each scenario is a m
sure of the discriminatory ability of the SNO detector
uncover new physics.

In the analysis so far the role that radiative correctio
might have on the cross sections of Eqs.~1! and ~2! has not
been considered. However, one might expect it to be rea
ably small. In weak-interaction studies, the correction to
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total decay rate is typically at the few percent level. Inde
in considering the energy dependence of the electron s
trum and the SNO observables, we find radiative correcti
have a negligible impact on the shape test and an alm
negligible 0.5% effect on the ratioNCC/NNC. This analysis,
however, assumes the internal bremsstrahlung photon e
ted in the charge-current reaction, Eq.~2!, has not been de
tected. In principle, the SNO detector can measure th
bremsstrahlung photons. If we make a very schematic
sumption that the efficiency of photon detection equals
efficiency of electron detection, then the analysis simplifi
significantly and we find that the impact of radiative corre
tions on theNCC/NNC observable is increased to a 3.7
effect. If, for example, the error that has been assigned to
NCC/NNC observable from such causes as counting statis
uncertainties in the neutrino spectrum, and the energy re
lution and absolute energy calibration of the SNO detec
represents one standard deviation, then the change in
observable caused by the inclusion of radiative correction
found to be about one standard deviation. This is not su
cient to spoil the discriminatory test that could, for examp
distinguish between neutrino oscillations and no neutrino
cillations in theNCC/NNC observable. However, it is suffi
cient that if an analysis were to be inverted, namely, the S
observable was used to determine the parameters o
neutrino-oscillation scenario, then the value of the para
eters will depend on whether radiative corrections have b
considered or not. So photon detection with the SNO de
tor may become an interesting issue.

II. BASIC REACTION RATES

We start by evaluating the cross-section for the CC re
tion, Eq. ~2!. In the lab frame of reference the followin
four-vectors are defined:1

pd5(0,iM d)5 initial four-momentum of deuteron,

ty,

1We use the Pauli metric defined in De Wit and Smith@4# in
which a four-vector is written asAm5(A,iA0) with imaginary
fourth component, and a scalar product asA•B5AmBm5A•B
2A0B0 .
1288 © 1998 The American Physical Society
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PRC 58 1289RADIATIVE CORRECTIONS IN NEUTRINO-DEUTERIUM . . .
pn5(pn ,iEn)5 initial four-momentum of neutrino,

p15(p1 ,iE1)5final four-momentum
of one of the protons,

p25(p2 ,iE2)5final four-momentum of the other proton

pe5(pe ,iEe)5final four-momentum of the electron.

The differential cross-section is

dsCC5
1

~2p!5E d3p1d3p2d3pe

32MdEnE1E2Ee
T

3d4~pd1pn2p12p22pe!, ~3!

whereT is the square of theT-matrix element, averaged ove
initial spins and summed over final spins

T532G2Vud
2 gA

2MdEnE1E2EeuI u2~11ay!,

I 5E u2p* ~r !ud~r !dr. ~4!

Hereud(r )/r is the radial wave function for an S-state de
teron,u2p(r )/r is the radial function of relative motion fo
the two emerging protons,a is the electron-neutrino angula
correlation coefficient (a521/3 for a pure Gamow-Telle
transition!, y is the cosine of the angle between the elect
and neutrino directions, andG the weak interaction coupling
constant determined from muon decay. It is assumed tha
the initial state all the deuterium is in the3S state and then
the only allowed transition is to the1S diproton state and th
transition, being 11→01, is pure Gamow-Teller. Thus th
expression for the cross section explicitly displays the ax
vector coupling constant (gA51.26); Vud is the Kobayashi-
Maskawa mixing matrix element (Vud50.975). It is conve-
nient to introduce relative and center-of-mass coordina
P5p11p2 , p5 1

2 (p12p2) and use the three-momentu
part of the delta function to integrate overd3P:

dsCC5G2Vud
2 gA

2 1

~2p!5E d3pd3peuI u2~11ay!

3d~Md1En2E12E22Ee!. ~5!

Since only neutrino energies less than 15 MeV are con
ered, it is adequate to treat the nucleons nonrelativistic
and write the protons’ energies asE15M p1p1

2/(2M p), E2

5M p1p2
2/(2M p), whereM p is the proton mass. ThenE1

1E2 becomes 2M p1(p21 1
4 P2)/M p . We will assume that

the center of mass of the diproton is essentially at resP
50, the no-recoil approximation frequently used in be
decay studies. Choosing the quantization axis along the
rection of the incident neutrino and integrating over t
angles of the protons and the polar angles of the elec
gives

dsCC5G2Vud
2 gA

2 1

~2p!3E pd~p2!peEedEedyuI u2

3~11ay!d~D1En2Ee2p2/M p!, ~6!
n
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where p5upu, and D is the mass difference,D5Md
22M p . The energy delta function is now used to integra
over d(p2), and if no attempt is made to measure the el
tron’s angular distribution then integrating overdy yields the
required expression for the differential cross section

dsCC

dEe
5

G2

4p3
Vud

2 gA
2M p@M p~D1En2Ee!#

1/2peEeuI u2.

~7!

It should be stressed that the use of nonrelativistic appr
mations for the nucleons and the ability to use the ene
delta function to effect thed(p2) integration constitute a
great simplification. Normally in three-body final-state kin
matics, the energy delta function imposes awkward limits
the other integration variables that are cumbersome for s
sequent algebraic work. Naturally, we will use these simp
fications in deriving expressions for the radiative correctio

Equation~7! has been derived by Kelly and U¨ berall @5#,
and by Ellis and Bahcall@6#, who with the effective-range
theory to evaluate the radial integrals, were the first to e
mate the cross section for the absorption of solar8B neutri-
nos in deuterium. The expression, however, is not ex
First, trivially, the expression should be multiplied by th
Fermi function,F(2,Ee), to account for the Coulomb inter
action between the two protons and the electron in the fi
state. Second, the restriction to S-state deuteron wave f
tions should be relaxed and more realistic wave functio
used. Third, the allowed approximation of beta decay sho
be extended to include higher multipoles; and fourth, mes
exchange currents should be included. All these impro
ments have been implemented by Kubodera and co-wor
@7,8#, and by Ying, Haxton, and Henley@9,10# as summa-
rized by Kubodera and Nozawa@11#. For our final numerical
work we will use the computer code of Bahcall and Lisi@2#
for the calculation of the neutrino-deuterium cross sectio

Following a similar analysis, the differential cross-secti
for the neutral-current reaction, Eq.~1!, is

dsNC

dEn8
5

1

4

G2

4p3
gA

2M p@M p~D81En2En8!#1/2En8
2uI 8u2,

~8!

whereEn8 is the energy of the final-state neutrino~in the lab
system!, I 8 the radial integral for the overlap of the relativ
proton-neutron1S scattering function with a3S-state deu-
teron function, andD85Md2M p2Mn , with Mn the neu-
tron mass.

III. RADIATIVE CORRECTIONS

Radiative corrections to the electron spectrum from
lowed beta decay have been considered in a number of
pers @12–18#. In obtaining the corrections, integrations a
carried out over the allowed neutrino and photon energ
and the results exhibited as a differential spectrum in
electron energy. Essentially the same analysis follows
neutrino absorption reactions. The contributions to the rad
tive corrections have two components: the emission of r
photons~internal bremsstrahlung! and virtual radiative cor-
rections due, for example, to the exchange of photons
tween charged particles. We discuss each in turn. Howe
the results cannot be evaluated separately. This is bec
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1290 PRC 58I. S. TOWNER
the bremsstrahlung graphs yield an infrared divergence
is exactly canceled by the virtual graphs.

A. Bremsstrahlung graphs in the CC reaction

Each of the external charged particles can emit bre
strahlung photons, as shown in Fig. 1, and it is the sum
these graphs that make up a gauge-invariant set. Howe
the contributions from the nucleon bremsstrahlung gra
are much smaller than the contribution from electron brem
strahlung. This is because the magnitude of the grap
largely determined by the energy denominator in the pro
gator for the internal fermion line. For nucleon bremsstra
lung this denominator is (p2k)21M p

2522p•k522p•Q
12EpEk.2M pEk , in the nonrelativistic approximation fo
a nucleon in whichp.0. Here the four-vector for the photo
momentum is writtenk5(Q,iEk). For electron bremsstrah
lung, the denominator is22pe•k52EeEk(12bx), where
b5pe /Ee andx the cosine of the angle between the electr
and photon directions. Thus the ratio of the nucleon a
electron bremsstrahlung graphs is of the orderEe /M p . Since
the average electron energy in the present work is aroun
MeV compared to a nucleon mass of 1 GeV, the nucle
bremsstrahlung graphs can clearly be neglected.

The differential cross section for the reactionne1d→p
1p1e21g, is

dsCC
g 5

1

~2p!8E d3p1d3p2d3ped
3Q

64MdEnE1E2EeEk

3Tgd4~pd1pn2p12p22pe2k!, ~9!

where Tg is the square of theT-matrix element, average
over initial spins and summed over final spins. As before,
introduce relative and center-of-mass momenta for the
protons,p andP, and we use the momentum delta functi
to integrate overd3P and the energy delta function to inte
grate overd(p2). No restrictions have been imposed on a
of the angular integrations and so these can all be done t
ally except fordx, wherex is the cosine of the angle be
tween the electron and photon directions. The result is

dsCC
g 5

1

16p5E peEedEeQ
2dQdx

64MdEnE1E2EeEk
M p

3@M p~D1En2Ee2Ek!#
1/2Tg, ~10!

where

FIG. 1. Feynman diagrams for the emission of bremsstrahl
photons from charged particles present in the initial or final st
As explained in the text, only bremsstrahlung from electrons will
computed.
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Tg532G2e2Vud
2 gA

2MdEnE1E2EeuI u2

3H Ek

Ee
2~Ek2bQx!

1S Ee1Ek

Ee
Db2~12Q2x2/Ek

2!

~Ek2bQx!2 J
~11!

with b5pe /Ee . This simple result is possible because of t
nonrelativistic approximation used for the nucleon kinem
ics and of the ability to use the energy delta function
integrate overd(p2). Contrast this with, for example, th
very complicated result@19–23# obtained for the bremsstrah
lung correction in neutrino-electron scattering. We define
radiative correction to be

dsCC

dEe
1

dsCC
g

dEe
5

dsCC

dEe
F11

a

p
gb~Ee ,En!G ~12!

and

gb~Ee ,En!5E
21

11

dxE
0

Qmax
Q2dQFD1En2Ee2Ek

D1En2Ee
G1/2 1

Ek

3H Ek

Ee
2~Ek2bQx!

1S Ee1Ek

Ee
Db2~12Q2x2/Ek

2!

~Ek2bQx!2 J , ~13!

where a is the fine-structure constant,a5e2/(4p). The
photon energy is written asEk5@Q21l2#1/2, wherel is a
small nonzero photon mass introduced to regulate the in
red divergence. The integrations overQ andx are very deli-
cate: the logarithmic pole inl has to be extracted to canc
with the l dependence coming from the virtual correction
The range of integration forQ runs from 0 toQmax. In Sec.
III D we will discuss the possibility that the bremsstrahlun
photons are detected by SNO. If they are, thenQmax equals
v, the threshold energy for photon detection. If they are n
thenQmax5D1En2Ee[y.

The first term in Eq.~13! is free of the logarithmic singu-
larity and can be trivially evaluated in the limitEk→Q and
l2→0. For the second term, the singularity is isolated
writing the integrand as

Q2

Ek
F S 12

Ek

y D 1/2S 11
Ek

Ee
D21Gb2~12Q2x2/Ek

2!

~Ek2bQx!2

1
Q2

Ek

b2~12Q2x2/Ek
2!

~Ek2bQx!2
. ~14!

The first part is now free of the singularity and can be eva
ated in the limitEk→Q andl2→0. The second part contain
the singularity and is exactly the integral evaluated by K
noshita and Sirlin@12#. The result is

gb~Ee ,En!5I 11I 21I KS ,

g
.

e
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I 152
1

Ee
2

1

b
lnS 11b

12b D y2

15

3F S 523S 12
Qmax

y D G S 12
Qmax

y D 3/2

22G ,
I 252F 1

2b
lnS 11b

12b D21G
3E

0

QmaxdQ

Q F S 12
Q

y D 1/2S 11
Q

Ee
D21G ,

I KS52 lnS Qmax

l D F 1

2b
lnS 11b

12b D21G1C, ~15!

with

C52 ln 2F 1

2b
lnS 11b

12b D21G111
1

4b
lnS 11b

12b D
3F21 lnS 12b2

4 D G1
1

b
@L~b!2L~2b!#

1
1

2bFLS 12b

2 D2LS 11b

2 D G , ~16!

whereL(z) is a Spence function

L~z!5E
0

z dt

t
ln~ u12tu!. ~17!

The integral inI 2 has to be done carefully because of t
apparent pole atQ50. In fact, there is no pole. For smallQ,
the integrand is expanded binomially and the 1/Q factor can-
celed.

B. Virtual radiative corrections

The virtual radiative corrections are those in which a ph
ton is exchanged between the electron and the hadr
charged particles. A loop integration over the photon m
mentum,k, is involved. Because of the need to isolate t
infrared singularity it is convenient to evaluate the correct
in two photon-energy regimes,k<M p and k@M p . In the
first case the approximation is made that theW-boson mass
is large, mW→`, and the interaction reduces to the fou
fermion contact interaction of the prestandard model days
this situation the loop integral is dominated by thek2→0
regime, so the photon coupling at the hadronic vertex is s
ply Dirac-like, the anomalous terms can be neglected.
loop integration, however, is ultraviolet divergent and so
form of cutoff at an energy of the order of the proton ma
has to be imposed. The virtual correction in this limit h
been evaluated by Berman and Sirlin@13#, Sirlin @14#, and by
Yahoo et al. @15# and we quote from the latter. If we writ
the T-matrix for the bare process asTf i

bare and theT-matrix
for the virtual correction asTf i

virtual , then the virtual radiative
correction is written

Tf i
bare1Tf i

virtual5Tf i
bareS 11

a

2p
gv~Ee! D , ~18!
-
ic
-

n

In

-
e

e
s

with

gv
low~Ee!53 lnS L

M p
D1

3

4
1A,

A5
1

2
b lnS 11b

12b D2112 lnS l

mD F 1

2b
lnS 11b

12b D21G
1

3

2
lnS M p

m D2
1

b F1

2
lnS 11b

12b D G2

1
1

b
LS 2b

11b D ,

~19!

whereb5pe /Ee andm is the electron mass. Note the pre
ence of the infrared divergence in ln(l) with a coefficient of
exactly the right magnitude and sign to cancel the cor
sponding term in the bremsstrahlung result, Eq.~15!. The
imposed cutoff is denotedL and is taken to be of the orde
of the nucleon mass.

In the high-energy regime,k@M p , the exchanged photon
is not aware of the hadronic structure, but rather the elec
magnetic coupling occurs at the quark level. The four r
evant graphs are given in Fig. 2, where particles 1 and 2
quarks and particles 3 and 4 are leptons. Because this is
charged-current weak interaction, we only display the qu
that changes flavor, the other quarks in the deuteron rem
ing spectators. In this limit, the approximation is made th
the momenta and masses of the external particles can be
to zero. Then the radiative correction is independent of e
tron energy:

gv
high,g58p2mW

2 $23I ~Q1Q31Q2Q4!

1 3
4 J~Q12Q2!~Q42Q3!%, ~20!

whereQ1 , Q2 , Q3, andQ4 are the charges of particles 1,
3, and 4, andmW theW-boson mass. The loop integral,I , is

I 5E d4k

~2p!4i

1

k2~k21M p
2!~k21mW

2 !

5
1

8p2

1

~mW
2 2M p

2!
lnS mW

M p
D→ 1

8p2

1

mW
2

lnS mW

M p
D , ~21!

where the nucleon mass term is included in the denomin
to regularize the integral. The other loop integral,J, is di-
vergent. The presence of a divergent integral is not a c
cern. The same graphs occur for muon decay, but in this c
the value of the graphs is incorporated into the definition

FIG. 2. Feynman diagrams for the exchange of virtual phot
~or Z-bosons! between quarks and leptons. Note there are no virt
photon ~or Z-boson! exchanges between particles 1 and 2, or b
tween 3 and 4. These exchanges~identically zero in the Landau
gauge! are part of the vertex definition and are not part of t
radiative correction.
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1292 PRC 58I. S. TOWNER
the weak coupling constant,G. Thus, we are only intereste
in radiative corrections that differ in the semileptonic a
purely leptonic sectors. The termJ is universal, identical for
both beta decay and muon decay, because its coefficien
pends only on (Q12Q2) and (Q42Q3), the charge differ-
ences at the vertices. The term inI , however, appears onl
for beta decay; it is zero for muon decay (Q150, Q2521,
Q3521, Q450). We evaluate this term by writingQ1

1Q252Q̄, Q12Q251, Q3521, andQ450, whereQ̄ is
the average charge of the quarks partaking in the cha
changing weak interaction. We obtain

gv
high,g53S Q̄1

1

2D lnS mW

M p
D . ~22!

To join the low-energy and high-energy regimes, it is a
sumed the ultraviolet cutoff in the low-energy regime can
set to the nucleon mass, the same mass that was used
high-energy regime to regularize the integral,I .

We next consider in the high-energy regime the excha
of Z-vector bosons according to the same graphs in Fig
with Z bosons replacing photons. Again the approximation
used that theZ boson is not aware of the hadronic structu
and couples directly with the quarks. Then the external m
menta and masses can be put to zero, and the radiative
rection becomes independent of electron energy. The re
is

gv
high,Z52

8p2mZ
2

s2 H F2
5

2
1

5

2
~Q12Q21Q42Q3!s2

1~4Q1Q314Q2Q42Q1Q42Q2Q3!s4G I
2@12~Q12Q21Q42Q3!s21~Q12Q2!

3~Q42Q3!s4#JJ , ~23!

wheres5sinuW andmZ theZ-boson mass. The loop integra
I , is

I 5E d4k

~2p!4i

1

k2~k21mW
2 !~k21mZ

2!

5
1

8p2

1

mZ
22mW

2
lnS mZ

mW
D , ~24!

while again the loop integral,J, is divergent. The coefficien
of J depends on constants or the charge differences at
vertices, (Q12Q2) and (Q42Q3), and so is universal. Con
sidering only terms that differ between semileptonic and l
tonic decays as contributing to the radiative correction,
obtain

gv
high,Z5s2

mZ
2

mZ
22mW

2
3S Q̄1

1

2D lnS mZ

mW
D53S Q̄1

1

2D lnS mZ

mW
D

~25!
e-

e-

-
e
the

e
2,
s

-
or-
ult

he

-
e

on puttingmW5mZcosuW. The complete virtual correction is
a sum of three terms:

gv~Ee!5gv
low~Ee!1gv

high,g1gv
high,Z

53S Q̄1
1

2D lnS mZ

M p
D1

3

4
1A. ~26!

Before continuing, it is essential to demonstrate that t
technique of handling the virtual corrections conforms to
more complete treatment given for the electron spectrum
nuclear beta decay discussed by Sirlin@18#. Thus we com-
pute the bremsstrahlung graph for beta decay and add
the virtual correctionsgv

low(Ee), gv
high,g , andgv

high,Z given in
Eqs. ~19!, ~22!, and~25!. We put the result in terms of Sir
lin’s function g(Ee ,E0) defined in Eq.~20b! of Ref. @14#,
and to avoid problems in notation we call itG(Ee ,E0) here.
The maximum electron energy in beta decay is writtenE0 .
After a little algebra we obtain for the radiative correction f
beta decay

gbeta~Ee ,E0!5gb
beta~Ee ,E0!1gv~Ee!

5
1

2
G~Ee ,E0!13S Q̄1

1

2D lnS mZ

M p
D

13lnS L

M p
D1

9

8
. ~27!

We compare this with the result obtained by Sirlin@18# of

gbeta~Ee ,E0!5
1

2
G~Ee ,E0!1

3

2
lnS mW

M p
D1

1

2
lnS mW

mA
D

1C22lnS mW

mZ
D1

1

2
Ag . ~28!

The first two terms are the universal photonic contributio
arising from the weak vector current, the third and fou
terms are the asymptotic and nonasymptotic photonic cor
tions induced by the weak axial-vector current, the fifth te
arises from theZ-boson exchange graphs, while the six
term is a small perturbative QCD correction estimated
Marciano and Sirlin@24# to beAg520.37. It is convenient
to gather the leading logarithms together and recast Eq.~28!
as

gbeta~Ee ,E0!5
1

2
G~Ee ,E0!12lnS mZ

M p
D

1
1

2
lnS M p

mA
D1C1

1

2
Ag

5
1

2
G~Ee ,E0!12lnS mZ

M p
D10.55. ~29!

In giving a numerical value to the last three terms we ha
taken mA51260 MeV, and C from the calculations of
Towner @25#, C50.881. This constant term is much small
than the first two terms. We can now compare this expr
sion from Sirlin@18#, Eq. ~29!, with our expression Eq.~27!.
We see there is accord in the leading two terms if the cu
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TABLE I. Values of the radiative correction, (a/p)g(Ee ,En), Eq. ~30! ~in percent units! as a function of
the neutrino energy,En , and electron recoil kinetic energy,Te .

Neutrino energy~MeV!

Te 7 8 9 10 11 12 13 14

5.00 1.38 2.50 3.13 3.60 4.01 4.38 4.73 5.08
5.50 21.17 1.88 2.68 3.21 3.65 4.03 4.39 4.72
6.00 0.98 2.17 2.81 3.29 3.69 4.06 4.39
6.50 21.70 1.53 2.37 2.92 3.35 3.73 4.08
7.00 0.61 1.86 2.52 3.01 3.41 3.77
7.50 22.19 1.22 2.08 2.64 3.09 3.46
8.00 0.28 1.57 2.25 2.75 3.15
8.50 22.63 0.93 1.82 2.39 2.84
9.00 20.03 1.31 2.01 2.51
9.50 23.04 0.66 1.57 2.16

10.00 20.32 1.06 1.77
10.50 23.41 0.40 1.34
11.00 20.59 0.83
11.50 23.76 0.16
12.00 20.85
12.50 24.09
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L is taken as the nucleon mass,M p ~as already chosen!, and
Q̄ is taken to beQ̄5 1

6 , the average charge of an up an
down quark~again as posited!. The expressions differ in the
small constant terms. We can therefore improve our estim
of the virtual radiative correction by adding the consta
1
2 ln(Mp /mA)1C11

2Ag29/8520.57.
The complete radiative correction for neutrino scatter

on deuterium for the CC reaction is the sum of the brem
strahlung, Eq.~15!, and virtual, Eq.~26!, corrections with the
additional small constant term just discussed

g~Ee ,En!5gb~Ee ,En!1gv~Ee!20.57. ~30!

In Table I we give values of (a/p)g(Ee ,En) for the case
when the bremsstrahlung photon has not been detected.
value of Qmax is set equal toy[D1En2Ee in Eq. ~15!.
Results are given for neutrino energies that span the8B solar
neutrino spectrum and for recoil electron kinetic energy,Te
5Ee2m, that exceed the likely detection threshold ofTmin
55 MeV. In these ranges the radiative correction is seen
vary from15% to24%, with the correction decreasing fo
increasingTe .

C. Radiative corrections in the NC reaction

For the neutral current, Eq.~1!, there are no bremsstrah
lung corrections from the leptons, while the bremsstrahlu
corrections from the hadrons will be neglected, consist
with the approximation made for the CC reaction. For t
virtual correction, there are no graphs with photon e
changes, since both leptons in the graph are the uncha
neutrinos. However, the four graphs in Fig. 2 can contrib
for Z-boson exchanges. We again evaluate these graph
the limit that theZ boson is not aware of the hadronic stru
ture and couples directly to the quarks. Then the mome
and masses of the external particles are put to zero.
unlike the case of virtual corrections in the CC reaction d
te
t

g
-

he

to

g
nt
e
-
ed
e
in

ta
t,

-

cussed in Sec. III B, these graphs are not completely in
pendent of the hadronic structure. This is because
Z-boson-hadron coupling is not simply proportional to
1g5). Rather, for the bare graph the hadron covariant is

Hm
bare5 i ū1gm~gV

~h!1gA
~h!g5!u2 , ~31!

with gV
(h)56124Q1sin2uW, gA

(h)561, the upper sign for
an up quark the lower sign for a down quark, while for t
radiative-correction graphs the hadron covariant has
Z-boson-hadron couplings plus an extrag5

2

Hm
rad-corr5 i ū1gmg5~gV

~h!1gA
~h!g5!2u2 . ~32!

The Hm
rad-corr therefore is not simply proportional toHm

bare as
was the case in the CC reaction. However, for the particu
case of neutrino absorption on deuterium, we assume
transition is from a3S state to a1S state, a pure Gamow
Teller transition. Thus in the hadron covariants, we ret
only the axial-vector pieces. If we defineHm

(A)5 i ū1gmg5u2

then the two hadron covariants,

Hm
bare→gA

~h!Hm
~A! ,

Hm
rad -corr→~gV

~h!21gA
~h!2!Hm

~A! , ~33!

are simply proportional to each other and the dependenc
hadronic structure for the radiative correction is just limit
to ratios of coupling constants. Then we can proceed as w
the CC reaction. TheT-matrix element for the bare reactio
is

2The extrag5 comes from the replacement of a product of thr
gamma matrices by the product of one gamma matrix andg5 .
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Tf i
bare52

G

2A2
gA

~h!H ~A!
•L, ~34!

where the lepton covariant for neutrinos is as before:Lm

5 i ū3gm(11g5)u4 . The radiative-correctionT-matrix ele-
ment,Tf i

rad-corr, is proportional toTf i
bare, and their ratio defines

the radiative correction,gv
NC:

Tf i
bare1Tf i

rad-corr5Tf i
bareS 11

a

2p
gv

NCD . ~35!

Note that in the approximation of the high-energy regim
gv

NC is independent of lepton energies. The result is

gv
NC52

3

4c2s2

~gV
~h!21gA

~h!2!

gA
~h!

8p2mZ
2I , ~36!

wherec25cos2 uW ands25sin2 uW. The loop integral,I , is
defined as

I 5E d4k

~2p!4i

1

~k21M p
2!~k21mZ

2!2

5
1

8p2

1

~mZ
22M p

2!
F1

2
~mZ

22M p
2!2M p

2lnS mZ

M p
D G

→
1

16p2

1

mZ
2

. ~37!

The nucleon mass has again been used to regularize th
tegral. It remains to decide how to choose the coupling c
stantsgV

(h) and gA
(h) for the case of neutrino absorption o

deuterium. We will make the very naive assumption that
radiative correction in deuterium is simply three times t
sum of the radiative corrections for an up quark and a do
quark evaluated from Eq.~36!. The result is

gv
NC53S 12

s2

c2D , ~38!

which provides a correction of about10.4% for the NC
reaction rate.

There are a further set of graphs that could contribute
the radiative correction of a neutral current reaction, sho
in Fig. 3. The first two show lepton intermediate states a
are considered electroweak corrections, while the third
quark intermediate states and are QCD corrections. Th
graphs give the principal NC radiative correction in neutrin
electron scattering@23#. However, we notice that in eac

FIG. 3. Other possible radiative corrections for the NC neutri
hadron scattering, but which give zero contribution for pu
Gamow-Teller Transitions.
,

in-
-

e

n

o
n
d
s

se
-

case the coupling at the hadron vertex is with a photon
so is of purely vector character. As we have already d
cussed, for the deuteron situation we require axial-vec
coupling at the hadron vertex. Therefore none of the
graphs will lead to a radiative correction for a pure Gamo
Teller transition.

D. Bremsstrahlung photon detected

For the SNO detector the real bremsstrahlung pho
emitted in the CC reaction,ne1d→p1p1e21g, will, in
principle, be detected. So the procedure outlined in Sec. I
for obtaining the radiative correction by integrating over t
photon energy cannot be followed. Suppose that SNO
detect photons of energy greater than some threshold, sav,
and thatv is less than or equal to the threshold for t
detection of the recoil electrons,v<Tmin . Further, for sim-
plicity of the following analysis, we will assume that photon
and electrons are detected with equal efficiency and that
the sum of the energy deposited by the photons and elect
that is observed in the SNO detector.

Then, starting from Eq.~10!, we change variables from
dEedQ to dXdE, whereX is the sumEe1Q and E5Ee ,
and integrate overE from m to X to obtain the differential
cross section as a function ofX

dsCC
g

dX
5

1

16p5Em

X

dE
b~E!E2~X2E!

64MdEnE1E2E

3M p@M p~D1En2X!#1/2E
21

11

dxTg, ~39!

where Tg is given in Eq.~11!, and b(E)5@12m2/E2#1/2.
For the bare reaction without photon emission, Eq.~7!, the
differential cross section is

dsCC

dX
5

G2

4p3
Vud

2 gA
2M p@M p~D1En2X!#1/2b~X!X2uI u2,

~40!

where the electron energy has been set toX, the total energy
deposited in the absence of a photon. The radiative cor
tion is then defined to be

dsCC

dX
1

dsCC
g

dX
5

dsCC

dX S 11
a

p
gb~X! D ~41!

and

gb~X!5
2

b~X!X
F~X!lnS X2m

l D
2

2

b~X!XEm

X

dE
F~X!2F~E!

X2E
1

1

2

~XJ12J2!

b~X!X2
,

~42!

where

J15E
m

X

dE lnS 11b

12b D ,

-
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J25E
m

X

dEE lnS 11b

12b D , ~43!

F~E!5bEF 1

2b
lnS 11b

12b D21G .
Note the integrals overdE anddx are handled delicately to
isolate the logarithmic pole inl, the photon mass. To thi
expression we add the radiative correction from the virt
graphs, Eq.~26!, which remain unchanged except that t
variableEe is now replaced byX. The logarithmic singular-
ity in l is exactly cancelled in the sumgb(X)1gv(X).

Note, also, the radiative correction no longer depends
plicitly on the neutrino energy. The only dependence onEn

in the bremsstrahlung differential cross section, Eq.~10!, oc-
curred in the factor (D1En2Ee2Ek)

1/2. For the bare reac
tion without photon emission, Eq.~7!, the factor is (D1En

2Ee)
1/2. It is the ratio of these two factors that provides t

neutrino-energy dependence to the radiative correct
However, when the photon is detected with equal efficien
with the electron such that only the total energy deposite
the detector is recorded, then the factor from the bremsst
lung differential cross section, Eq.~39!, is (D1En2X)1/2,
while the factor in the bare cross section, Eq.~40!, is also
(D1En2X)1/2, because in the latter case the total ene
deposited in the detector,X, is equal toEe . So the explicit
dependence onEn drops out in the ratio.

In Table II we give values of (a/p)g(X), where

g~X!5gb~X!1gv~X!, ~44!

for the case where the bremsstrahlung photon has been
tected with equal efficiency with the recoil electrons for
range of energies betweenTmin1m<X<D1En

max. The ra-
diative correction is very nearly constant at around 4.4%
increases only slightly with increasing energy,X, by
10.08% per MeV. A constant radiative correction will ha
no effect on the SNO observables^Te& and^Te

2&, but gives a
constant shift to the ratio,NCC/NNC, the number of charged
current to neutral-current counts.

IV. RESULTS AND DISCUSSION

The SNO experiment@1# will observe the charged-curren
neutrino-deuterium reaction, Eq.~2!, by measuring the Cer
enkov light emitted by the recoiling electron. The electr
kinetic energy,Te , is distributed between 0 andD1En

2m, whereEn is the neutrino energy,D is the mass differ-
enceMd22M p520.891 MeV, andm is the electron mass
The threshold for electron detection has been set atTmin55
MeV, below which the signal-to-noise ratio is likely to b
poor. In observing the Cerenkov light, the distribution of t
measured recoil kinetic energy,Te , around the true kinetic

TABLE II. Values of the radiative correction, (a/p)g(X), Eq.
~44! ~in percent units! as a function ofX, whereX is the sum of the
electron and photon energies.

X5 7 8 9 10 11 12 13 14

4.14 4.23 4.31 4.39 4.47 4.55 4.62 4.6
l

x-

n.
y
in
h-

y

de-

It

energy,Te8 , can be described by a resolution function of t
form @2,3#

R~T,T8!5
1

DT8~2p!1/2
expF2

~T82T1d!2

2DT8
2 G . ~45!

The bias termd accounts for a possible uncertainty in th
absolute energy calibration and the energy dependent w
DT8 , scales asAT8 due to photon statistics

DT85D10AT8/~10 MeV!, ~46!

where D10 is the energy resolution width at 10 MeV. Fo
SNO, the parameters have been set atD1051.160.11 MeV
andd56100 keV.

The three SNO observables are^Te&, ^Te
2& or its variance

s0
2 , and the ratioNCC/NNC. These quantities are defined a

^Te&5
1

NCC
E

Tmin

dTeTeE dEnl~En!Pee~En!

3E dTe8R~Te ,Te8!
dsCC

dTe8
~En!,

^Te
2&5

1

NCC
E

Tmin

dTeTe
2E dEnl~En!Pee~En!

3E dTe8R~Te ,Te8!
dsCC

dTe8
~En!,

s0
25^Te

2&2^Te&
2, ~47!

NCC5E
Tmin

dTeE dEnl~En!Pee~En!

3E dTe8R~Te ,Te8!
dsCC

dTe8
~En!,

NNC5E dEnl~En!sNC~En!,

where l(En) is the spectrum of8B solar neutrinos, and
Pee(En) is the survival probability that electron neutrino
prepared in the sun remain as electron neutrinos when
tected on earth. The above integrands should also inc
detector efficiencies,eCC(Te8) and eNC(En). If the efficien-
cies are assumed to be energy independent, then the
mentŝ Te& and^Te

2&, are independent ofeCC, while the ratio
of CC to NC events,NCC/NNC, will scale as the ratio of
efficiencies. The8B neutrino spectrum we take from Bahca
et al. @26# and the neutrino survival probabilities from Bah
call and Krastev @27#, who have given the following
neutrino-oscillation solutions: a purely vacuum oscillati
~VAC! solution with neutrino mass-mixing parametersDm2

and sin2 2u given by 6.0310211 eV2 and 0.96, and two
~best-fit! Mikheyev-Smirnov-Wolfenstein~MSW! solutions
at small and large mixing angle~SMA and LMA! with pa-
rameters (Dm2,sin22u) given by (5.431026 eV2, 7.9
31023) and (1.731025 eV2, 0.69!, respectively.
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For the standard~STD! case with no neutrino oscillations
Pee51, Bahcall et al. @2,3# have calculated the following
values for the SNO observables:

^Te&57.65860.070 MeV,

s0
253.0460.15 MeV2, ~48!

NCC/NNC51.88260.079,

where the 1s errors are due to~a! statistics of 5000 CC
events and 1354 NC events,~b! uncertainty in the neutrino
deuterium cross-sections,~c! uncertainty in the8B neutrino
spectrum,~d! energy resolution, and~e! the absolute energy
calibration. If SNO performs as expected, the measurem
of ^Te& should distinguish a VAC solution from the no
oscillation~STD! solution and possibly resolve the SMA s
lution; while in the NCC/NNC measurement all thre
neutrino-oscillation solutions are well resolved from the ST
situation.

The question to be answered here is: How much are th
expectations modified when radiative corrections in
neutrino-deuterium cross sections are included? We cons
two extremes: the case when the bremsstrahlung photon
not detected at all, and the case when the bremsstrah
photons are detected with equal efficiency to the recoil e
trons. In the first case, the integrands in Eq.~47! for the CC
reaction are multiplied by the function 11(a/p)g(Ee ,En),
whereg(Ee ,En) is the sum of the bremsstrahlung and virtu
corrections, Eq.~30!. In the second case, we consider t
measured Cerenkov light in SNO to be a measure of the t
energy deposited by recoil electrons and bremsstrah
photons, and multiply the integrands for the CC reaction
11(a/p)g(X), whereg(X) is defined in Eq.~44! andX is
the total energy recorded by the Cerenkov detectors. In b
cases, the NC cross section is multiplied by a constan
1(a/p)gv

NC, with gv
NC given by Eq.~38!.

In Table III we show the results of the changes to t
SNO observables by the inclusion of radiative correctio
When the bremsstrahlung photons are not detected the
observables are shifted:^Te& by 20.14%, s0

2 by 20.32%,
andNCC/NNC by 10.5%, while when bremsstrahlung ph
tons are detected, the shifts become^Te& by 10.03%,s0

2 by
10.04%, andNCC/NNC by 13.7%. Only for theNCC/NNC
observable in the case when the photons are detected
these shifts comparable to one standard deviation, where
nt

se
e
er

are
ng
c-

l

al
g

y

th
1

.
O

are
ne

standard deviation is considered to be the 1s error given in
Eq. ~48!.

In summary, radiative corrections in neutrino-deuteriu
scattering have only a small impact on the observables lik
to be measured in SNO. Thus, the anticipated discrimina
ability of SNO to uncover new physics is not compromis
by our considerations here. Nevertheless it might be inter
ing for SNO in reaching its primary objective of measurin
NCC/NNC to investigate its ability to detect the intern
bremsstrahlung photons and with what efficiency as t
could have some impact on the neutrino-oscillation para
eters that might be deduced from this SNO observable.
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TABLE III. Values of the SNO observables,̂Te&, s0
2,

NCC/NNC , for four different neutrino-oscillation scenarios, STD
SMA, LMA, VAC, with and without radiative corrections.

With radiative corrections

No
radiative

corrrections
Photon

undetected
Photon
detected

^Te& 7.658 7.648 7.660
STD s0

2 3.04 3.03 3.05
NCC/NNC 1.882 1.891 1.952

^Te& 7.875 7.864 7.877
SMA s0

2 3.17 3.16 3.17
NCC/NNC 0.639 0.642 0.663

^Te& 7.654 7.644 7.656
LMA s0

2 3.04 3.03 3.05
NCC/NNC 0.422 0.424 0.437

^Te& 8.361 8.349 8.363
VAC s0

2 3.24 3.23 3.24
NCC/NNC 0.411 0.413 0.427
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