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Elastic nucleon-nucleon cross section in nuclear matter at finite temperature
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We calculate the elastic nucleon-nucleon cross section in symmetric nuclear matter at finite temperature by
determining the nonrelativistic in-medium scattering matrix with a realistic nucleon-nucleon potential. We
define average in-medium cross sections depending on density and temperature and provide simple parametri-
zations for the use in numerical simulations of heavy-ion collisions. The effect of hole-hole propagation in the
nuclear medium is found to be small.@S0556-2813~98!01802-0#

PACS number~s!: 25.70.2z, 21.30.Fe, 13.75.Cs, 21.65.1f
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The description of nuclear matter as function of tempe
ture and density, i.e., the nuclear equation of state~EOS!, is
of high interest. A wide variety of heavy-ion experiments
aimed at knowledge of the behavior of the expanding, h
and dense hadron gas. In heavy-ion collisions~HIC’s! at
bombarding energies up to 250 MeV/nucleon, nucleons
the relevant degrees of freedom and a nonrelativistic
proach is assumed to be a good approximation. Recent
perimental results concerning the caloric curve of nucl
matter@1#, the formation of intermediate mass fragments@2#,
and the occurrence of collective flow@3# probe various as-
pects of the EOS.

A theoretical description of heavy-ion collisions has
face many difficulties since the process is extremely far fr
equilibrium. Transport-model equations such as
Boltzmann-Uehling-Uhlenbeck~BUU! model are a well-
established method to simulate the space-time evolutio
such collisions@4–10#. A basic ingredient for these calcula
tions is the elastic nucleon-nucleon scattering cross sec
@11#. In order to describe the scattering process in the hot
dense hadron gas, medium modifications of the free c
section have to be taken into account.

It is the purpose of this article to extend our previo
publication @12#, where we performed a zero temperatu
calculation within Brueckner theory, to give an estimate
the temperatureand density behavior of the in-medium
nucleon-nucleon cross section. Besides the extension to fi
temperature, we investigate also the effect of including ho
hole scattering processes in the in-medium interaction,
the transition from the BruecknerG matrix to the thermody-
namicT matrix ~see also, e.g., Ref.@13#!.

We use a separable version of a realistic nucleon-nuc
interaction †Bonn relativistic momentum space one-boso
exchange~OBEPQ! potential@14#‡, as given by Plessaset al.
@15#, and restrict to intermediate scattering energiesE&400
MeV, where inelastic channels (D resonance! are not yet
open.

As for a detailed derivation of the in-medium nucleo
nucleon cross section in theG and T matrix approach we
refer the reader to previous articles@12,16,17#. Here, we only
sketch out the basic formulas, starting from the definition
the total cross section in terms of theG or T matrix elements
(t denoting total isospin!,
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s t~k,P,W,r,T!5
4p

k2

N2~k,P!

~2s111!~2s211! (
S,J,L,L8

~2J11!

3uGLL8
tSJ

~k,k,P,W!u2, ~1!

which is a function of the relative momentumk, the total
momentumP, and the energyW of the nucleon pair, as wel
as the nucleon densityr and temperatureT. The in-medium
scattering matrix is the solution of the integral equation

G@W#5V1 (
p,p8

Vupp8&
Q

W2E1 i e
^pp8uG@W#, ~2!

where E5e(p)1e(p8) is the energy of the intermediat
two-nucleon state. The single-particle energies are de
mined along with theG matrix in a self-consistent schem
according to the equation

e~p!5
p2

2m
1U~p!5

p2

2m
1Re(

p8
f ~p8!^pp8u

3G@e~p!1e~p8!#upp8&A , ~3!

where f (p)5$11exp@e(p)2m#/T%21 denotes the Fermi dis
tribution for a given temperature and chemical potentialm.

The angle-averaged Pauli operatorQ in Eq. ~2! restricts
the intermediate propagation to either only particle-parti
states (G matrix! or including hole-hole states (T matrix!,
QG5Qpp, QT5Qpp2Qhh, with

Qpp~k,P!5E dV

4p
@12 f ~P/21k!#@12 f ~P/22k!#,

~4a!

Qhh~k,P!5E dV

4p
f ~P/21k! f ~P/22k!. ~4b!

(V denotes the solid angle spanned byk.! We emphasize,
however, that for the self-consistent determination of
single-particle energies@Eqs.~2! and~3!# we always use the
Brueckner-Hartree-Fock prescription@18# and do not con-
sider the hole-hole contributions. Including these leads t
806 © 1998 The American Physical Society
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57 807ELASTIC NUCLEON-NUCLEON CROSS SECTION IN . . .
pairing singularity in theT matrix below a certain critical
temperature in accordance with the Thouless criterion@17#.
This effect prevents a self-consistent calculation of t
single-particle energies in theT matrix approach at low tem-
perature.

The second ingredient of Eq.~1! is the generalized density
of states,N, defined as

N~k,P!5F]E~k,P!

]k G21

, ~5!

with the angle-averaged two-particle energy

E~k,P!5E dV

4p
@e~P/21k!1e~P/22k!#. ~6!

It is related to the two-nucleon effective mass@12# via

N~k,P!5
M* ~k,P!

2k
. ~7!

In Ref. @12# it was demonstrated that in fact this quanti
dominates the in-medium modification~suppression! of the
cross section by counteracting a weaker enhancement of
in-mediumG matrix elements.

Another important result of Ref.@12# was the fact that, as
far as in-medium effects are concerned, there is very li
difference between the proton-proton and the proton-neut
cross sections. In the present article we can therefore res
ourselves to the isospin-averaged nucleon-nucleon cross
tion

sNN5
1

2
@spp1spn#5

1

4
@s013s1#. ~8!

For the calculation of the in-medium cross section t
self-consistent determination of the single-particle energ
~3! has to be performed at each point (r,T) of the density-
temperature plane. In Fig. 1 we display the real part of t
nucleon on-shell self-energy~single-particle potential! as a
function of the momentum for different values of the tem
perature and density (r050.17 fm23, saturation density of

FIG. 1. Single-particle potentials as a function of the momentu
p at fixed densityr5r0 and various temperatures~left! and at fixed
temperatureT510 MeV for various values of the density~right!.
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nuclear matter!. One notes a rather weak temperature dep
dence, although the wiggle in the vicinity of the Fermi m
mentum, which is still present at the lowest temperature~5
MeV! and leads to a considerable enhancement of the ef
tive mass nearkF , is wiped out with increasing temperatur
@18#. This result is in accordance with the calculations
Lejeuneet al. @19#.

In previous publications we reported extensively on t
behavior of the cross section, Eq.~1!, as function of tempera-
ture, density, and total momentum@17#. In particular, we
showed that a singularity in the cross section occurs for
temperatures as a precursor effect of the onset of superfl
ity. This phenomenon made it difficult to give an overa
estimate of the cross section in a large range of tempera
and density. However, during the evolution of a HIC’s b
fore the freeze-out, the values of density, temperature,
total momentum of single pairs are such that the superfl
can hardly occur. Moreover, the application to transpo
model simulations does not demand keeping the full dep
dence of the cross section upon all variables, but a suita
averaging procedure can be applied much the same as
been done for zero temperature in Ref.@12#. In accordance
with the loss term of the collisional integral in the Boltzman
equation we define

^s&~p1!5

E d3p2f ~p2!Qpp~k,P!sNN~k,P!/N~k,P!

E d3p2f ~p2!/N~k,P!

,

~9!

with P5p11p2 andk5(p12p2)/2. Then, we end up with an
average cross section that depends besides on an av
scattering energyE:5p1

2/2m only on temperature and den
sity. In order to investigate the in-mediummodificationof
the cross section we also define an average free cross se
^s free&, having the same structure as Eq.~9!, but with the
in-medium cross sectionsNN(k,P,r,T) replaced by the free
cross sections free(k).

In Fig. 2 we display the average cross sections calcula
according to this procedure using the in-mediumT matrix. In
the upper panel of Fig. 2 we shoŵs& as a function ofp1 for
several values of density and temperature. Generally,
observes an overall reduction of the in-medium cross sec
compared to the free one~thin lines!. As discussed more
detailed in@12# this reduction is due to the modification o
the density of states in the medium~reduction of the effec-
tive mass!. In the caseT510 MeV the average cross section
are strongly suppressed for low valuesp1. The simple reason
for this behavior is the Pauli blocking of the outgoing cha
nel that forces the average cross sections even to zero a
Fermi momentum for zero temperature~see Ref.@12#!. As
soon as the temperature increases this suppression bec
less pronounced due to the gradual disappearance of
Pauli blocking belowkF .

In the lower panel of Fig. 2 the ratio of the average i
medium over the average free cross section is displayed.
gardless of the temperature the reduction of the in-med
cross section increases with increasing density since the
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808 57A. SCHNELL, G. RÖPKE, U. LOMBARDO, AND H.-J. SCHULZE
fective mass monotonously decreases. One observes a
maximum of the ratios around the Fermi momentum that i
remnant of the critical enhancement of the in-medium cro
section and loses strength with increasing density and
temperature. The dependence on temperature of the c
sectionratios is rather weak, in particular for large momen
p1*2 fm21. For smaller momenta one observes a sligh
stronger suppression of the ratios with increasing tempe
ture, due to the reduction of the critical enhancement of cr
sections. We remind the reader that the origin of the te
perature effects observed here is twofold: Apart from t
direct temperature dependence of the in-medium scatte
amplitude and density of states, the appearance of the di
bution functions in the collisional integral Eq.~9! leads with
varying temperature to the probing of different momentu
components in the averaging procedure.

A comparison betweenT matrix andG matrix calcula-
tions is shown in Fig. 3, where we have plotted the ra
^s&/^s free& as a function ofp1 both for several densities a
fixed temperatureT510 MeV ~left! and for several tempera
tures at fixed densityr5r0 ~right!. As an overall feature it is
found that both approaches yield almost identical results
yond a certain value of the momentum which is in all cas
aboutp152.5 fm 21. The rearrangement of the ground sta
associated with the hole-hole propagation is strongly s
pressed for such large momenta. Furthermore, for sma
momenta the ratios calculated in theT matrix approach are
larger than in theG matrix calculation due to the fact that th
critical enhancement of the cross section is stronger with
T matrix. Far beyond the critical temperature of the pairi
singularity the difference vanishes. However, the persiste
of a deviation as large as about 10% even at densities ab
the saturation density could indicate that hole-hole corre
tions are not completely negligible in the early stage of
HIC.

Comparing theG matrix calculation here with the zero

FIG. 2. Average cross section@Eq. ~ 9!# as function of the mo-
mentum p1 for three values of temperature and density, resp
tively. Upper half: absolute values of the average free~thin lines!
and in-medium~thick lines! cross sections. Lower half: ratio o
in-medium vs free average cross section.
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temperature calculation of Ref.@12# one finds that the effect
of finite temperature is quite considerable for momentap1
close to the Fermi surface, where the pronounced maxim
of the ratios present in the zero-temperature case is alm
completely smoothed out already atT510 MeV tempera-
ture. This is connected to the rapid disappearance of the lo
enhancement of the effective mass with increasing tempe
ture.

In Fig. 4 we show the ratiôs&/^s free& as a function of the
densityr (r0/10<r<2r0) for several values of the scatter-
ing energy E5p1

2/2m in the range 100 MeV<E<400
MeV. All curves show a smooth and monotonic behavio
However, at the lowest temperature~10 MeV! the E5100
MeV curve is much less steep for densities beyondr0. This
is a consequence of the nonmonotonic behavior of the rat

-

FIG. 3. Ratio of the in-medium vs free average cross section
function of the momentump1 calculated inG matrix ~dashed lines!
andT matrix ~solid lines! approach. Left-hand side: fixed tempera
ture T510 MeV, three densities. Right-hand side: fixed densityr
5r0, three temperatures.

FIG. 4. Ratio of the in-medium vs free average cross section
function of the densityr for three different temperatures and sev
eral values of the scattering energyE.
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57 809ELASTIC NUCLEON-NUCLEON CROSS SECTION IN . . .
in the low-energy range at low temperature~see Fig. 2! and
leads to a crossing of theE5100 MeV curve with theE
5200 MeV curve.

Because of this fact, we use for theparametrizationof the
ratios only the energy interval 200 MeV<E<400 MeV.
The density behavior can be well described by the sim
quadratic fit formula

^s&

^s free&
~E,r,T!511a~E,T!

r

r0
2b~E,T!S r

r0
D 2

,

r050.17 fm23, ~10!

with energy- and temperature-dependent coefficientsa and
b. In Fig. 5 we display them as a function of the scatter
energy E for several temperatures, finding a smooth a
monotonic behavior. The energy dependence ofa andb can
be very well parametrized also by a simple quadratic fit w
temperature-dependent coefficientsai andbi according to

a~E,T!5a0~T!1a1~T!
E

E0
1a2~T!S E

E0
D 2

, ~11a!

FIG. 5. Coefficientsa andb for the quadratic parametrizatio
of the density dependence of the ratio in-medium vs free ave
cross section as function of the scattering energyE according to Eq.
~10!. The figure shows the results at the four temperaturesT55, 10,
20, and 30 MeV.

TABLE I. Coefficients of the quadratic parametrization ofa
andb according to Eq.~ 11!. The fit was done in the energy rang
200 MeV<E<400 MeV.

T ~MeV! a0 a1 a2 b0 b1 b2

5 20.997 0.554 20.098 20.351 0.256 20.055
10 20.986 0.558 20.102 20.337 0.252 20.056
20 20.890 0.501 20.092 20.277 0.206 20.046
30 20.742 0.383 20.062 20.206 0.142 20.029
le

d

b~E,T!5b0~T!1b1~T!
E

E0
1b1~T!S E

E0
D 2

, ~11b!

E05200 MeV.

The coefficients for the temperaturesT55, 10, 20, and 30
MeV are listed in Table I. In order to provide a comple
parametrization we employ again a quadratic fit formula
the temperature dependence ofai andbi . According to the
formulas

ai~T!5ai01ai1

T

T0
1ai2S T

T0
D 2

, ~12a!

bi~T!5bi01bi1

T

T0
1bi2S T

T0
D 2

, ~12b!

T0510 MeV,

we obtain coefficient matricesai j andbi j which are given in
Table II. We are now able to parametrize the in-mediu
average cross section in the ranges 0<r<2r0, 5 MeV<T
<30 MeV, and 200 MeV<E<400 MeV.

In contrast to the zero-temperatureG matrix calculation
of Ref. @12#, where we used a linear fit for the coefficientsa
andb, we provide here a quadratic parametrization. Hav
in mind the weak temperature dependence of the ratios
results of both calculations are in good qualitative agr

ge

FIG. 6. Contour lines of equal ratios^s&/^s free& in the density-
temperature plane for the four values of the scattering energE
5100, 200, 300, and 400 MeV. The ratios are given from the hi
est to the lowest value in steps of 5%.

TABLE II. Coefficients of the temperature parametrization ofai

and bi according to Eq.~12!. The parametrization is valid in the
range 5 MeV<T<30 MeV.

i ai0 ai1 ai2 bi0 bi1 bi2

0 21.0026 20.0112 0.0328 20.3674 0.0240 0.0100
1 0.5390 0.0505 20.0342 0.2617 20.0003 20.0132
2 20.0899 20.0222 0.0105 20.0539 20.0055 0.0046



p

n-
pla
hi
hu
s
he
t t
r

m

on
te
u
o

p-
nce

een
ies
nd-
of
uli
-

r of
the

ose
d
n-
in-
on-

810 57A. SCHNELL, G. RÖPKE, U. LOMBARDO, AND H.-J. SCHULZE
ment. However, because of the different nucleon-nucleon
tentials and the difference between theG andT matrix, the
present calculation does not exactly coincide with Ref.@12#
in the limit T→0.

In order to obtain an overview to what extent the i
medium cross section deviates from the free one we dis
its behavior in the density-temperature plane in Fig. 6. T
rather intuitive figure shows contours of equal ratios and t
gives an estimate for what values of temperature and den
one has to account for the in-medium modification of t
nucleon-nucleon cross section. Again it can be seen tha
ratios depend only weakly on the temperature, particula
for large scattering energies and/or densities below nor
nuclear matter densityr0.

In conclusion, we have determined average nucle
nucleon cross sections that depend on the density and
perature of the nucleonic medium. The averaging proced
is suitable for application to transport-model simulations
-
les

l.

ra

P

-

W

o-

y
s
s
ity

he
ly
al

-
m-
re
f

HIC’s. Convenient parametrizations of the in-medium su
pression of the cross section have been given. The influe
of temperature on the in-medium scattering matrix has b
found to be rather small, in particular for scattering energ
above about 100 MeV. For smaller energies the correspo
ing variations are of the order of 10%; however, this range
energies is in practice relatively unimportant due to the Pa
blocking of collisions. The inclusion of hole-hole correla
tions has been investigated in theT matrix approach and the
resulting difference from theG matrix calculations at low
temperature and scattering energy is also of the orde
10%. The results presented here were obtained with
Bonn-OBEPQ nucleon-nucleon potential, and are very cl
to those obtained in Ref.@12# on the basis of the Paris an
ArgonneV14 potentials, which confirms once more the inse
sitivity of global many-body effects, such as average
medium cross sections, to details of the bare nucle
nucleon interaction.
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@13# T. Alm, G. Röpke, A. Schnell, N. H. Kwong, and H. S. Ko¨hler,

Phys. Rev. C53, 2181~1996!.
@14# R. Machleidt, K. Holinde, and Ch. Elster, Phys. Rep.149, 1

~1987!.
@15# C. Brandstaetter, diploma thesis, University of Graz, 1993~un-

published!; W. Plessaset al., Few-Body Syst., Suppl.7, 251
~1994!; H.-P. Kotz et al., in Few-Body Problems in Physics,
AIP Conf. Proc. No. 334, edited by F. Gross~AIP, New York,
1995!, p. 482.

@16# G. Q. Li and R. Machleidt, Phys. Rev. C48, 1702~1993!; 49,
566 ~1994!.

@17# M. Schmidt, G. Ro¨pke, and H. Schulz, Ann. Phys.~N.Y.! 202,
57 ~1990!; A. Sedrakian, D. Blaschke, G. Ro¨pke, and H.
Schulz, Phys. Lett. B338, 111 ~1994!; T. Alm, G. Röpke, and
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