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Master equation approach to statistical multistep compound reactions

Toshihiko Kawano, Masahiro Nakamura, and Yukinobu Watanabe
Department of Energy Conversion Engineering, Kyushu University, 6-1, Kasuga-kouen, Kasuga 816, Japan

~Received 16 July 1997!

A master equation is incorporated in Feshbach, Kerman, and Koonin model calculations of statistical multi-
step compound~MSC! emission. DampingX and Y functions which describe the particle-hole annihilation
process are derived. The MSC cross sections are calculated with the master equation. The effect is found to be
large at lower energies for light nuclei, but not significant when the incident energy is above 20 MeV. The
difference between a closed form solution and the master equation result is masked by the large multistep
direct and evaporation components.@S0556-2813~98!02002-0#

PACS number~s!: 24.60.Dr, 24.10.2i, 24.60.Gv, 25.40.2h
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A never-come-backapproximation is often made for ca
culations of the pre-equilibrium particle emission cross s
tions. The approximation is valid at high excitation energ
and at early stages in the process@1#, since transitions to the
states of greater complexity are more probable than tra
tions to the states of lesser complexity, and one can neg
the transition that decreases the number of excitons.

This never-come-backapproximation simplifies the calcu
lation of pre-equilibrium emission, and it is adopted by t
Feshbach, Kerman, and Koonin~FKK! theory@2# to evaluate
the multistep compound~MSC! process. The particle-hol
annihilation process is, however, important at low excitat
energies and at the stages near the equilibrium state w
many excitons are excited simultaneously, and one ha
solve a master equation@3,4# to calculate the MSC cros
section. We showed some examples of the master equa
calculations briefly in Ref.@5#. Here we provide the maste
equation expression for the MSC cross section, and dem
strate the effect of use of the master equation.

The MSC energy spectrum with thenever-come-backas-
sumption is given by@2#

ds

d«
5

p

k2(
J

~2J11!

32p
^G1J&

^D1J&
(
N

(
n j

^GNJ
↑n jrn~U !&

^GNJ&
)

M51

N21
^GMJ
↓ &

^GMJ&
, ~1!

where n labels the three exit modes (DN50 and 61),
2p(^G1J&/^D1J&) is the entrance strength for producin
bound 2p-1h states of spinJ. ^GNJ

↑n jrn(U)& is the escape
width, ^GMJ

↓ & is the damping width, and̂GNJ& is the total
width.

The escape and damping widths are factorized byX andY
functions, ^GNJ&5XNJYN(E). The X function contains the
possible angular momentum coupling and overlap integ
between initial and final states of interaction. TheY function
contains the possible phase space for the transition.

The X and Y functions for the escape processX↑N61,
X↑N, Y↑N61, and Y↑N, and for the damping processX↓N11

andY↓N11 in which the number of excitons changes by12,
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are defined by FKK in Ref.@2#. More practical and simple
formulations are shown in Refs.@6# and@7#. In order to cal-
culate the particle-hole pair annihilation process we have
define theX and Y functions for the damping process i
which the number of excitons decreases.

The dampingX function can be obtained from theX↑N21

function multiplied by the final spin state densityR1( j ),
summing it overj ,

XNJ
↓N2152p (

S jQ j3
~2 j 311!~2Q11!

3
Rn23~S!R1~ j 3!R1~ j !

Rn~J!
F~Q!

3S j
0

j 3

0
Q
0 D 2

I 2~ j 1 , j 2 , j 3 , j !D~ jSJ!, ~2!

where D( jSJ) is the triangle function,I ( j 1 , j 2 , j 3 , j ) the
overlap integral, andRn( j ) the Gaussian angular momentu
distribution with spin cutoffs250.24nA2/3 @8#. The diagram
of the angular momenta in Eq.~2! is shown in Fig. 1.

Two processes contribute to theY↓N21. One is the scat-
tering of a bound nucleon annihilating the particle-hole p
given by

FIG. 1. TheX function for theDn522 process.
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and the other is the hole scattering,
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wherev(p,h,E) is the density of ap-particle h-hole con-
figuration at an excitation energyE, with the nucleons re-
stricted to energies below the binding energyB, gc is the
single-particle state density parameter of the composite
tem. These two processes are shown in Fig. 2. The t
dampingY↓N21 function is a sum of theseY functions.

With Eqs. ~2!, ~3!, and ~4!, the energy spectrum for th
MSC process including the particle-hole annihilation can
calculated by

ds
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PJ~N,t !dt,

~5!

whereteq is the equilibration time, andPJ(N,t) is the time-
dependent occupation probability which satisfies the follo
ing master equation:

dPJ~N,t !

dt
5PJ~N21,t !^GN21 J

↓N11&1PJ~N11,t !^GN11 J
↓N21&

2PJ~N,t !H ^GNJ
↓N11&1^GNJ

↓N21&

1(
n j

E ^GNJ
↑n jrn~U !&dUJ . ~6!

Neglecting^G↓N21& in Eq. ~6! leads to the closed form ex
pression which is equivalent to the original FKK.

The entrance strength in Eqs.~1! and~5! can be evaluated
by the optical model transmission coefficients corrected b
factorRMSC, which is the fraction of flux into the bound 2p-
1h state, as in Ref.@7#.

The overlap integralI in the X functions contains the
wave functions of bound single-particle states. We use
constant wave functions for the bound-unbound and bou
bound overlap integrals. This assumption is rather artific
but it has the great advantage of calculating the overlap
s-
al

e

-

a

e
d-
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tegral easily. The simplification was made by Chadwick a
Young @7# and they showed that the calculated results are
good agreement with the experimental data.

In Fig. 3 we present the dampingY functions for the
DN561 process in the neutron induced reactions on93Nb.
The single-particle state density parameterg is taken asg
5A/13 MeV21, and the pairing energy correctionD50.
The YN

↓N21 functions increase rapidly with increase in com
plexity of the states, and at theN58 stage it is more prob-
able to annihilate the particle-hole pairs. At this stage M
chaining should be terminated because an occupation p
ability of more complicated configurations becomes sm
and subsequent interactions lead to a full equilibrium st
which yields an evaporation spectrum.

The master equation in Eq.~6! is solved numerically@3#.
Figure 4 shows a result of the master equation calcula
for 93Nb(n,n8) at En514 MeV andJ50, which is the time
evolution of the occupation probabilities. The Walter-Gu
optical potential parameters@9# are used for neutrons an
protons. The shape of the occupation probability distribut
converges as time increases, and the equilibration timeteq in
Eq. ~5! is determined by the condition

PJ~N,t2dt !/(NPJ~N,t2dt !

PJ~N,t !/(NPJ~N,t !
,1025. ~7!

Comparisons of the master equation and closed form
culations for 93Nb(n,n8) and (n,p) at En514 MeV are

FIG. 2. The two damping processes, corresponding to a par
or a hole scattering with the bound nucleon, annihilating a partic
hole pair. The energy of the interacting particles isE2z, wherez is
the core energy andE is the initial total energy.
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shown in Figs. 5 and 6, respectively. The master equa
calculation enhances particle emissions fromN>4 stages.
The effect is large for the low energy neutron emission p
cess. At the stages ofN<3, the differences between th
master equation and the closed form results are very sm
The total MSC spectrum by the master equation beco
softer than that by the closed form calculation. For (n,p)
reactions, particle emissions fromN>4 stages are less im
portant relative to the leading three stages because of
Coulomb barrier, thus the effect of the master equation
culation is small as seen in Fig. 6.

Calculated MSC spectra for93Nb(n,n8) at En525 MeV
are shown in Fig. 7. The difference between the closed fo

FIG. 3. The 94Nb dampingY functions for incident neutron
energies of 10, 14, and 20 MeV. The solid lines are theDN521
process, and the dashed lines are theDN511 process.

FIG. 4. The result of the master equation calculation. The oc
pation probabilityPJ(N,t) for 93Nb(n,n8) at En514 MeV, J50.
The time has a unit of\/2p.
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and the master equation calculations becomes small as
incident energy increases. At 14 MeV, 26.3% of the form
tion cross section for the initial 2p-1h state is emitted from
the leading two stages. This fraction increases with the in
dent energy, and it rises up to 77.1% at 25 MeV. Thus
relative importance of theN>3 stages decreases, and t
master equation calculation becomes insensitive to the t
MSC cross section.

Ratios of the total MSC cross sections calculated with
master equation to those with the closed form expression
(n,n8) and (n,p) reactions on27Al, 56Fe, and 93Nb are
shown in Fig. 8. The effect of using the master equation
large for light nuclei at low incident energies. The neutr
emission from medium nuclei at 14 MeV is enhanced
about 40%. However, the observed particle emission cr

-

FIG. 5. Comparison of the master equation and closed fo
calculations for93Nb(n,n8) at En514 MeV. The solid lines are the
master equation calculation, the dotted lines are the closed f
calculation, and the heavy lines are the total MSC spectra.

FIG. 6. Same as Fig. 5 but93Nb(n,p) at En514 MeV.
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sections at these energies comprise MSD, MSC, and ev
ration components. A larger MSC emission from the mas
equation approach results in a smaller evaporation com
nent, and the difference in the total emission spectra betw
the master equation and the closed form becomes smalle
energies above 20 MeV where the MSD contribution dom
nates, the master equation effect in the MSC is expecte
be masked by the large MSD and evaporation compone

In conclusion, we have derived a master equation exp
sion for the FKK MSC process. The calculated MSC cro
section shows that the effect of the master equation is la

FIG. 7. Same as Fig. 5 but93Nb(n,n8) at En525 MeV.
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for light nuclei at low energies. It is, however, negligib
above 20 MeV.
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FIG. 8. Ratio of the total MSC cross sections calculated with
master equation to those with the closed form for (n,n8) and (n,p)
reactions on 27Al, 56Fe, and 93Nb. The ratio is expressed b
smaster/sclosed21 wheresmasterandsclosedare the total MSC cross
sections.
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