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Equation of state of isospin asymmetric nuclear matter including relativistic random-phase
approximation-type correlations
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The equation of state of asymmetric matter including the relativistic exchange and correlation parts is
calculated in thes-v model. The results are discussed in comparison with empirical informations and phe-
nomenological approaches. Neutron star matter inb equilibrium and the resulting neutron star masses are also
discussed.@S0556-2813~98!06506-6#

PACS number~s!: 26.60.1c, 21.60.2n, 21.65.1f
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I. INTRODUCTION

There has been much interest recently in the equatio
state ~EOS! of isospin-asymmetric (NÞZ) nuclear matter,
mainly in connection to the physics of supernova explosi
@1# and neutron stars@2#, and to the structure of neutron-ric
nuclei @3# and collisions between them@4#. To achieve a
consistent description of these phenomena, which are rel
to both the high and low density behavior of the EOS, re
tivistic meson-nucleon models are often used@5#. As long as
one remains within the mean field approximation, one ha
introduce nonlinear mesonic self-interactions@6–9# in order
to get a reasonable incompressibility, which is a key para
eter in supernova simulations@10,11# and analyses of nuclea
breathing modes@12–16#. On the other hand, it has bee
shown@17# that a softening of the EOS can also be achiev
by including the relativistic exchange and random-pha
approximation-~RPA-! type correlations terms in the frame
work of thes-v model in its simplest form@18#. The results
obtained for symmetric matter and neutron matter indica
basic agreement with the empirical information. In this wo
we will extend this EOS to asymmetric matter and neut
star matter inb equilibrium, and discuss the results in term
of phenomenological parametrizations, empirical data on
ant monopole resonances, and neutron star masses.

II. MODEL FOR THE EOS

The derivation of the EOS of symmetric matter in Re
@19# was based on thes-v model Lagrangian@18#

L5c̄~ i ]”2M1gss2gvv” !c1 1
2 @~]ms!22ms

2s2#

2 1
4 ~]mvn2]nvm!21 1

2 mv
2 vm

2 ~1!

and the 1/N expansion, whereN refers to the isospin SU(N),
and in the present context one identifiesN52. In this
scheme, the relativistic Hartree approximation~RHA! gives
the leading contribution, and the next-to-leading term c
sists of the exchange and RPA-type correlations includ
vacuum polarization effects. Introducing a chemical poten
termmc̄g0c into the Lagrangian, the thermodynamic pote
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tial for T50 can be derived most conveniently by utilizin
the path integral formalism@19#. The result up to the next
to-leading term is

V

V
5

ms
2

2
^s&22

mv
2

2
^v0&22 i E d4k

~2p!4
Tr ln S~k!

1
i

2E d4k

~2p!4
tr ln D~k!1c.t., ~2!

where^•••& denotes the matter expectation value, andS(k)
5$k”̃2M* 1 i e@122Q( k̃0)Q(m* 2 k̃0)#%21 is the nucleon
Hartree propagator withM* 5M2gs^s&, k̃m5(k01m* ,k),
and m* 5m2gv^v0&. D(k) is the combineds-v meson
RPA-type propagator@19#, and Tr and tr denote the trace
with respect to the generalized Dirac and Lorentz indic
respectively. The counterterms~c.t.! include the subtraction
of the vacuum contributions, and are determined as in R
@19#. The Landau ghost singularities arising from the RP
type meson propagators are eliminated following Redmon
method @20# based on the Ka¨llén-Lehmann representatio

FIG. 1. Pressure as a function of baryon density for vario
proton fractions. The solid lines correspond to the 1/N and the
dashed lines to the RHA EOS.
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TABLE I. Parameters used in the full calculation 1/N and the RHA. Also shown are the parameters of
Lagrangian including nonlinear terms~NL!, which approximately reproduce the 1/N EOS in a mean field
approximation.M* is the nucleon effective mass at the saturation density.mv5783 MeV andm%5770 MeV
are fixed in each parameter set.

gs
2/4p gv

2 /4p g%
2 /4p ms ~MeV! c3 (fm21) c4 M* /M

1/N 2.24 3.66 1.48 550.0 0 0 0.89
RHA 6.23 8.18 1.46 550.0 0 0 0.73
NL 3.61 3.45 1.62 550.0 234.61 501.33 0.86
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~for details see Ref.@21#!. It has been shown in Ref.@22# that
the extension of Eq.~2! for T.0 leads to a thermodynami
consistent theory.

The extension to asymmetric matter is done by break
the isospin symmetry according tom*→t1mp* 1t2mn* ,
wheremp(n)* 5mp(n)2gv^v0&6g%^%3

0& ~1 for p and 2 for
n) andt6[ 1

2 (16tz), and adding a term2 1
2 m%

2^%3
0&2 to Eq.

~2!. That is, we include the neutral% meson and its coupling
to the nucleon on the Hartree level, which is the minimu
ingredient required to obtain a reasonable symmetry ene
@17#. ~The inclusion of the% meson in the higher order term
is a formidable task and is left for future work.! The original
1/N expansion is recovered in the limit of isospin symmet
matter. With regard to this correspondence, the resul
EOS will be denoted as ‘‘1/N EOS’’ in this paper. The RHA
EOS is obtained by discarding the term involving the mes
propagatorD in Eq. ~2!.

III. RESULTS AND DISCUSSIONS

A. Pressure and comparison to empirical information
on the EOS

The pressure of the system, which is given by2V/V with
the chemical potentials eliminated in favor of the densities
shown in Fig. 1 as a function of the baryon density for va
ous proton fractionsYp[Z/N. The parameters used in th
calculation are shown in Table I. As in previous wor
@17,19,22#, ms is fixed to 550 MeV, andgs , gv , andg% are
fitted to the saturation properties of symmetric matter.~We
take r050.148 fm23 for the saturation density,EB515.75
MeV for the binding energy per nucleon, anda4532.5 MeV
for the symmetry energy.! From Fig. 1 we see that the EO
is softened due to the inclusion of the higher order terms
all values of the proton fraction. As discussed in detail
Ref. @19#, the inclusion of the higher order terms leads to
larger M* and a smallergv , which results in a smaller in
compressibility and a reduction of the pressure at higher d
sities. ~For 1/N we obtainKv5302 MeV, compared to the
RHA value of 452 MeV.1! As a result of the relation
P(rB ,b)5P(rB,0)1b2rB

2da4 /drB1O(b4) the increase of
P with increasing asymmetryb[(N2Z)/A5122Yp for all

1The range ofKv obtained in the ‘‘macroscopic approach’’ i
about 200–350 MeV; see Refs.@12,13# and references therein. Re
cently, however, arguments in favor of the ‘‘microscopic a
proach’’ have been presented@14#, which leads toKv52002230
MeV in nonrelativistic theories@15# and 250–270 MeV in relativ-
istic theories@16#.
g
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densities reflects the fact that in our calculation the symme
energy increases monotonously with the baryon density~see
Fig. 24 of Ref.@17#!.

To facilitate the comparison to other works, we note th
our 1/N EOS can be well reproduced in the mean field a
proximation by adding a nonlinear interaction termdL5
2 1

3 c3s32 1
4 c4s4 to thes-v Lagrangian. The parameters o

this nonlinear~NL! Lagrangian, which we fixed such as t
reproduce our 1/N pressure as close as possible withinr0
<rB<3r0, are shown in Table I. This NL set leads to
different M* as compared to 1/N. As compared with the
parameter set NL1, which was determined in Ref.@8# by a fit
to properties of proton-magic nuclei and used in Ref.@7# to
discuss supernova matter, we note that both our values oc3
andc4 carry the opposite sign andc4 is much larger in mag-
nitude. Because of this distinction, we obtain for^s& roughly
half of the value of Ref.@8#, which subsequently leads t
some change in the incompressibility, whereas the dir
contribution of the nonlinear term to the incompressibility
prevailed by the separately large contributions of the q
dratic terms ins andv. Thus, like in the linear model, the
incompressibility is still mainly determined by the values
^s& andgv .

The fact that the softening of the EOS, which in our tre
ment is due to the relativistic correlation terms, can
achieved in a mean field model by including nonlinear int
action terms has been known for a long time@9#. These non-
linear terms also play an important role in the chiral effect
Lagrangian approach@23# to describe properties of nuclea
matter and nuclei, and studies based on the quark-me
coupling model@24,25# have shown that they can be thoug
to reflect the compositeness of the nucleon. In this conn
tion, it is interesting to observe that the effects of the re
tivistic correlation terms in our approach can be incorpora
into interaction terms of similar nature.

For the purpose of comparing our results with empiric
information and phenomenological approaches, it is usefu
adopt the parametrization from Baron, Cooperstein, and
hana@10# ~BCK! for the supernova problem,

P5
K~b!rs~b!

9g F S rB

rs
D g

21G . ~3a!

Hereg is the high density adiabatic index which is assum
to be independent ofb. The incompressibilityK(b) and the
saturation densityrs(b) are described by the first terms in a
expansion aroundb50,

K~b!5Kv~12asb
2!, rs~b!5r0~12bsb

2!. ~3b!
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Our results forK(b) and rs(b) are shown in Fig. 2, and
within the range 0.3<Yp<0.5 they can be approximated b
settingas50.91 andbs50.79. With the choiceg52.7 Eq.
~3! reproduces adequately our 1/N results of Fig. 1 in the
rangers<rB<3rs and 0.2<Yp<0.5. The values forKv , g,
as , andbs are listed in Table II in comparison to the param
eters employed by Baronet al. @10#, which lead to a prompt
supernova explosion of aM515M ( star, and to the one
derived by Bombacciet al. @26# from Brueckner-Hartree-
Fock calculations based on the Paris potential.

We note that our value ofas differs very much from the

FIG. 2. Incompressibility~a! and saturation density~b! as a
function of proton fraction. The solid and dashed lines show
result of the 1/N and RHA EOS, respectively.
values of Refs.@10,26#. Roughly speaking, a largeas gives a
soft EOS if the other parameters are held fixed. In Fig. 3
plot the pressure~3! according to the 1/N, RHA, and BCK
parameters listed in Table II forYp50.33, which is consid-
ered to be significant for supernova matter. We see that,
to the differences inKv and as , our 1/N EOS is distinctly
stiffer than the one of Baronet al. @10#.

If the relations in Eq.~3b! are considered as the leadin
terms in an expansion aroundb250, it follows from the
definition of the symmetry energya4 that the coefficientsas
and bs can be expressed in terms of derivatives ofa4(rB)
and the third derivative of the binding energy per nucleon
symmetric matter,EB(rB)[*drBP(rB)/rB

2 @27,28#,

as52
1

Kv
FKsym1LS K̃

Kv
26D G[2

Kvs

Kv
,

bs5
3L

Kv
, ~4!

e

FIG. 3. The pressure according to the parametrization Eq.~3!
using the 1/N ~solid line!, RHA ~dashed line!, and BCK ~dotted
line! parameters of Table II.
e
erical
TABLE II. Parameters characterizing the four EOS’s discussed in the main text. The values foras and bs without parentheses ar
obtained from the expansion ofE/A yielding Eqs.~4! and~5!, and those in parentheses are obtained from a least squares fit of the num
results to the expressions~3b! within the range 0.2<Yp<0.5. BCK refers to model 43 of Ref.@10# and BKL to Ref.@26#. The empirical
values ofas52Kvs /Kv andac52Kc /Kv are taken from Table 3 of Ref.@12#.

Kv ~MeV! g as bs ac bc

1/N 302 2.7 0.820~0.91! 0.847~0.79! 0.0111 0.00733
RHA 452 2.9 1.220~1.23! 0.605~0.60! 0.0129 0.00489
BCK 180 2.5 2.0 0.75
BKL 185 2.5 2.03 1.12

Empirical

Set 1 150 20.44660.67 20.03960.014
Set 2 200 0.23560.51 20.01360.010
Set 3 250 0.64360.40 0.002860.008
Set 4 300 0.91560.34 0.01360.007
Set 5 350 1.10960.29 0.02160.006
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where L53r0a48 , Ksym59r0
2a49 , K̃5227r0

3EB-, and the
primes indicate the derivatives with respect torB at the satu-
ration density of symmetric matterr0. Our values foras and
bs obtained from these expressions are also listed in Tabl
They are very similar to the ones obtained above by a fi
the approximate expressions, Eq.~3b!. Pearson@12# has ex-
tracted empirical values forKvs for several input values o
Kv by fits to the measured nuclear breathing mode energ2

His results are listed in the lower part of Table II. Our 1N
EOS has roughly the sameKv as that of set 4, and our valu
for as is in reasonable agreement with the correspond
empirical one.

It has been pointed out@12# that further useful informa-
tion on the EOS can be obtained by considering also
Coulomb contribution to the incompressibility@29#. If one
assumes nuclear matter to be confined within a radiuR
5r 0A1/3 with r 0

235(4p/3)r0, one can derive the additiona
Coulomb terms2acZ

2A24/3 and2bcZ
2A24/3, which should

be added to the terms inside the parentheses on the r
hand side of Eq.~3b!,

ac52
1

Kv

3a

5r 0
S K̃

Kv
28D[2

Kc

Kv
, bc5

9a

5Kvr 0
, ~5!

with a51/137. Since, for fixedKv , ac depends only onK̃,
the empirically observed correlation betweenKc andKv ~see
Table II! implies a relation between the second and th
derivatives~or Kv and K̃) of the binding energy. Our value
for ac listed in Table II is consistent with the empirical valu
of set 4; i.e., our EOS follows theKv-K̃ relation observed in
Ref. @12#.

We note that one might discuss our results for the coe
cients bs and bc listed in Table II by relating them to the

2Recent works in favor of the ‘‘microscopic approach’’ indica
that the correlations observed in Ref.@12# might be probably too
tight due to the truncation of the ‘‘leptodermous expansion’’ to t
leading terms~see also footnote 1!. Therefore the comparisons pre
sented in this section have mainly qualitative character.

FIG. 4. Proton fraction inb equilibrium as a function of baryon
density. The solid line is obtained from the 1/N and the dashed line
from the RHA EOS.
II.
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recently determined root mean square matter radii of i
topes@30#. However, for this purpose a calculation for fini
nuclei is preferable, and therefore we do not pursue this is
further here.

B. Matter in b equilibrium

We now turn to the discussion of theb-equilibrium state,
which is characterized by charge neutrality (rp5re1rm)
and the conditionme5mm5mn2mp . The leptons are treate
as a Fermi gas. In Fig. 4 we show the resulting proton fr
tion as a function of the baryon density. According to R
@31#, a proton fraction of more than 11–13 % is required
allow the kinematics of the direct Urca process, which lea
to a fast cooling of the neutron star. In our calculation th
criterion is satisfied forrB.0.27 fm23 or M star.1.0M ( ~see
below!. Since neutron star masses are observed at 1.4M ( ,
one can assume a considerable contribution of the di
Urca process to the cooling of neutron stars.

The neutron star mass can be calculated as a functio
the central mass density by integrating the Tolma
Oppenheimer-Volkoff equation@32#. The result is shown in
Fig. 5 for the 1/N EOS in b equilibrium, in comparison to
the pure neutron matter case and the RHA EOS inb equi-
librium. The stiffer the EOS, the higher is the mass of t
most massive stable star and the smaller is its central den
Since the softening of the EOS due to the proton admixt
overcomes the increase of the pressure due to the leptons
maximum star mass is decreased somewhat as compar
the pure neutron matter case. Nevertheless, the propertie
the star, like the radius, density profile, and surface reds
ratio, are not changed drastically as compared to the neu
matter results of Ref.@17#, where it was shown that they ar
consistent with observations.

IV. CONCLUDING REMARKS

In conclusion, we have shown that the EOS of isosp
asymmetric matter is softened considerably due to the r
tivistic exchange and correlation terms. Our EOS is in ba

FIG. 5. Neutron star masses in units of solar mass against
tral mass density. The solid and dashed lines correspond to theN
and RHA EOS under condition ofb equilibrium, respectively. The
dotted line shows the 1/N result for pure neutron matter.
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agreement with bulk properties of neutron stars and w
empirical information derived from the ‘‘macroscopic a
proach’’ to the nuclear breathing modes, but is somew
stiff compared to recent analyses based on the ‘‘microsco
approach.’’ Concerning the supernova problem, it is v
likely that our EOS is too stiff to lead to an explosion a
cording to the prompt shock mechanism. In this respec
would be very interesting to use the more likely delay
shock mechanism@33,1# to derive detailed information on
the stiffness of the nuclear EOS.
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