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Chemical potential dependence ofp and r properties

P. Maris,1 C. D. Roberts,1 and S. Schmidt2

1Physics Division, Building 203, Argonne National Laboratory, Argonne, Illinois 60439-4843
2Fachbereich Physik, Universita¨t Rostock, D-18051 Rostock, Germany

~Received 28 January 1998!

Using a confining, Dyson-Schwinger equation model of QCD at finite temperature (T) and chemical poten-

tial ~m!, we study the behavior of̂q̄q&, mp , f p and the masses of ther- andf-mesons. For each of these

quantities there is a necessary anticorrelation between its response toT and its response tom. (2^q̄q&) and f p

decrease withT and increase withm; mp is almost insensitive toT and m until very near the border of the
confinement domain; the mass of the longitudinal component of the vector mesons increases withT and
decreases withm. At T50, the r-meson mass is reduced by approximately 15% at nuclear matter density.
These results are a consequence of the necessary momentum-dependence of the dressed-quark self-energy.
@S0556-2813~98!51006-0#

PACS number~s!: 11.10.Wx, 12.38.Mh, 24.85.1p, 11.10.St
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High-energy heavy-ion (A-A) experiments, which pro-
duce systems with large baryon density, are an impor
preliminary step in the search for a quark-gluon plasma.
outcome of these experiments is the observation that
dilepton yield in the region below ther-resonance is ap
proximately five-times greater than that seen in proton
duced (p-A) reactions@1#. One model calculation@2# shows
that this enhancement can be explained by a medi
induced reduction of ther-meson’s mass, another@3# that it
follows from an increase in ther-meson’s width. A decreas
in ther-meson’s mass is consistent with the QCD sum ru
analysis of Ref.@4#, but inconsistent with that of Ref.@5#,
which employs a more complex phenomenological model
the in-medium spectral density used in matching the t
sides of the sum rule. In Ref.@5# there is no shift in the
r-meson mass, but a significant increase in its width. T
consistency between Refs.@3# and @5# is not surprising,
since, in contrast to Ref.@4#, they both rely heavily on effec
tive Lagrangians with elementary hadron degrees
freedom. Herein, using a simple, Dyson-Schwinger equa
~DSE! model of QCD, we reconsider the response of
r-meson’s mass to increasing baryon density. In focusing
dressed-quark and -gluon degrees of freedom, our study
similarities to that of Ref.@4#.

DSE’s provide a nonperturbative, continuum framewo
for analyzing quantum field theories. While they have be
used extensively atT505m in the study of dynamical chira
symmetry breaking~DCSB! and confinement@6#, and the
calculation of hadronic observables@7#, their application at
finite T andm, though straightforward, is in its infancy.

We begin with the specification of a model dressed-glu
propagator

g2Dmn~pW ,Vk!5S dmn2
pmpn

upW u21Vk
2D2p3

h2

T
dk0d3~pW !,

~1!

where (pm) :5(pW ,Vk), Vk52kpT is the boson Matsubar
frequency andh is a mass-scale parameter. Equation~1! is
an extension to finite-T of the model forDmn introduced in
Ref. @8#. It has the feature that the infrared enhancemen
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the dressed-gluon propagator suggested by the DSE stu
of Refs. @9# is manifest. However, it represents poorly th
behavior ofDmn(pW ,Vk) away fromupW u21Vk

2'0. Neverthe-
less, this limitation leads only to easily identifiable artefa
and hence does not preclude the judicious use of the mo
Another feature of Eq.~1! is that it specifies a model with th
merit of simplicity: it provides for the reduction of integra
DSEs @e.g., the gap equation and Bethe-Salpeter equat
~BSE’s!# to algebraic equations, which facilitates the elu
dation of many of the qualitative features of more sophis
cated models.

Using Eq.~1! and the rainbow-truncation for the dresse
quark-gluon vertex:Gm

a (k,p)5 1
2 lagm , the DSE for the

dressed-quark propagator in our model for QCD at finiteT
andm (QCDT

m) is @10#

S21~pW ,vk!5S0
21~pW ,vk!1 1

4 h2gnS~pW ,vk!gn , ~2!

where S0
21(pW ,vk) :5 igW •pW 1 ig4vk11m, with vk15vk

1 im, vk5(2k11)pT is the fermion Matsubara frequenc
and m is the chemical potential, andm is the current-quark
mass.~In our Euclidean formulation,$gm ,gn%52dmn with
gm

† 5gm .! The solution of Eq.~2! has the general form

S~ p̃k!5
1

igW •pW A~ p̃k!1 ig4vk1C~ p̃k!1B~ p̃k!
, ~3!

52 igW •pW sA~ p̃k!2 ig4vk1sC~ p̃k!1sB~ p̃k!,
~4!

wherep̃k :5(pW ,vk1), and Eq.~2! entails that the scalar func
tions introduced in Eq.~3! satisfy

h2m25B41mB31~4p̃k
22h22m2!B2

2m~2h21m214p̃k
2!B, ~5!

A~ p̃k!5C~ p̃k!5
2B~ p̃k!

m1B~ p̃k!
. ~6!
R2821 © 1998 The American Physical Society
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In the chiral limit (m50) the character of the solution of Eq
~2! is transparent. There are two qualitatively distinct so
tions. The ‘‘Nambu-Goldstone’’ solution, for which

B0~ p̃k!5H Ah224p̃k
2, Re~ p̃k

2!,
h2

4
,

0, otherwise,

~7!

C0~ p̃k!5H 2, Re~ p̃k
2!,

h2

4
,

1
2 ~11A11 2h2/ p̃k

2!, otherwise,

~8!

describes a phase of this model in which:~1! chiral symme-
try is dynamically broken because one has a nonzero q
mass-function;B( p̃k), in the absence of a current-qua
mass, and~2! the dressed-quarks are confined because
propagator prescribed by these functions does not hav
Lehmann representation. The alternative ‘‘Wigner’’ solutio
for which

B̂0~ p̃k![0, Ĉ0~ p̃k!5 1
2 ~11A11 2h2/ p̃k

2!, ~9!

describes a phase of the model in which chiral symmetr
not broken and the dressed-quarks are not confined.

With these two phases, characterized by qualitatively
ferent, momentum-dependent modifications of the qu
propagator, this model of QCDT

m can be used to explore s
multaneously both chiral symmetry restoration and dec
finement. That and the calculation of its equilibrium therm
dynamic properties are the subject of Ref.@11#. The model
exhibits coincident, first-order deconfinement and ch
symmetry restoration for allmÞ0, but the coincident transi
tions are second order form50. The extreme points on th
phase boundary are~T50, m'0.28h! and ~T'0.16h, m
50!.

The vacuum quark condensate is proportional to the
trix trace of the chiral-limit dressed-quark propagator. Us
Eqs. ~3!, ~7!, and ~8!, we obtain the following expression
valid in the domain of confinement and DCSB:

2^q̄q&5h3
8Nc

p2 T̄(
l 50

l max E
0

L̄ l
dyy2 Re~A1

4 2y22v̄ l 1
2 !,

~10!

with: T̄5T/h, m̄5m/h, v̄ l 15v l 1 /h, and v̄ l max

2 <1
41m̄2,

L̄ l
25 1

4 1m̄22v̄ l
2 . For T505m, (2^q̄q&)5h3/(80p2)

5(0.11h)3. In Fig. 1 we see that (2^q̄q&) decreases withT,
but increaseswith increasingm, up to a critical value of
mc(T), when it drops discontinuously to zero.1 The increase
of (2^q̄q&) with m must be expected in the confineme
domain because confinement entails that each additi

1These results are in qualitative and semiquantitative agreem
with ~T50, mÞ0! @12# and ~TÞ0, m50! @13# studies of a more
sophisticated model that better represents the behavior ofDmn in the
ultraviolet. Them-dependence is also qualitatively identical to th
observed in a random matrix theory with the global symmetries
the QCD partition function@14#.
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quark must be locally paired with an antiquark, thereby
creasing the density of condensate pairs. This vacuum r
rangement is manifest in the behavior of the necessa
momentum-dependent scalar part of the quark self-ene
B( p̃k).

Our primary interests are the bound state properties op-
andr-mesons. Thep has been much studied and it follow
@15# from the axial-vector Ward-Takahashi identity tha
writing the p Bethe-Salpeter amplitude as

Gp~p;P!5 ig5B0~p2!, ~11!

one can obtain a reliable approximation in the calculation
thosep observables for which the dominant, intrinsic m
mentum scale is less than 10 GeV2. Using Eq. ~11! then
@12,13# in the domain of confinement and DCSB

f p
2 mp

2 5^mq̄q&p , ~12!

^mq̄q&p5h4
8Nc

p2 T̄(
l 50

l max E
0

L̄ l
dyy2

3Re$B̄0~ s̄B0
2B̄0@v̄ l 1

2 s̄C
2 1y2s̄A

21s̄B
2 # !%,

~13!

whereupW u5hy andB0( p̃l) :5hB̄0(hyW ,hv̄ l), etc. The right-
hand side of Eq.~13! is zero form50 and increases linearly
with m, for small-m. In Eq. ~12! the canonical normalization
constant for thep Bethe-Salpeter amplitude is

f p
2 5h2

2Nc

p2 T̄(
l 50

l max E
0

L̄ l
dyy2

3Re†B̄0
2
„s̄A

222@v̄ l 1
2 s̄Cs̄C8 1y2s̄As̄A81s̄Bs̄B8 #

2 4
3 y2$@v̄ l 1

2
„s̄Cs̄C9 2~ s̄C8 !2

…1y2
„s̄As̄A92~ s̄A8 !2

…

1s̄Bs̄B92~ s̄B8 !2#%…], ~14!

with s̄8:5]s(y,v̄ l 1)/]y, which provides a quantitatively
accurate approximation to the leptonic decay constant.2

In the chiral limit, we have from Eqs.~6!–~8! that

s̄B0
5B0 , s̄B0

8 52
2

B0
, s̄B0

9 52
4

B0
3 , ~15!

s̄C5C5s̄A ands̄C8 505s̄A8 . The simplicity of the model is
again manifest in these identities, which yield

f p
2 5h2

16Nc

p2 T̄(
l 50

l max L̄ l
3

3
~114m̄224v̄ l

22 8
5 L̄ l

2!. ~16!

nt

t
f

2The relation between the normalization of thep Bethe-Salpeter
amplitude and the leptonic decay constant is discussed in Ref.@15#.
The demonstration@16# that Eq.~14! provides an accurate estima
of the p decay constant when using Eq.~11! is an antecedent to
Ref. @15#.
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Characteristic in Eq.~16! is the combinationm22v l
2 , which

entails that, whatever changef p undergoes asT is increased,
the oppositeoccurs asm is increased. Without calculation
Eq. ~16! indicates thatf p will decreasewith T and increase
with m, and this provides a simple elucidation of the calc
lated results in Refs.@12, 13#. Figure 2 illustrates this behav
ior for mÞ0.

In Fig. 2 we also plotmp , from Eq.~12!. It is insensitive
to changes inm and only increases slowly withT, until T is
very near the critical temperature. This insensitivity is t

result of mutually canceling increases in^mq̄q&p and f p ,
and is a feature of studies that preserve the moment
dependence of the confined, dressed-quark degrees of
dom in meson bound states.

With h51.37 GeV andm530 MeV, one obtainsf p

592 MeV andmp5140 MeV atT505m. That large val-
ues ofh andm are required is a quantitative consequence
the inadequacy of Eq.~1! in the ultraviolet: the large-p2 be-
havior of the scalar part of the dressed-quark self-energ
incorrect. This defect is remedied easily@15# without quali-
tative changes to the results presented here@17#.

With the vector Ward identity unable to assist with a si
nificant simplification of the bound state problem,r-meson
properties are more difficult to study: one must solve direc
the vector-meson Bethe-Salpeter equation. The ladder t
cation of the kernel in the inhomogeneous axial-vector v
tex equation and the rainbow truncation of the quark D
form an axial-vector Ward-Takahashi identity preservi
pair @10#. It follows that the ladder BSE is accurate fo
flavor-nonsinglet pseudoscalar and vector bound state
equal-mass quarks because of a cancellation in these c
nels between diagrams of higher order in the skeleton exp
sion of which this pair of truncations is the lowest ord
term.

FIG. 1. The quark condensate, Eq.~10!, as a function ofm for a
range of values ofT. In all existing studies, in which the quar
mass function has a realistic momentum dependence, it incre
with m and decreases withT. At the critical chemical potential,

mc(T), (2^q̄q&) drops discontinuously to zero, as expected o
first-order transition. Form50 it falls continuously to zero, exhib-
iting a second-order transition atTc(m50)50.16h.
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A ladder BSE using theT50 limit of Eq. ~1! was intro-
duced in Ref.@8#. It has one notable pathology: the boun
state mass is determined only upon the additional specifi
tion that the constituents have zero relative momentum. T
specification leads to a conflict with the axial-vector War
Takahashi identity, which relates the momentum depende
of the p Bethe-Salpeter amplitude to the functions in t
quark propagator@15#. We find this to be an artifact o
implementing the delta-function limit discontinuously; i.e
the identities@15# between the scalar functions in thep
Bethe-Salpeter amplitude, andA(p2) andB(p2) are manifest
for any finite-width representation of the delta-function,
this width is reduced continuously to zero. In other respe
this ladder BSE provides a useful qualitative and semiqu
titative tool for analyzing features of the pseudoscalar a
vector meson masses. For example, Goldstone’s theore
manifest, in that thep is massless in the chiral limit, and als
mp

2 rises linearly with the current-quark mass. Further, th
is a naturally large splitting betweenmp and mr , which
decreases slowly with the current-quark mass.

To illustrate this and determine the response ofmr to
increasingT and m, we generalize the BSE of Ref.@8# to
finite-(T,m) as

GM~ p̃k ; P̌l !

52
h2

4
Re$gmS~ p̃k1 1

2 P̌l !GM~ p̃k ; P̌l !S~ p̃k2 1
2 P̌l !gm%,

~17!

where P̌l :5(PW ,V l ). The bound state mass is obtained
consideringP̌l 50 and, in ladder truncation, ther- and v-
mesons are degenerate.

As a test we first consider thep equation, which admits
the solution

es

FIG. 2. The pion mass, Eq.~12!, and weak decay constant, Eq
~14!, as a function ofm for a range of values ofT. mp falls slowly
and uniformly with m @mp(T50,mc)50.95mp(T50,m50)#, but
increases withT. Such a decrease is imperceptible if the ordina
has the range in Fig. 3.f p increases withm and decreases withT
@ f p(T50,mc)51.51f p(T50,m50)#.
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Gp~ P̌0!5g5~ iu11gW •PW u2! ~18!

and yields the mass plotted in Fig. 3. The mass behave
qualitatively the same manner asmp in Fig. 2, from Eq.~12!,
as required if Eq.~17! is to provide a reliable guide. In par
ticular, it vanishes in the chiral limit.

In the case of ther-meson there are two componen
longitudinal and transverse toPW . The BSE has a solution o
the form
ne

It
an
g

ira

ha

3.

m
o
e

e

in
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e

in Gr5H g4ur1

S gW 2
1

uPW u2
PW gW •PW D ur2

, ~19!

where ur1 labels the longitudinal andur2 the transverse
solution. The eigenvalue equation obtained from Eq.~17! for
the bound state mass,M r6 , is
h2

2
Re$sS~v01

2 2 1
4 M r6

2 !22@6v01
2 2 1

4 M r6
2 #sV~v01

2 2 1
4 M r6

2 !2%51. ~20!
r

on
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dge
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The equation for the transverse component is obtai
with @2v01

2 2 1
4 M r2

2 # in Eq. ~20!. Using the chiral-limit
identities, Eq.~15!, one obtains immediately that

M r2
2 5 1

2 h2, independentof T and m. ~21!

This is theT505m result of Ref.@8#. Even for nonzero
current-quark mass,M r2 changes by less than 1% asT and
m are increased from zero toward their critical values.
insensitivity is consistent with the absence of a const
mass-shift in the transverse polarization tensor for a gau
boson.

For the longitudinal component, one obtains in the ch
limit:

M r1
2 5 1

2 h224~m22p2T2!. ~22!

The characteristic combination@m22p2T2# again indicates
the anticorrelation between the response ofM r1 to T and its
response tom, and, like a gauge-boson Debye mass, t
M r1

2 rises linearly withT2 for m50. ThemÞ0 solution of
Eq. ~20! for the longitudinal component is plotted in Fig.
As signaled by Eq.~22!, M r1 increaseswith increasingT
anddecreasesasm increases.3

We have stated that contributions from skeleton diagra
not included in the ladder truncation of the vector mes
BSE do not alter the calculated mass significantly becaus
cancellations between these higher order terms@10#. This is
illustrated explicitly in two calculations: Ref.@18#, which
shows that ther→pp→r contribution to the real part of the
r self-energy; i.e., thep-p induced mass-shift, is only
23%; and Ref.@19#, which shows, for example, that th
contribution to thev-meson mass of thev→3p-loop is neg-
ligible. Therefore, ignoring such contributions does not
troduce uncertainty into estimates of the vector meson m
based on Eq.~17!.

3There is a 25% difference between the value ofh required to
obtain theT505m values ofmp and f p , from Eqs.~13! and~14!,
and that required to giveM r650.77 GeV. This is a measure of th
quantitative accuracy of our algebraic model.
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Equation~20! can also be applied to thef-meson. The
transverse component is insensitive toT andm, and the be-
havior of the longitudinal mass,Mf1 , is qualitatively the
same as that of ther-meson: it increases withT and de-
creases withm. Using h51.06 GeV, the model yields
Mf651.02 GeV forms5180 MeV atT505m.

In a 2-flavor, free-quark gas atT50, the baryon number
density isrB52m3/(3p2), by which gauge nuclear matte
density,r050.16 fm23, corresponds tom5m0 :5260 MeV
50.245h. At this chemical potential our model yields

M r1~m0!'0.75M r1~m50!, ~23!

Mf1~m0!'0.85Mf1~m50!. ~24!

The study of Ref.@12# indicates that a better representati
of the ultraviolet behavior of the dressed-gluon propaga
expands the horizontal scale in Fig. 3, with the critic
chemical potential increased by 25%. Based on this we ju
that a more realistic estimate is obtained by evaluating
mass atm0850.20h, which yields

M r1~m08!'0.85M r1~m50!, ~25!

Mf1~m08!'0.90Mf1~m50!, ~26!

a small, quantitative modification. The difference betwe
Eqs.~23! and~25!, and that between Eqs.~24! and~26!, is a
measure of the theoretical uncertainty in our estimates
each case. This reduction in the vector meson masse
quantitatively consistent with that calculated in Ref.@4# and
conjectured in Ref.@20#. At the critical chemical potential for
T50, M r1'0.65M r1(m50) and Mf1'0.80Mf1(m
50).

We have analyzed a simple, DSE model of QCDT
m that

preserves the momentum-dependence of gluon and q
dressing, which is an important qualitative feature of mo
sophisticated studies. The simplicity of the model means
many of its consequences can be demonstrated algebraic
For example, it elucidates the origin of an anticorrelatio
found for a range of quantities, between their response
increasingT and that to increasingm, discovered in contrast
ing the studies in Refs.@12# and @13#.
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We find that both (2^q̄q)& and f p decrease withT and
increase withm, and this ensures thatmp is insensitive to
increasingm and/orT until very near the edge of the doma
of confinement and DCSB. The mass of the transverse c
ponent of the vector meson is insensitive toT andm, while
the mass of the longitudinal component increases with

FIG. 3. M r1 and mp as a function ofm̄ for T̄50,0.1. On the
scale of this figure,mp is insensitive to this variation ofT. The
current-quark mass ism50.011h, which for h51.06 GeV yields
M r15770 MeV andmp5140 MeV atT505m.
op

h

,

-

-

creasingT, but decreases with increasingm. This behavior is
opposite to that observed for (2^q̄q)& and f p , and hence the
scaling law conjectured in Ref.@20# is inconsistent with our
calculation, as it is with others of this type.

Our study has two primary limitations. First, we cann
calculate the width of the vector mesons in this model
cause the solution of Eq.~17! does not provide a realistic
Bethe-Salpeter amplitude. We are currently working to ov
come this limitation. Second, the reliable calculation
meson-photon observables atT505m only became possible
with the determination@21# of the form of the dressed-quark
photon vertex. The generalization of this vertex to nonzerT
andm is a necessary precursor to the study of these proce
at TÞ0Þm.
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