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Constraining a simple hadronization model of relativistic heavy-ion collisions
using hadronic observables

T. J. Humanic
Department of Physics, The Ohio State University, Columbus, Ohio 43210

~Received 15 July 1997!

A complicating factor in using hadrons as early probes for relativistic heavy-ion collisions is that they can
undergo strong final-state rescattering with each other. This potentially causes hadronic observables to reflect
the condition of the system at a late stage rather than at an early one. The present work uses a rescattering
calculation with resonances to unfold these effects and thus uses measured observables to constrain a simple
initial-state hadronization model for Pb1Pb collisions at CERN energies. A model parameter set is found
which qualitatively agrees with measured single and two-particle observables for Pb1Pb collisions.
@S0556-2813~98!05102-4#

PACS number~s!: 25.75.2q, 24.10.Cn, 24.10.Lx
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I. INTRODUCTION

Relativistic heavy-ion collisions provide a means of c
ating matter in a hot and dense state which might shed l
on the behavior of matter under these extreme conditio
such as the possibility of producing a phase transition
quark matter@1#. It is generally agreed that the most extrem
conditions exist in the ‘‘initial state’’ of the heavy-ion colli
sion, roughly defined as occurring just after the projec
and target nuclei ‘‘pass through each other.’’ Eventually
interaction region hadronizes into a large number of mes
and baryons~with nonhadronic particles such as photon
electrons, and muons also being produced! and then expands
to its final state. During the expansion stage the hadr
strongly scatter with each other, a process called ‘‘resca
ing.’’ The final state of the collision can be thought of as t
state for which rescattering ceases among all remaining~fi-
nal! hadrons. It is often convenient to define the ‘‘freez
out’’ point of a final hadron as the position, time, energy, a
momentum the particle had when it stopped
scattering. Thus, one can define more precisely the final s
of the collision as the collection of the freeze-out points
all of the final hadrons in an eight-dimensional phase sp
~four dimensions for space-time and four dimensions
momentum-energy!. The term ‘‘freeze out’’ will be used to
represent the final state of the collision defined in this w
In principle, the properties of the collision at freeze out a
directly accessible to us by measurement. In practice,
directly measures the freeze-out momenta and energies o
particles using, for example, magnetic spectrometers@2# and
indirectly measures the freeze-out space-time from
freeze-out momenta and energies using the method of
boson interferometry@i.e., Hanbury-Brown-Twiss~HBT! in-
terferometry# @2,3#.

However, the main motivation to study relativistic heav
ion collisions is to obtain information about the initial, e
treme state of the collision. Some directly measurable n
hadronic probes such as direct photons, and electron
muon pairs have been predicted to be sensitive to cer
features of the initial state and are being investigated@4#. It is
equally important to study the final hadrons from the co
570556-2813/98/57~2!/866~11!/$15.00
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sion since they should contain information about the b
properties of the initial state, i.e., the temperature and ene
density achieved in the collision. The difficulty in using th
hadrons to extract this information is that the rescatter
process masks the initial space-time and momentum-en
information by random scattering and thus there is no sim
connection between the freeze-out information obtained
experiments and the initial state.

In this article, the method employed to approach t
problem is to use a rescattering calculation to disentangle
rescattering effects from the hadronization process. The s
egy will be to take a simple model for hadronization a
propagate the initial hadrons via rescattering to freeze-
adjusting the parameters of this model to see if a param
set can be found where the freeze-out observables from
calculation agree with those measured in experime
Within the context of the model, this parameter set thus
scribes the state of the collision before rescattering, put
us a step closer in time to the initial state. The advantage
using a ‘‘simple’’ hadronization model is that the number
parameters to be adjusted is minimized, increasing
chances that the extracted parameter set is unique. The
advantage is that some physics of the hadronization will
left out, so the physical interpretation of these parame
may be complicated. Descriptions of both the hadronizat
model and the rescattering calculation used are presente
low. Results of applying this approach for CERN-ener
Pb1Pb central collisions are then shown.

A previous paper also used a rescattering model to m
predictions for CERN Pb1Pb collisions@5#. The main dif-
ferences between the present calculations and those
sented in Ref.@5# are summarized below.

~1! The present calculations include resonances; Ref.@5#
did not. The advantage of including resonances is to m
the calculations more realistic, since it is well known th
resonances are present in CERN SPS~Super Proton
Synchrotron!-energy collisions. Although the presence
resonances is expected to have a small effect on the ra
parameters extracted from two-particle interferometry, it c
have a significant effect on the intercept parameter and
the slopes ofmT distributions@6#.

~2! Unlike the situation at the time of Ref.@5#, preliminary
866 © 1998 The American Physical Society
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57 867CONSTRAINING A SIMPLE HADRONIZATION MODEL . . .
CERN Pb1Pb data are now either newly available or
higher quality than before for particle multiplicities
mT-distribution slope parameters, rapidity distributions, a
two-particle interferometry results@7–11#. This improves the
input information for the calculations, and allows compa
sons between the results of the calculations and data.

~3! The present space-time model for particle hadroni
tion uses the inside-outside cascade model~IOC! @12# for the
hadronization time and longitudinal position, and a projec
sphere for the hadronization transverse position, simila
that used by Herrmann and Bertsch for S1Pb calculations
@13#. Reference@5# used a simple ‘‘pillbox’’ geometry for
the hadronization space-time. The advantage of the IOC
proach is that it is Lorentz covariant. Some calculations h
also been made with the pillbox geometry in the pres
work to compare with the IOC and with Ref.@5# ~see below!.

II. CALCULATIONAL METHOD

A description of the rescattering model calculation
method is given below. The method used is similar to t
used in previous calculations@5,14#. Rescattering is simu
lated with a semiclassical Monte Carlo calculation whi
assumes strong binary collisions between hadrons.
Monte Carlo calculation is carried out in three stages:~1!
initialization and hadronization,~2! rescattering and freez
out, and~3! calculation of hadronic observables. Relativis
kinematics is used throughout. All calculations are made
simulate CERN-energy Pb1Pb collisions in order to com
pare with CERN experiments.

The hadronization model employs simple parametri
tions to describe the initial momenta and space-time of
hadrons. The initial momenta are assumed to follow an
ponential transverse momentum distribution for all particl

~1/mT!dN/dmT5C exp~2mT /B!, ~1!

where mT5A(pT
21m2) is the transverse mass,pT is the

transverse momentum,m is the particle mass,C is a normal-
ization constant, andB is the slope parameter, and a Gau
ian rapidity distribution for mesons,

dN/dy5D exp@2~y2y0!2/~2sy
2!#, ~2!

wherey50.5 ln@(E1pz)/(E2pz)# is the rapidity,E is the par-
ticle energy,pz is the longitudinal momentum,D is a nor-
malization constant,y0 is the central rapidity value~‘‘midra-
pidity’’ !, andsy is the rapidity width, and a ‘‘flat’’ rapidity
distribution for baryons@7#. The initial slope parameter use
in Eq. ~1!, Binit , is parametrized for each particle type as

Binit5Tinit1mb init
2 ~3!

whereTinit andb init are free parameters andm is the particle
mass. This parametrization has been shown to describe
mass dependence of slope parameters for freeze-out dist
tions of pions, kaons, and protons@8#. Its validity in the
present context of hadronization slope parameters is to
determined by comparison with data~see below!. The initial
space-time of the hadrons is parametrized as having cylin
cal symmetry with respect to the beam axis. The transve
particle density dependence is assumed to be that of a
d
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jected uniform sphere of radius equal to the projectile rad
R ~R5r 0A1/3, wherer 051.12 fm andA is the atomic mass
number of the projectile!. Thus, a collision geometry with
zero impact parameter is assumed. The longitudinal part
hadronization position (zhad) and time (thad) are determined
by the inside-outside cascade model@12#:

zhad5thadsinh~y!; thad5thadcosh~y!, ~4!

wherey is the particle rapidity andthad is the hadronization
proper time. Thus, apart from particle multiplicities, the ha
ronization model has four free parameters to extract fr
experiment:sy init , Tinit , b init, andthad.

The hadrons included in the calculation are pions, kao
and nucleons~p, K, andN!, and ther, v, h, h8, f, D, and
K* resonances. For simplicity, the calculation is isospin
eraged~e.g., no distinction is made between ap1 and ap2!.
However, isospin is taken into account where necessary s
as in determining particle multiplicities and in proper
weighting resonance production~e.g.,pp→r is unweighted
since all particles areI 51, but pp→v is weighted by1

3

sinceI 50 for thev!. Resonances are present at hadroni
tion and also can be produced as a result of rescatter
Initial resonance multiplicity fractions are taken fro
Herrmann and Bertsch@13#, who extract results from the
HELIOS experiment@15#. The initial resonance fraction
used in the present calculations areh/p50.05, r/p50.1,
r/v53, f/(r1v)50.12, h8/h5K* /v51, and, for sim-
plicity, D/N50.

The second stage in the calculation is rescattering wh
finishes with the freeze out and decay of all particles. St
ing from the initial stage (t50 fm/c), the positions of all
particles are allowed to evolve in time in small time ste
(dt50.1 fm/c) to their initial momenta. At each time ste
each particle is checked to see~a! if it decays, and~b! if it is
sufficiently close to another particle to scatter with it, t
total elastic scattering cross section determining this ‘‘clo
ness’’ criterion depending on the particle types and their
ergies, i.e.,

d<A~s/p!, ~5!

whered is the separation between the two particles ands is
the total elastic cross section. A particular particle is on
allowed to scatter once with another particle in the calcu
tion ~e.g., particle No. 23 can only scatter once with parti
No. 608 but both particles could then go off and scatter w
other particles, etc.!. Elastic scatterings between any pair
hadrons in the calculation are allowed. Isospin-avera
elastic totals( i j ) and differentialds( i j )/dV cross sections
~where i and j symbolize particle type! were obtained for
pp, pK, pN, and KK from Prakashet al. @16#. Plots of
s( i j ) versusAs from Ref. @16# were parametrized in term
of s-wave andp-wave parametersDs( i j ) andDp( i j ) as

s~ i j !5Ds~ i j !1Dp~ i j !R~s! ~6!

and used to determineds( i j )/dV with

ds~ i j !/dV5g@Ds~ i j !13Dp~ i j !R~s!cos2u#,

where
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R~s!5@s2~mi2mj !
2#/@~s2mr

2!21mr
2G r

2#

and wheres is the usual Mandelstam variable for particlesi
and j , mr is the resonance mass,G r the resonance width,u
the scattering angle in thei 2 j c.m. frame, andg is a con-
stant. Table I gives the values ofDs andDp extracted from
Ref. @16# using Eq.~6!. Note thatDs(KK) was assumed to
be equal toDs(Kp) andDp(KK) was assumed to be zero
For KN and NN scatterings, parametrizations for the to
elastic cross sections were obtained from the Review of P
ticle Properties@17# and take the form

s~ i j !5a1bpn1c„ln~p!…21d ln~p!, ~7!

wherep is the momentum~in GeV/c! of one of the particles
in the frame where the other particle is at rest, anda, b, n,
c, andd are parameters given in Table II forKN andNN.
Note that in the case ofKN, s512 mb forp,1 GeV/c, and
for NN, s5300 mb forp,0.2 GeV/c, ands→s/2 in Eq.
~7! for 0.2,p,2 GeV/c in order to agree withNN scatter-
ing data. As an expedient, the total elastic cross section
any case where a resonance scatters with another partic
taken to be the same as that forKK, i.e., s510 mb.

Resonance production is defined to always occur i
scattering event between two particles when two additio
conditions are satisfied:~a! the scattering channel is corre
to produce a given resonance and~b! theAs of the scattering
lies betweenmr2G r and mr1G r for that resonance. Al-
lowed resonance production channels and their decay c
nels are as follows:

pp→r→pp,

pp→v→ppp,

pp→h→pp,

pp→h8→ppp,

pp→f→KK,

pN→D→pN,

pK→K*→pK,

TABLE I. Ds( i j ) and Dp( i j ) parameters extracted from plo
from Ref. @16# using Eq.~6!.

pp pK pN KK

Ds (fm2) 0.8 1.0 2.0 1.0

Dp (fm2) 1.93105 1.753104 3.053105 0

TABLE II. Parameters of Eq.~7! for the KN and NN total
elastic cross sections.

a (mb) b (mb) n c (mb) d (mb)

KN→KN 6.2 4.0 21.8 0.23 21.85

NN→NN 11.9 26.9 21.21 0.169 21.85
l
r-

or
is

a
al

n-

KK→f→KK.

As already mentioned earlier, the production channelspp
→v,h,h8,f and KK→f must be weighted by13 to take
into account isospin effects. Other possible particle prod
tion channels such asNN→ND→NNp andKN→L→pN
were not included in the present calculations for simplici
It is felt that these omissions are at least partially justified
the fact that thep, K, andN multiplicities resulting from the
rescattering calculation are forced to agree with experim
and thus these channels cannot effect the final particle m
tiplicities. However, leaving out these channels could ha
more subtle effects, for example, on the shapes of theK and
N transverse momentum distributions. Clearly, this is neit
a perfect nor complete implementation of resonances. I
meant to take into account the gross features of resonanc
the spirit of the present simple rescattering model.

Once it is determined that the particle pair is close enou
to scatter from Eq.~5!, the scattering is then carried out usin
relativistic kinematics to determine the scattered moment
the two particles. A ‘‘scattering time’’ of 0.2 fm/c is im-
posed on the interaction such that neither particle is allow
to scatter again with another particle during this time peri
Each particle is followed in time until its last scattering~i.e.,
freeze out! or, if it is a resonance, until it decays after free
out at which point its space-time position and momentum
recorded. For the Pb1Pb collisions considered in the prese
calculation, particles undergo about fifteen scatterings on
erage before freeze out.

Calculations are carried out assuming initial parame
values and particle multiplicities for each type of particle.
the last stage of the calculation, the freeze-out and de
momenta and space-times are used to produce single-pa
and two-particle observables such as pion, kaon, and nuc
multiplicities, transverse momentum and rapidity distrib
tions, and two-boson correlation functions. The values of
initial parameters of the calculation are constrained to g
observables which agree with available measured hadr
observables. For the Pb1Pb calculations studied in th
present work, measured observables were obtained from
NA44 @8,9# and NA49@7,10,11# experiments, both of which
studied Pb1Pb collisions for incident kinetic energies o
Elab5158 GeV/nucleon.

For the two-particle correlation calculations, the tw
boson correlation function is formed and a Gaussian mo
for the boson source distribution is fitted to it to extract t
final radius parameters. In the present calculation boson
tistics are introduced using a method of pair-wise symme
zation of bosons in a plane-wave approximation@18#. The
final step in the calculation is extracting radius parameters
fitting a parametrization to the Monte Carlo produced tw
boson correlation functionC(Q), whereQ is the four-vector
difference between the momenta of the two bosons, i.e.Q
5p12p2 . The usual parametrization ofC(Q) is obtained by
assuming a Gaussian space-time distribution of freeze
points, r(r ,t) in terms of the transverse-plane variabl
r T side and r T out, the longitudinal variable along the bea
directionz, and timet:

r~r ,t !5F exp~2r T side
2/2RT side

22r T out
2/2RT out

2
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57 869CONSTRAINING A SIMPLE HADRONIZATION MODEL . . .
2z2/2Rlong
22t2/2t2!, ~8!

where RT side is a transverse sideward radius parame
RT out is a transverse outward radius parameter,Rlong is a
longitudinal radius parameter,t is a lifetime parameter, and
F is a normalization constant@2#. From this distribution
function the following parametrization ofC(Q) can be ob-
tained@19#:

C~QT side,QT out,Qlong!5G@11l exp~2QT side
2RT side

2

2QT out
2RT out

22Qlong
2Rlong

2!#,

~9!

where Q has been broken up into the two transverse a
longitudinal components,G is a normalization constant, an
l is the usual empirical parameter added to help in the fitt
of Eq. ~9! to the ‘‘actual’’ correlation function~l51 in the
ideal case!. The radius parameters in Eq.~9! are related to
those in Eq.~8! in, for example, the LCMS frame~longitu-
dinally comoving system in which the longitudinal boso
pair momentum vanishes! as follows@20#:

RT side
25RT side

2; RT out
25RT out

21bT
2t2;

Rlong
25Rlong

2,

wherebT is the transverse velocity of the boson pair. No
that Eq.~9! follows from Eq.~8! under the assumption of
geometrically static boson source. In a realistic heavy-
collision the source will not be static and may have positio
momentum correlations and other effects that could make
source parameters defined above depend on the boson
momentum@21#. In the present application, Eq.~9! is fitted
to the correlation function generated by the rescattering
culation as described above to extract the radius param
RT side, RT out, andRlong.

III. RESULTS AND DISCUSSION

Results of rescattering calculations for central CER
energy Pb1Pb collisions are presented below. Centrality
these calculations is determined by both the zero-imp
parameter assumption for the initial geometry discus
above and the preliminary NA49 particle multiplicities us
which were measured with a central collision trigger@7#.
Based on the measured NA49 multiplicities, the final~iso-
spin integrated! p, K, andN multiplicities taken for the re-
scattering calculations were 1836, 184, and 534, resp
tively. Using these multiplicities and the resonance fractio
given earlier, the initial particle multiplicities are unique
determined and are given in Table III. Table IV gives t
hadronization model parameterssy init , Tinit , b init , and
thad, which are favored when comparisons are made
tween the rescattering calculation rapidity distributions,mT

TABLE III. Initial particle multiplicities used in the rescatterin
calculation.

p K N r v h h8 K* f

1010 65 534 184 61 46 46 61 29
r,

d

g

n
-
e
air

l-
ers

-

t-
d

c-
s

e-

distributions, and pion interferometry results and experim
tal data. The sensitivity of the hadronic observables to th
parameters is discussed later. Unless otherwise noted
rescattering model results shown below were obtained w
the parameter set in Table IV. With these initial paramet
defined, it is possible to calculate the total energy of
system by summing over the energies of all hadrons and
calculate the equivalent lab bombarding energy for a Pb p
jectile in the model. The result of this calculation gives
equivalent beam energy of 185 GeV/nucleon, which is 1
higher than the CERN Pb-beam energy of 158 GeV/nucle
This small difference in beam energy is not expected to
fect the comparison between calculation and experiment
nificantly. In order to see how well the present rescatter
calculation conserves energy, the total energy of the sys
is calculated at each time step during the full time range
the rescattering calculation. The variation in the total c.
energy of the system is found to be about611 MeV out of
3890 GeV or about60.00028%.

Figure 1 shows a plot of the average number of scat
ings per time experienced by each particle in an event ve
elapsed time. As is true for all such elapsed-time plots sho
below, the time axis refers to times after the hadronizat
proper time, i.e.,t-thad. As expected, the maximum scatte
ing rate of 0.35 scatterings/(fm/c) occurs for the earlies
times when the particle density is highest and rapidly fa
off at later times as the system expands.

Figures 2, 3, and 4 show rescattering model plots rep
sentative of the space-time geometry of the pions, kaons,
nucleons after freeze-out~and resonance decay! for particles
at midrapidity (21,y,1) and a pT range of pT,1
GeV/c. For comparison, plots are also shown where
scattering has been turned off in the calculation to ga
how large the rescattering effect is. Note that for these
ures the vertical axis is always plotted on a log scale and
relative normalizations for the different particles are ma

TABLE IV. Hadronization model parameters used in the resc
tering calculation which are favored by experimental data.

thad (fm/c) Tinit ~MeV! b init sy init

1 270 0.0 1.2

FIG. 1. Average number of scatterings per time experienced
each particle in an event versus elapsed time.
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870 57T. J. HUMANIC
tained. Figure 2 shows the transverse radius distribut
With rescattering the distribution is approximately flat up
about 6 fm~the radius of Pb is 6.64 fm! and then exponen
tially falls off with increasing radius for each particle typ
With rescattering turned off, the projected spherical distrib
tion of the initial state is clearly seen up to the Pb radius a

FIG. 2. Transverse radius distribution of pions, kaons, a
nucleons at freeze-out~and decay! ~a! from a full rescattering cal-
culation, and~b! with rescattering turned off in the calculation
Relative normalizations are correct.

FIG. 3. Longitudinal coordinate distributions of pions, kaon
and nucleons. See Fig. 2 caption.
n.

-
d

then a sharp drop-off is seen followed by an exponentia
decreasing dependence for pions and kaons which is du
resonance decays. Figure 3 shows the position distribu
along the beam direction~z coordinate!. In the rescattering
case, the particles are spread out over a wide range oz,
whereas without rescattering particles are sharply peake
z50 fm, the tails to higherz for pions and kaons occurring
due to resonance decay. Figure 4 shows the freeze-out~and
decay! time distributions for final particles. With rescatte
ing, the distributions are peaked at different freeze-out tim
the peak for kaons occurring earliest~at about 10 fm/c! and
the peak for nucleons occurring latest~at about 21 fm/c!, the
pion peak being slightly later than for kaons~about 12 fm/c!.
Without rescattering the only feature to be seen is the ex
nential decay of the initial resonances producing pions
kaons. One can thus conclude from these figures that res
tering has a dramatic effect on the space-time of the parti
in the collisions.

Figures 5, 6, and 7 show rescattering model plots rep
sentative of the momenta of the pions, kaons, and nucle
after freeze-out~and resonance decay!. Figure 5 shows ra-
pidity distributions for pions, kaons, and nucleons in the i
tial NN-collision c.m. frame. The pion and kaon distribution
appear Gaussian shaped withsy51.48 and 1.37, respec
tively, when Eq.~2! is fitted to them. These freeze-out width
are greater than the initial width ofsy init51.2 assumed for
the meson hadronization rapidity distributions, and are c
sistent with the pion and kaon widths measured by NA49@7#.
The nucleon distribution is essentially unchanged from
‘‘flat’’ initial distribution put in before rescattering~although
with some structure on the ‘‘flat-top’’! falling off sharply for
uyu.2 as is the case for the measured ‘‘proton’’ rapid
distribution ~positive hadrons minus negative hadrons! from
NA49 @7#. Figure 6 showsmT distributions for midrapidity

d

,

FIG. 4. Freeze-out~and decay! time distributions for pions, ka-
ons, and nucleons~a! from a full rescattering calculation, and~b!
with rescattering turned off.
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57 871CONSTRAINING A SIMPLE HADRONIZATION MODEL . . .
(21,y,1) pions, kaons, and nucleons at freeze-out~arbi-
trary normalizations! along with fits of Eq.~1!. The extracted
slope parameters@B in Eq. ~1!# of 161, 204, and 307 MeV
for pions, kaons, and nucleons, respectively, are close to
recently published Pb1Pb slope parameters from NA44@8#.

FIG. 5. Freeze-out rapidity distributions for~a! pions,~b! kaons,
and~c! nucleons from the rescattering calculation. Fits to Eq.~2! for
pions and kaons are also shown.

FIG. 6. mT distributions at freeze-out from the rescattering c
culation for pions, kaons, and nucleons at midrapidity. Normali
tions are arbitrary. Fits to Eq.~1! are also shown.
he

Figure 7 shows the time evolution of the slope parameter
the rescattering calculation along with a comparison with
measured NA44 values plotted near freeze-out at 70 fmc
~note that systematic errors are included in the NA44 er
bars!. As seen, the slope parameters evolve from the co
mon initial value of 270 MeV into the different values o
slope parameters at freeze out such thatBp,BK,BN . For
early times (,5 fm/c) the slope parameters for all three pa
ticle types rapidly decrease with time~analogous to the adia
batic expansion experienced by opening a compressed
bottle and having ice forming on the valve! after which the
pions and kaons continue to decrease until about 30 fmc
when their slope parameters remain essentially constan
time ~analogous to the isothermal expansion stage of a fre
expanding gas!. This is consistent with the rapid initial de
crease of rescattering followed by a slow decrease as alre
seen in Fig. 1. After the initial rapid decrease inB, the
nucleon slope parameter increases in time until it also
comes essentially constant after about 20 fm/c, having a
value almost the same as but slightly higher than the ini
slope parameter of the system. This subsequent increas
the nucleon slope parameter can be explained by the l
scattering cross sections forpN and, of lesser importance
KN and simple kinematics. Since the nucleon is more m
sive than either the pion or kaon, whenever such a scatte
takes place there is a net momentum transfer to the nuc
~the lighter particle recoils in a frame initially at rest with th
nucleon!, reflected in the increase of the nucleon slope
rameter and decrease in the pion~or kaon! slope parameter
This sort of argument also explains why the kaon slope
rameter at freeze-out is larger than the pion slope param
since inpK scattering there is a net momentum transfer
the more massive kaon. For comparison, also plotted in
7 is a rescattering calculation for a ‘‘pion gas’’ where onlyp,
r, v, h, and h8 are present andTinit is set to 190 MeV in
order for the pion slope parameter to agree with NA44
freeze out. Two interesting features are noticed in the ‘‘p
gas’’ case:~1! the initial slope parameter must be set mu
lower in the ‘‘pion gas’’ case than in the case where
particles are present, showing the significant influence
including the nucleons~and to lesser extent, kaons! has on
the initial transverse momenta in the calculation, and~2! the

-
-

FIG. 7. Time evolution of the slope parameters in the rescat
ing calculation for a full calculation~solid lines! and for a ‘‘pion
gas’’ calculation~dashed line!. Experimental freeze-out slope pa
rameters from NA44~points! are plotted for comparison at 70 fm/c.



t
fte
ns
he
se
in
in
s

th
in
ia
th
cle

th
pl
Fi
io

o

te
dis-
lcu-

e
cal-

d

la

y

tal

l
ntal

872 57T. J. HUMANIC
‘‘pion gas’’ slope parameter becomes essentially constan
time immediately after a very sharp initial decrease, i.e., a
3 fm/c. The main mechanism causing the initial sharp tra
verse momentum drop in the ‘‘pion gas’’ as well as in t
full calculation with all particles is the transfer of transver
momentum into the longitudinal component via rescatter
~note that the width of the rapidity distribution for pions
the ‘‘pion gas’’ case issy51.45, almost exactly the same a
for the pion rapidity distribution in Fig. 5!. This explanation
is consistent with the observations made above that
freeze-out rapidity widths in Fig. 5 for pions and kaons
crease whereas the nucleon rapidity distribution is essent
unchanged compared with the initial distributions, since
pion and kaon slope parameters decrease and the nu
slope parameter remains almost the same at freeze-out.

Figures 8–12 show rescattering model results where
methods described in the previous section have been ap
to extract two-boson interferometry source parameters.
ure 8 shows projections of the three-dimensional two-p
correlation function C(QT side,QT out,Qlong) onto the
QT side, QT out, andQlong axes where cuts on the other tw
axes ofQj,10 MeV/c, Qk,10 MeV/c have been made. A

FIG. 8. Projections of the three-dimensional two-pion corre
tion functionC(QT side,QT out ,Qlong) onto theQT side, QT out , and
Qlong axes where cuts on the other two axes ofQj,10 MeV/c,
Qk,10 MeV/c have been made. A fit with Eq.~9! has also been
superimposed onto the Monte Carlo points.
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fit with Eq. ~9! has also been superimposed onto the Mon
Carlo points, the extracted pion source parameters being
played in the figure. The pion acceptance used for the ca
lation of this correlation function was21,y,1 and pT
,400 MeV/c, leading to an averagekT (kT5upT1

1pT2
u/2)

of about 140 MeV/c. The main difference between thes
source parameters and ones extracted from rescattering
culations without resonances@5# is seen in thel parameter:
without resonancesl'1 and with resonancesl,1, in this
case about 0.6. As has been pointed out previously@6#, this
reduction inl is mainly due to the presence of long-live
resonances~e.g., h and h8!. Figure 9 shows thekT depen-

-

FIG. 9. kT dependences of pion~solid symbols! and kaon~open
symbols! ~a! radius and~b! l parameters extracted at midrapidit
(21,y,1) from the present rescattering calculation.

FIG. 10. Comparison between preliminary NA49 experimen
pion interferometry results for Pb1Pb for the same averagekT and
y range as used in Fig. 8@10,11# and various rescattering mode
calculations. The dashed lines are projections of the experime
data points to allow an easier comparison with the calculations.
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57 873CONSTRAINING A SIMPLE HADRONIZATION MODEL . . .
dences of pion and kaon source parameters extracted
midrapidity (21,y,1) from the present rescattering cal
culation for central Pb1Pb collisions. Looking at the radius
parameters first, there is a general trend for these parame
to decrease with increasing averagekT which is rather strong
in the case of pions and weaker for kaons. Comparing t
pion and kaon radius parameters at lowkT , the most striking
difference seen between them isRlong is significantly larger
than RT side and RT out for pions but for kaons all radius
parameters are about equal. This feature is also seen in p
liminary boson interferometry data from NA44@9#. The kT
dependences of the pion and kaonl parameters is seen to be
weak in Fig. 9, but appear to go in opposite directions fo
pions~decreasingl for increasingkT! and kaons~increasing
l for increasingkT!. This could perhaps be due to the differ
ent resonances that contribute to pion production~r, v, h,
h8, D! and kaon production~f!. Figure 10 presents a quan-
titative comparison between preliminary NA49 experiment
pion interferometry results for Pb1Pb @10,11# for the same
averagekT andy range as used in Fig. 8 and various resca
tering model calculations. Note that the preliminary NA4

FIG. 11. Comparisons between calculations and NA49 measu
ments of thekT dependence of the pion source parameters. T
trends of the NA49 measurements are indicated by the dashed lin
which have similar identifications as in Fig. 10.

FIG. 12. Comparisons between calculations and NA49 measu
ments of they dependence of the pion source parameters. T
trends of the NA49 measurements are indicated by the dashed lin
which have similar identifications as in Fig. 10.
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interferometry results are from charged hadron pairs si
particles are not identified in this data set. Since pions larg
dominate the hadron multiplicity, it should be a good a
proximation to consider these ‘‘pion pairs.’’ The NA49 re
sults shown in the present paper are averaged overh1h1 and
h2h2. The dashed lines are simply projections of the expe
mental data points to allow an easier comparison with
calculations. The five rescattering model calculations
which results are shown in Fig. 10 are the following:~1!
IOC—this is the full calculation from the present work, r
sults of which are shown in Fig. 8,~2! pill—this is a rescat-
tering calculation with resonances from the present wo
where instead of using the IOC1projected sphere initia
space-time model, a uniformly distributed pillbox o
231 fm thickness of the type used in the previous work@5#
is used,~3! pill ~old!—pillbox rescattering calculation with
out resonances and carried out with estimated particle m
tiplicities from the previous work@5#, ~4! IOC ~p gas!—
rescattering calculation from the present work where onlyp,
r, v, h, andh8 are present as described above in relation
Fig. 7, and~5! IOC ~no RS!—calculation from the presen
work where rescattering is turned off but resonances are
present as described above in relation to Figs. 2, 3, an
Comparing the NA49 results with calculations~1!, ~2!, and
~3!, all three calculations show qualitative agreement w
experiment, although for~3! the l parameter is understand
ably too high since no resonances are present. For the ‘‘p
gas’’ calculation~4!, the radius parameters are seen to
significantly lower than experiment and calculation~1!
where kaons and nucleons~and their associated resonance!
are included, showing that these additional particles are n
essary in order to explain the data. Finally, comparing cal
lation ~5!, the no-rescattering case, with experiment dem
strates as was already seen in Figs. 2, 3, and 4
rescattering has a qualitatively large effect on the space-t
of the hadrons emitted in Pb1Pb collisions and thus the
combination of the initial radius of the Pb and resonan
decay is far from sufficient to explain the large experimen
radius parameters. Figures 11 and 12 show direct comp
sons between calculations and NA49 measurements@10,11#
of the kT andy dependences of the pion source paramet
The trends of the NA49 measurements are indicated by
dashed lines. The pion source parameters from the pre
rescattering calculations are seen to qualitatively follow
trends in the preliminary NA49 pion interferometry measu
ments.

All of the results shown above for full IOC calculation
i.e., with all particles included, with rescattering, and inclu
ing resonances~e.g., the rescattering calculation carried o
for Fig. 8!, have used the initial hadronization model para
eters shown in Table IV. Although calculations based on t
parameter set have been seen above to qualitatively a
with experimental results, this does not imply that the para
eter set in Table IV is unique. Since the ultimate goal of t
present study is to have extracted some information abou
state of the collision around the time of hadronization, or
terms of the present simple calculation obtain a unique
rameter set for the hadronization model, it is important
study how sensitive the hadronic observables are to th
parameters. In the study presented below, it is found thatTinit
and b init depend on the parameterthad, althoughsy init is
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874 57T. J. HUMANIC
fairly insensitive tothad. Thus it is possible to setsy init to
its value in Table IV and concentrate on the parametersthad,
Tinit , andb init .

Figures 13–16 show results of the study of the sensitiv
of the hadronic observables onthad, Tinit , andb init . Figure
13 shows the time evolution of midrapidity slope paramete
as in Fig. 7, for pions, kaons, and nucleons for three differ
hadronization proper times@defined in Eq.~4!#, i.e., thad51,
5, and 10 fm/c. As in Fig. 7, the calculated asymptotic va
ues are compared with pion, kaon, and proton slope par
eters measured by the NA44 experiment~dots! @9#. As seen,
reasonably good agreement can be obtained with experim
for eachthad as long as the initial slope parameters are c
sen appropriately, i.e.,Tinit and b init in Eq. ~3! are chosen
appropriately. It should be noted that a slightly better ma
between the calculated and experimental slope param
could be obtained by varying the initial slope paramet
individually for each particle type in the calculation. How
ever, using Eq.~3! is considered to be a better method sin
Binit for all particle types is conveniently parametrized
terms of only two parameters, i.e.,Tinit and b init . Figure

FIG. 13. Time evolution for Pb1Pb collisions of pion, kaon,
and nucleon slope parameters@see Eq.~1!# calculated for midrapid-
ity particles for three different values ofthad @see Eq.~4!#: ~a!
1 fm/c, ~b! 5 fm/c, and ~c! 10 fm/c. For comparison, pion, kaon
and proton slope parameters from experiment NA44 are also sh
~error bars are statistical1systematic!.
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13~a!, which shows thethad51 fm/c case, is identical to Fig
7. As discussed above, this case is particularly interes
sinceb init50 and thusBinit5Tinit5270 MeV for all particles
so that the differences in the freeze-out slope parameters
different particle types is completely due to rescattering

n

FIG. 14. Time evolution of the total particle density in Pb1Pb
collisions for the three different values ofthad.

FIG. 15. Dependence of~a! Tinit , ~b! b init , and ~c! r init on the
hadronization proper timethad. Calculations were made forthad

51, 5, and 10 fm/c ~dots!. The dashed lines are to guide the eye
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57 875CONSTRAINING A SIMPLE HADRONIZATION MODEL . . .
fects. In Fig. 13~b!, thad55 fm/c and hadronization is more
spread out in time and alongz. It is expected that the initial
particle density will be lower and thus less rescatterin
should take place. In order to compensate for the reduc
rescattering so that the freeze-out slope parameters ag
with NA44, it is necessary to makeb init.0 and thus reduce
Tinit . In Fig. 13~c!, thad510 fm/c and so the initial particle
density is expected to be correspondingly lower reducin
even further the amount of rescattering and requiring even
higher value ofb init and lower value ofTinit in order to agree
with experiment. Figure 14, which shows the time evolutio
of the particle density for mid-rapidity particlesr for the
three different values ofthad, verifies the above expectations
for the dependence of the initial particle density onthad. The
particle density is calculated by summing over all particles i
the rapidity range21,y,1 and dividing by the average
volume determined from their space-time information. Th
time axis has the same meaning as in Fig. 13. It is seen th
the particle densities are initially quite different for the dif-
ferent values ofthad, although by the time of about 10 fm/c
they begin to converge and then asymptotically approach t
same value. For thethad51 fm/c case,r is seen to be large
(r.1 fm23) for times below about 2 fm/c. Although this
raises the question of how valid the binary-scattering a
sumption is in this case for times less than 2 fm/c, it is
probably still good enough to extract qualitative information
about the early state. Figure 15 shows plots ofTinit , b init ,
andr init ~the initial particle density! versusthad for calcula-
tions that all agree with the available measured singles o
servables, i.e., measured pion, kaon, and proton slope para
eters, rapidity distributions, and multiplicities. Note that the
quantities in Fig. 15 can be extracted directly from Figs. 1
and 14 at time50. The initial state of the collision at had-
ronization is seen to depend strongly onthad. A small value
of thad results in largeTinit and r init and a smallb init ,
whereas a large value ofthad results in smallerTinit andr init
and a largeb init . Thus, the hadronic singles observables con
strain the dependence ofTinit and b init on thad but do not
constrainthad itself.

A possible way to constrainthad using final-state hadrons
is seen in Fig. 16. This figure shows the calculatedthad de-
pendence of the pion source parameters determined fro
pion interferometry analyses of final-state midrapidity (21

FIG. 16. Dependence of HBT-extracted two-boson source p
rameters onthad for pion pairs. Comparison is made with prelimi-
nary NA49 pion interferometry results as in Fig. 10.
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,y,1) pion pairs from the present rescattering model. T
transverse momentum cut for pions ispT,400 MeV/c, the
same as used for the calculation of Fig. 8. As seen, there
relatively strong dependence of the radius parameters
thad, particularly forRlong. Therefore, comparison of thes
calculated pion radius parameters with experimental pion
terferometry results should allowthad and thus the initial
state of the collision at hadronization to be constrained. F
ure 16 also shows a comparison of the calculated radius
rameters for pion pairs with preliminary NA49 experimen
results for Pb1Pb for the same averagekT and y range as
used in the present calculations@10,11# as already shown in
Fig. 10. As in Fig. 10, the dashed lines are simply projectio
of the experimental data points to allow for easy compa
sons with the present calculations carried out for the differ
values ofthad. The data clearly favor thethad51 fm/c case
over the others, and thus favor the initial parameter se
Table IV.

IV. PHYSICAL INTERPRETATION OF THE ‘‘SIMPLE
HADRONIZATION MODEL’’

The ‘‘simple hadronization model’’ represented by Eq
~1!–~4! and the parameter set of Table IV can be thought
conservatively as a simple parametrization of initial con
tions for the present rescattering calculation that produ
hadronic observables which qualitatively agree with expe
mental results. To what extent this parametrization descr
the prerescattering state of the real system depends on
degree to which one can believe the rescattering calcula
itself. If one takes the assumptions in the present rescatte
calculation to be mostly valid, or, of equal importance, sin
it is found that the rescattering calculation itself is fair
insensitive to the details of the assumptions made, one c
conclude that Eqs.~1!–~4! and Table IV qualitatively param
etrize the prerescattering stage of CERN central Pb1Pb col-
lisions.

Given this, the next step is to find the connection betwe
this parametrization and a well-defined, more realistic h
ronization model in order to extract a physical picture of t
collision at this stage. As an example, the realistic hadro
zation model of Herrmann and Bertsch~HB! @13# will be
used. The HB model is a thermal model that uses a str
inspired picture to describe the longitudinal direction of t
hadronization. From the HB model, the coupled rapidity a
mT distribution at hadronization is

~1/mT!d2N/dmTdy5K f h~h! f y~y2h,mT!, ~10!

where

f y~y2h,mT!

5mTcosh~y2h!/$exp@mTcosh~y2h!/T#61%,

~11!

f h~h!5exp@2h2/2~Dh!2#, ~12!

h5tanh21~zhad/thad!, ~13!

and whereT is the kinetic temperature of the thermalize
system,h is called the spatial rapidity,Dh is the rms disper-
sion inh, zhad andthad are the longitudinal position and tim
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of a particle at hadronization,6 refers to fermions~1! or
bosons~2!, andK is a constant. In the special case of ha
ronization of the system at an instantaneous proper timethad,
as is the case for Eq.~4!, it is seen from Eq.~13! that h
becomes identical toy and in this case Eqs.~11! and ~12!
become

f y~0,mT!5mT/$exp~mT /T!61% ~14!

and

f h~y!5exp@2y2/2~Dh!2#. ~15!

Note that a useful interpretation ofthad is that it is the life-
time of a ‘‘prehadron’’ in its own rest frame. Thus, one c
imagine the prehadronization stage of the collision as a
lection of ‘‘prehadrons’’ with lifetimethad waiting to ‘‘de-
cay’’ into hadrons, analogous to a collection of charg
pions with mean lifetime 26 ns waiting to decay into muon
Comparing Eqs.~14! and ~15! with Eqs.~1!–~3! above, and
using the result from Table IV thatb init vanishes, it can be
seen that the parameterssy init andTinit are related toDh and
T of the HB model by

sy init5Dh ~16!

and

Tinit;T. ~17!

A quantitative evaluation of the relationship betweenT and
Tinit can be made in the present case by ‘‘fitting’’ Eq.~1! to
Eq. ~14! for various particle types and requiring thatTinit fits
to 270 MeV~as in Table IV!. It is found thatT is bounded by
v.

ra
et
-

l-

d
.

values in the range of about 213 MeV~pions! to 235 MeV
~nucleons! for particles used in the present calculation, su
that

T50.822Tinit'222611 MeV. ~18!

Note that the error bar in Eq.~18! is only reflecting the
spread inT due to the influence of the different partic
masses in the conversion fromTinit to T.

Thus, it would be consistent with the HB hadronizatio
model to conclude that under the assumption of hadron
tion at an instantaneous proper time, for CERN cen
Pb1Pb collisions the prehadronization stage of the collis
has a short time duration,thad51 fm/c, and this stage had
ronizes with a finite initial rapidity spreadsy init51.2, and at
a high kinetic temperatureT'222 MeV. Other hadroniza-
tion models could also be compared with the parametriza
of Eqs. ~1!–~4! and Table IV and could, in principle, give
different physical interpretations.

In summary, a rescattering model including resonan
coupled with a simple initial-state model has been used in
attempt to disentangle final-state rescattering to probe
early state in relativistic Pb1Pb collisions with measured
hadronic observables. Although some general constraint
the initial-state model can be made using single-particle
servables it is necessary, according to the present calc
tions, to couple this information with two-particle hadron
observables to uniquely determine the initial state.
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