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Alignment and pseudospin symmetry
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Pseudospin symmetry has been invoked as a possible explanation for the ‘‘quantized alignment’’ observed
in some superdeformed ‘‘identical’’ bands. The clearest case involves the 1/2@301# orbital ~a pseudospin
singlet,L̃50!, where pseudospin alignment provides an explanation for some identical bands in the mass-150
region. Pseudospin doublets (V5L̃61/2) can also generate quantized alignments and such an explanation,
with L̃51, has recently been proposed for the band in191Au identical to 192Hg. The present work examines
whether the data on the normally deformed nuclei support such an interpretation and concludes that pseudospin
alignment is plausible for states withL̃50 or 1. @S0556-2813~98!50504-3#

PACS number~s!: 21.10.Pc, 21.60.Fw, 23.20.Lv, 27.70.1q
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The concept of pseudospin symmetry@1,2# has proved
useful in describing the ‘‘normal parity’’ states of nuclei. I
this scheme the total angular momentumj of a particle is
unchanged, but is decomposed into pseudo-orbital
pseudo-~intrinsic! spin components, which are related to t
normal ones byl̃ 5 l 61 ands̃52s. Perhaps the most strik
ing success of the pseudospin scheme is the explanatio
closely spaced doublets that occur in nuclear energy le
and are particularly apparent on any~Nilsson-type! plot of
calculated level energies. In the spherical limit, these d
blets have quantum numbers:j 15 l 111/2, j 25 l 221/25 j 1

11, and l 25 l 112 ~e.g., $s1/2,d3/2% or $ f 7/2,h9/2%!. In the
pseudospin scheme these become just the pseudo spin
partners:j 5 l̃ 61/2, wherel̃ 5 l 111 ~p̃1/2,3/2 or g̃7/2,9/2 in the
above examples!. With deformation, doublets persist wit
quantum numbers,V5L̃61/2. It is the very weak pseud
spin-orbit coupling that provides the natural explanation
these doublets; however, it is not yet clear why this coupl
is so weak. A deeper understanding of this phenomenon
topic of considerable current interest; see, for example,
recent discussion by Ginocchio@3#. The implications of
pseudospin for~quasi!particle motion in rotating nuclear po
tentials were discussed by Bohret al. @4# and the alignment
of pseudospin~due to the weak spin-orbit interaction! has
subsequently been invoked as a possible explanation fo
‘‘quantized alignment’’ observed in superdeformed ‘‘iden
cal’’ bands@5,6#. The present note examines some aspect
such an explanation.

The term ‘‘identical band’’ has been used in several d
ferent ways. Some have applied it to pairs of bands hav
the same dynamical moments of inertia~i.e., the samesepa-
ration between gamma-ray energies! while others have re-
stricted its use to pairs of bands having the same ac
gamma-ray energies. The latter definition is considera
more restrictive and implies that the aligned spin, or alig
ment, is integer~including zero! between pairs of bands i
nuclei of the same type~both even mass or both odd mas!
and half integer between bands in nuclei of different typ
The aligned spin in this context is just the difference in s
570556-2813/98/57~4!/1565~4!/$15.00
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between the two bands at the same rotational frequency,
since the rotational frequency is half the collectiveE2
gamma-ray energy, that means at the same gamma-ray
ergy. This second identical band definition requires ‘‘qua
tized alignments,’’ i.e., integer or half integer values.

While initially a sizable fraction of the known rotationa
bands in superdeformed nuclei were identical in this defi
tion, the much larger number currently known and the mu
higher precision in the gamma-ray energies has made
existence of such identical bands as a special ‘‘catego
controversial. It is not the purpose here to discuss whe
such bands comprise a special category or not, but rathe
consider whether pseudospin is likely to play any role
generating quantized alignments in superdeformed nuc
That will be done by comparing with what we know abo
such alignments in normally deformed nuclei.

The present interest in pseudospin comes from the
that it can generate quantized alignments. In the simp
case ofV51/2 bands, those withL51 have zero decou
pling parameter in the asymptotic limit, while those withL
50 have decoupling parameter61. This latter case has bee
shown @6# to be equivalent to the~quantized! alignment of
the intrinsic spin along the rotation axis—i.e., an alignme
61/2. In the pseudospin scheme, these values are reve
therefore, for example, the state@301#1/2 becomes@ 2̃ 0̃ 0̃#1/2
and the alignment, which would be zero in the asympto
limit, becomes61/2 in the pseudospin limit, the sign de
pending on the signature. In their 1982 paper, Bohret al. @4#
showed that, in general, the deformed rare-earth nuclei
low the pseudospin value for this decoupling parame
~alignment! much more closely than the asymptotic val
and later, in 1990, Nazarewiczet al. @5# used the above pro
ton orbital as the explanation for identical superdeform
bands in152Dy and 151Tb. These bands have the same tra
sition energies, requiring exactly half-integer alignme
which the @ 2̃ 0̃ 0̃#1/2 orbital can provide. Since that tim
several other cases of identical bands involving this parti
lar orbital have been observed in this region of nuclei. Mo
recently a band in151Dy with transition energies midway
R1565 © 1998 The American Physical Society
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between those of152Dy has been proposed@7# to be based on
the neutron orbital,@411#1/2, which becomes@ 3̃ 1̃ 0̃#1/2 in
the pseudospin representation. Such transition energies im
a decoupling parameter of21 which is precisely what is
expected since the sign of the decoupling parameter is g

by (21)Ñ. Until very recently these have been the on
cases where identical bands having nonzero quantized a
ments had explanations that could plausibly be directly
lated to pseudospin.

Also in 1990 it was pointed out@6# that the role of pseu-
dospin in generating identical bands might extend bey
V51/2 bands and this possibility was explored further@8# a
few months later. If the pseudospin doublets have the st
ture, V5L̃61/2, they will be mixed by the Coriolis force
~i.e., generate pseudospin,S̃, alignment! through the matrix
element^Ñn3L̃S̃61u j 6uÑn3L̃S̃& from which the operative
piece is the pseudospin-flip matrix element,^s̃6&, whose
value is equal to one.~The other piece of thej 6 operator,
l̃ 6 , vanishes for these pseudospin doublets which are b
on the sameL̃.! However, if otherL̃ values are included
^Ñn38L̃61S̃u l̃ 6uÑn3L̃S̃& could generateL̃ alignment, and
the relative size of these two sources of alignment is imp
tant. The alignment, at a fixed spin, depends initially
^ j 6&2/DE, where ^ j 6& is the relevant matrix element an
DE is the separation between admixed levels. The ene
spacing between theL̃ and L̃61 states is expected to b
roughly 2.5 MeV for the cases we will consider, whereas
pseudospin doublet energy separation is only about 0
MeV for L̃51. The relevant matrix elements forL̃ align-
ment are several (;3) times larger than those forS̃ align-
ment so that these two sources of alignment could be ne
comparable. However, sinceDEL̃ is large compared with the
pairing gap parameterD, sizable reductions in these matr
elements are expected~e.g., given by the BCS factor,UiU j
1ViVj , whereU andV are the usual pair-occupation pro
abilities!. On the other hand,DE l̃ s̃ is small compared with
D; thus, no reduction of the spin-flip matrix elements for t
doublets is expected, even if the two states are on oppo
sides of the Fermi level, causing their real energy separa
to become very small, in which case the alignment quic
saturates at61/2. Thus, rather completeS̃ alignment could
often precede any significantL̃ alignment, so that over an
appropriate spin range~which determines the strength of th
Coriolis interaction! the S̃ alignment could be nearly pure
This is less likely to occur when the Fermi level does not f
between the doublet states.

Without rotation,S̃ is coupled parallel or antiparallel toL̃
by the weak pseudospin-orbit force. The Coriolis force
alignsS̃ parallel or antiparallel with the rotation axis, resu
ing, when complete, in two signature-degenerate bands
lower of which has alignment11/2 for both signatures, an
the upper has alignment21/2. These bands can give rise
identical bands between odd-mass and even-even nucl
the same way as theV51/2 bands do, and one such case h
recently been suggested for bands in191Au and 192Hg by
Schuck et al. @9# In this case the orbitals proposed we
@530#1/2 and @532#3/2 or @ 4̃ 3̃ 1̃#1/2,3/2 and the band in
191Au does, indeed, have both signatures rather than just
ply
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as in the151Tb case~above!. Thus it appears that an align
ment of61/2 might be generated by thisL̃51 case as well
as for theL̃50 case described above. If this is true, th
there might be examples in the normally deformed nuc
where similar things happen, and the aim of the present w
is to examine whether this does indeed occur.

In searching through regions of well-deformed nuclei, t
occurrence of 1/2-3/2 pseudospin doublets near the gro
state is rare because such pairs systematically tend to o
at the edges of such regions, where deformation change
other factors make analysis difficult. This is true, in partic
lar, for the above pair of orbitals. The only good and reas
ably extended set of data we found in theTable of Isotopes
@10# was on the pair of neutron orbitals@510#1/2 and
@512#3/2 or @ 4̃ 1̃ 1̃#1/2,3/2, which fortunately seems likely
to be similar to the@ 4̃ 3̃ 1̃#1/2,3/2 pair. These orbitals ar
lowest-lying in the W and Os nuclei having neutron numb
N of 109, 111, and 113. The Coriolis mixing has been p
viously studied in these nuclei, but not, as far as we co
find, with any analysis of the alignment behavior. The exp
tations, as described above, are rather simple. The mixin
complete, should produce alignments of61/2 in the two
bands, or alignment exactly one relative to each other. T
would result in equal transition energies in the two ban
but connecting states that are 1\ higher in the lower band.
This is a very simple property and it should be reasona
independent of pairing~blocking! effects andL̃ alignment
since these are expected to be similar in the two bands.

In a quantitative evaluation of the mixing of the 1/2 an
3/2 bands in the@ 4̃ 1̃ 1̃#1/2,3/2 case, one must take into a
count the energy separation of the two bands. The mix
will not be complete if the bands are too far apart in ene
even if ^s̃6& is one as expected. To illustrate the data
have plotted in Fig. 1 the relative alignment between the t
bandsi versus a quantity 2HCor/DE whereHCor is the Co-
riolis matrix element~see below! andDE is the energy sepa
ration of thefinal ~admixed! states of a given spin. To get th
relative alignment we compared transition-energy diff
ences~from states differing in spin by 1\! in the two differ-
ent bands with those in the same bands. We used onlyE2
gamma rays since this avoids any variations due to the
coupling parameter~although these are small!, and the align-
ment i is given by

i 5$DEg~avg!2$Eg@~ I 12!→I #1

2Eg@~ I 11!→~ I 21!#u%%/DEg~avg!, ~1!

where subscriptsu and l mean upper and lower bands, r
spectively, andDEg(avg) is the average of the differenc
between the sameE2 transitions within each band. The Co
riolis matrix element is

HCor52^Vu j 6uV71&^K71uI 7uK&\2/2I, ~2!

and for the pseudospin doublet,^ j 6& reduces tô s̃6& with
the expected value 1; ^K71uI 7uK&5@(I 7K)(I 6K
11)#1/2; andI is the moment of inertia which we take to b
the average for the two bands at the spin whereDE is evalu-
ated. The abscissa, 2HCor/DE, should vary between zero~if
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DE is large! and one, since degenerate states before mix
should be separated by 2HCor after mixing.

The line in Fig. 1 is the calculated curve for^s̃6&51 and
the points are the data for the W and Os isotopes. The
N5111 and 113 are in reasonably good agreement with
calculated curve, whereas theN5109 nuclei are somewha
too strongly mixed, having average alignments around
while the expected values average closer to 0.7. This la
mixing has been noted before and attributed@11# to hexade-
capole deformation, but this would not explain the data
the higher-N nuclei which fall close to the line in Fig. 1 an
seem likely to have similar hexadecapole moments. The
for N5111 show 1\ alignment rather convincingly, an
since the Fermi level is nearly halfway between the two
bitals, the levels themselves differing by 1\ are nearly de-
generate. This only happens when the levels in the two in
bands are nearly degenerate, whereas the 1\ alignment can
also occur with larger initial energy separations. Figure
shows the lowest bands in187Os ~references to the primar
data for all the cases discussed are contained in theTable of
Isotopes@10#!, which is a striking example of this behavio
The nuclei withN5113 are too far apart in energy to alignS̃
completely, but behave consistently witĥs̃6&51 and
should reach fullS̃ alignment at higher spins. Overall, th
agreement seems satisfactory, suggesting that the expecS̃
alignment does occur in these nuclei. One should remem
however, that this comparison is not sensitive to block
effects on the moment of inertia nor to alignment ofL̃ as
these are likely to be similar in the two bands.

The next step is to look at the mean alignment of the t
bands in a nucleus relative to an adjacent even-even nuc
which would be zero if the alignments in each band w
equal and of opposite sign~61/2 in the limit! and nothing
else was happening. This would be necessary in orde

FIG. 1. Relative alignment of the pseudospin doublet band
some tungsten and osmium isotopes plotted against 2HCor/DE,
where HCor is the Coriolis matrix element for mixing the band
~with ^ j 6&51! andDE is the final~observed! energy separation o
the mixed levels. Different points for the same nucleus corresp
to different spin states. The line represents a calculation of th
quantities for aL̃51 pseudospin doublet having various spins a
initial energy separations.
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explain the 191Au identical band case. In fact, this mea
alignment relative to the lower-mass even-even isotope
shown in Fig. 3 and averages about10.4 for all the cases in
Fig. 1, which is too large to produce identical bands. T
extra alignment could be due either to pairing~blocking!
effects or some alignment ofL̃. Both of these should, in
general, be smaller in the superdeformed nuclei due to
weaker pairing at higher spins and the wider spacing of thL̃
states at larger deformation. One might be able to distingu
between these two causes for the additional alignment
comparing with another band in the odd-mass nucleus th
expected to have similar pairing~blocking! effects to those
of our pseudospin bands. There is a 7/2@503# orbital close by
in these nuclei and the average alignment of the pseudo
bands relative to this band is nearly zero, suggesting that
above deviation of10.4 is largely a pairing effect. However
the alignment of the pseudospin bands relative to this
orbital varies considerably with mass number, so that its
as a comparison orbital is probably not justified. Based
these results we cannot rule out other sources of alignme
the 191Au bands, although it seems likely that these are
large.

A broader look at normally deformed pseudospin doubl
turned up a few 3/2-5/2 pairs (L̃52), but none of these
aligned 1\ in the spin range observed~i.e., they fell into the
lower left part of Fig. 1!. There are data on some higher-V
pairs, notably the 5/2@402#-7/2@404# pair (L̃53) in some Ta
and Re isotopes, but here the Coriolis matrix elements
observed to be reduced by as much as a factor of 2, the
also reducing the limiting pseudospin alignment below1

2 \.
A possible reason for this is that the separation between
pseudospin doublet states becomes larger asL̃ gets larger~it
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d
se

FIG. 2. The observed pseudospin doublet bands in187Os.
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is proportional toL̃! and when this separation becomes co
parable with the pairing gap parameterD, the matrix ele-
ments are reduced by the pairing~as discussed above!. The
larger energy separation also makes it less probable tha
states will lie close to each other in the spectrum.

Finally we should point out that another potentially inte
esting set of data exists on the pair of orbitals@400#1/2 and
@402#3/2 or @ 3̃ 0̃ 1̃#1/2,3/2 in the odd-mass Ir isotopes.

FIG. 3. The mean alignment of the pseudospin doublet ba
relative to the adjacent lower-mass even-even nucleus plo
against neutron number. The diamonds are for tungsten data an
circles for osmium.
ys
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he

broad range of these nuclei have nearly degenerate le
differing in spin by 1\ which indicates a relative alignmen
of one. These nuclei have nonaxial shapes and a recent s
@12# has shown that while the pseudospin symmetry rema
good in triaxial nuclei, the near level degeneracy of ps
dospin doublets is lost. However, even in the W and
nuclei, for the levels themselves to be degenerate requ
the Fermi level to be in just the right place~only occurring
for N5111! and this would presumably have to be the ca
for these Ir nuclei also. The real question is whether the m
general observed property—the 1\ relative alignment—is
due to pseudospin or not. Unfortunately, an analysis of
Coriolis effects in an asymmetric rotor is beyond the sco
of the present work and we cannot answer this question

In conclusion, based on this analysis, alignment of ps
dospin (S̃) to give values very close to12 \ seems reasonabl
probable for states withL̃50 or 1 ~including the 191Au su-
perdeformed band!, but become less likely for higherL̃ val-
ues. The Ir data raise the interesting question of whether s
S̃ alignment can also occur in nuclei with nonaxial shap
Other sources of alignment in these pseudospin doublets
expected to be smaller but cannot be excluded. This pro
can provide a plausible explanation for the identical band
191Au and 192Hg; however, with just this one case an acc
dental half-integer alignment of some other type cannot
ruled out.

This work was supported in part by the U.S. Departm
of Energy under Contract No. DE-AC03-76SF000
~LBNL !.
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