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Predictive ability of QCD sum rules for decuplet baryons

Frank X. Lee
Nuclear Physics Laboratory, Department of Physics, University of Colorado, Boulder, Colorado 80309-0446

~Received 15 July 1997!

QCD sum rules for decuplet baryon two-point functions are investigated using a comprehensive Monte
Carlo based procedure. In this procedure, all uncertainties in the QCD input parameters are incorporated
simultaneously, resulting in realistic estimates of the uncertainties in the extracted phenomenological param-
eters. Correlations between the QCD input parameters and the phenomenological parameters are studied by
way of scatter plots. The predicted couplings are useful in evaluating matrix elements of decuplet baryons in
the QCD sum rule approach. They are also used to check a cubic scaling law between baryon couplings and
masses, as recently found by Dey and co-workers. The results show a significant reduction in the scaling
constant and some possible deviations from the cubic law.@S0556-2813~98!02201-8#

PACS number~s!: 14.20.Gk, 02.70.Lq, 11.55.Hx, 12.38.Lg
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I. INTRODUCTION

The QCD sum rule method@1# is a powerful tool in re-
vealing the deep connection between hadron phenomeno
and QCD vacuum structure via a few condens
parameters—vacuum expectation values of QCD local
erators. This nonperturbative method has been success
applied to a variety of problems to gain a field-theoreti
understanding into the structure of hadrons~for a review of
the early work, see Ref.@2#!, and continues to be an activ
field @3#.

The decuplet baryons have been studied in the past u
the QCD sum rule method. In Ref.@4#, D was first studied. It
was later extended toS* in Ref. @5#. In Ref. @6#, sum rules
for the decuplet family were given~they were also reported
in Ref. @2#!. Ratio method was used there to extract t
masses. No attempt was made to extract the current
plings. No anomalous dimension corrections were con
ered. In Ref.@7#, D was studied including leading-orderas
corrections. In Ref.@8#, D was studied. A perusal of thes
works reveals discrepancies among the QCD sum rules
rived where comparisons are possible. The analysis meth
employed were relatively crude. Often a 10% or better ac
racy was claimed in all the extracted quantities without
support of rigorous error analysis.

In this work, we decide to rederive the sum rules for
members of the decuplet family, consistently including o
erators up to dimension 8, first order strange quark m
corrections, flavor symmetry breaking of the strange qu
condensates, anomalous dimension corrections, and fa
ization violation of the four-quark condensate. Furthermo
we try to assess quantitatively the errors in the phenome
logical parameters, using a Monte Carlo based procedure@9#.
This procedure incorporates all uncertainties in the QCD
put parameters simultaneously, and translates them into
certainties in the phenomenological parameters, with car
regard to operator-product expansion~OPE! convergence
and ground state dominance. The goal is to get a real
understanding of the predictive ability of the standard imp
mentation of the QCD sum rule approach for the decup
baryon two-point functions. Of particular interest is th
baryon coupling to its current. This quantity is crucial
studying matrix elements of these baryons, such as magn
570556-2813/98/57~1!/322~7!/$15.00
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moments, transition moments, axial charges, tensor char
etc., because they utilize the coupling as normalization.

II. METHOD

The starting point is the two-point correlation function
the QCD vacuum

Pmn~p!5 i E d4xeip•x^0 uT$hm~x!h̄ n~0!%u 0&, ~1!

wherehm is the interpolating field~or current! with the quan-
tum numbers of the baryon in question. The interpolat
field excites the ground state as well as the excited state
the baryon from the QCD vacuum. The ability of the inte
polating field to annihilate theground statebaryon into the
QCD vacuum is described by a phenomenological param
lB ~called current coupling or pole residue!

^0 uhmuBps&5lBum~p,s!, ~2!

whereum is the Rarita-Schwinger spin-vector. This param
eter plays an important role in evaluating matrix elements
the baryons.

The lowest dimensional interpolating fields for the d
cuplet are uniquely defined. Assuming SU~2! symmetry in
the u andd quarks, they can be written as

hm
D~x!5eabc@uaT~x!Cgmub~x!#uc~x!, ~3!

hm
S* ~x!5A1/3eabc$2@uaT~x!Cgmsb~x!#uc~x!

1@uaT~x!Cgmub~x!#sc~x!%, ~4!

hm
J* ~x!5A1/3eabc$2@saT~x!Cgmub~x!#sc~x!

1@saT~x!Cgmsb~x!#uc~x!%, ~5!

hm
V~x!5eabc@saT~x!Cgmsb~x!#sc~x!. ~6!

HereC is the charge conjugation operator and the supersc
T means transpose.

The QCD sum rules are derived by calculating the c
relator in Eq.~1! using operator-product expansion, on t
322 © 1998 The American Physical Society
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57 323PREDICTIVE ABILITY OF QCD SUM RULES FOR . . .
one hand, and matching it to a phenomenological repre
tation, on the other. The obtained tensor structure has
form

Pmn~p!5P1~p2!gmn1P2~p2!gmnp̂1•••, ~7!

where the hat notation denotesp̂5paga . Two QCD sum
rules can be derived from the two invariant functionsP1(p2)
andP1(p2) for each member using standard procedure. T
sum rule from P1 is called chiral-odd since it involve
dimension-odd condensates only. Similarly, the sum r
from P2 is called chiral-even since it involves dimensio
even condensates only. These two structures are consid
because they receive contributions from spin-3/2 states o
The chiral-odd sum rules at the structuregmn are given forD,

4

3
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3
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2aE0L2/27M22
1

18
abL16/27
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for S* ,
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3
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2 MJ* e2M

J*
2
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and forV,

4
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The chiral-even sum rules at the structuregmnp̂ are given for
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1
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/M2
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and forV,

1

5
E2L4/27M62

5

72
bE0L4/27M21

4

3
f s

2kva2L28/27

2
7

9
f s

2m0
2a2L14/27

1

M2
13 msf saE0L4/27M2
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msf sm0

2aL210/275 l̃V
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2 /M2
. ~15!

In the above equations,a52(2p)2^ ūu&, b5^gc
2G2&,

^ ūgcs•Gu&52m0
2^ ūu&, l̃B5(2p)2lB . The ratio

f s5^ s̄s&/^ ūu&5^ s̄gcs•Gs&/^ ūgcs•Gu& accounts for the
flavor symmetry breaking of the strange quark. The fo
quark condensate is not well-known and we use the fac
ization approximation̂ ūu ūu&5kv^ ūu&2 and investigate its
possible violation via the parameterkv . The anomalous di-
mension corrections of the various operators are taken
account via the factor L5@as(m

2)/as(M2)#5@ ln(M2/
LQCD

2 )/ln(m2/LQCD
2 )#, wherem5500 MeV is the renormal-

ization scale andLQCD is the QCD scale parameter. A
usual, the excited state contributions are modeled us
terms on the OPE side survivingM2→` under the assump
tion of duality, and are represented by the facto
En(x)512e2x(nxn/n! with x5wB

2/MB
2 and wB an effec-

tive continuum threshold. Note thatwB is in principle differ-
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324 57FRANK X. LEE
ent for different member of the decuplet and we will trea
as a free parameter in the analysis.

These sum rules constitute a complete, up-to-date se
QCD sum rules for the decuplet baryon two-point functio
under standard implementation of the approach. The re
can find differences in a number of Wilson coefficients a
in the anomalous dimension corrections, when compa
with the existing calculations.

III. ANALYSIS

The basic steps of the Monte Carlo based analysis ar
follows @9#. Given the uncertainties in the QCD input param
eters, randomly selected, Gaussianly distributed sets are
erated, from which an uncertainty distribution in the OP
can be constructed. Then ax2 minimization is applied to the
sum rule by adjusting the phenomenological fit paramet
This is done for each QCD parameter set, resulting in dis
butions for phenomenological fit parameters, from which
rors are derived. The Borel window over which the two sid
of a sum rule are matched is determined by the follow
two criteria: ~a! OPE convergence—the highest-dimension
operators contribute no more than 10% to the QCD side;~b!
ground-state dominance—excited state contributions shou
not exceed more than 50% of the phenomenological s
The former effectively establishes a lower limit, the latter
upper limit. Those sum rules which do not have a valid Bo
window under these criteria are considered unreliable
therefore discarded.

The QCD input parameters and their uncertainty ass
ments are given as follows. The quark condensate in s
dard notation is taken asa50.5260.05 GeV3, correspond-
ing to a central value of̂ ūu&52(236)3 MeV 3. For the
gluon condensate, early estimates from charmonium@1#
place it atb50.4760.2 GeV4, a value commonly used in
QCD sum rule analysis. But more recent investigations s
port much larger values@10–13#. Here we adoptb51.260.6
GeV4 with 50% uncertainty. The mixed condensate para
eter is placed atm0

250.7260.08 GeV2. For the four-quark
condensate, there are claims of significant violation of
factorization hypothesis@10–12#. Here we usekv5261 and
1<kv<4. The QCD scale parameter is restricted
LQCD50.1560.04 GeV. We find variations ofLQCD have
little effects on the results. The strange quark mass is ta
as ms50.1560.02 GeV. The value off s has been deter
mined in@2,5# and is given byf s50.8360.05 after convert-
ing to our notation byg5 f s21. These uncertainties are a
t
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signed conservatively and in accord with the state-of-the
in the literature. While some may argue that some values
better known, others may find that the errors are undere
mated. In any event, one will learn how the uncertainties
the QCD parameters are mapped into uncertainties in
phenomenological fit parameters.

In illustrating how well a sum rule works, we choose
plot the logarithm of the two sides of the sum rule against
inverse ofM2. In this way, the right-hand side will appear a
a straight line whose slope is2MB

2 and whose intercept with
the y axis gives a measure of the coupling strength. T
linearity ~or deviation from it! of the left-hand side gives an
indication of OPE convergence and the quality of the co
tinuum model. The two curves should match in the defin
Borel region for a good sum rule. Figure 1 shows such a p
for the chiral-odd sum rules at the structuregmn . The result-
ing fit parameters are given in Table I. The experimen
masses are taken from Particle Data Group@14#. Figure 2
shows a similar plot for the chiral-even sum rules. The
sulting fit parameters are given in Table II.

First, let us note that the chiral-oddD sum rule~8! is the
only one that allows a three-parameter search. In the o
sum rules, there is not enough information in the OPE fo
three-parameter search. What happens numerically is tha
search algorithm return a continuum threshold that is eit
zero or smaller than the mass, which is clearly unphysical
order to proceed, we decide to fix the continuum thresho
at certain values and perform a two-parameter search on
masses and couplings. By adjusting the continuum thre

FIG. 1. Monte Carlo fits of the chiral-odd sum rules at the stru
ture gmn . Each sum rule is searched independently. The solid
corresponds to the ground state contribution, the dotted line the
of the contributions~OPE minus continuum!. The error bars are
only shown at the two ends for clarity.
the
e Borel
CD
TABLE I. Monte Carlo analysis of the chiral-odd sum rules for the decuplet. The third column is
percentage contribution of the excited states to the phenomenological side at the lower end of th
region ~it increases to 50% at the upper end!. The results are obtained from consideration of 1000 Q
parameter sets.

Sum rule
Region
~GeV!

Cont.
~%!

w
~GeV!

l̃2

~GeV6)
Mass
~GeV!

Exp.
~GeV!

D 0.95 to 1.17 31 1.656 0.22 2.2660.89 1.4360.12 1.232
S* 0.82 to 1.29 8 1.80 2.8360.32 1.39460.052 1.384
J* 0.99 to 1.42 13 2.00 4.3260.47 1.50560.037 1.533
V 1.05 to 1.59 8 2.30 7.1960.75 1.67660.031 1.672
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57 325PREDICTIVE ABILITY OF QCD SUM RULES FOR . . .
olds to values that reproduce the experimentally kno
masses, the current couplingsl̃B

2 are left as predictions from
the self-consistency requirement of the corresponding s
rules. We have tried a different approach: fixing the mas
at known values and search for the continuum thresholds
couplings. This was not successful due to the same rea
as above. It is satisfying to observe that the obtained c
tinuum thresholds in Table I roughly coincide with the fir
excited state in each channel from Particle Data Group@14#:
D(1600),S* (1840),J* (1950),V(2250).

The predictedD mass lies above the experimental val
by less than two standard deviations. This small overesti
tion of MD is a typical result in the QCD sum rule approac
For example, in Ref.@4# it was found MD.1.37 GeV,
l̃B

2.2.3 GeV6, and w52.2 GeV; and in Ref.@8# it was

found MD.1.36 GeV,l̃B
2.1.53 GeV6, andw51.58 GeV.

In these works, the traditional value ofb50.47 GeV4 was
used. Using this value in the present study yieldsMD.1.385
GeV, l̃B

2.2.00 GeV6, and w51.61 GeV. The couplings
from these studies are consistent with each other. It is w
mentioning that bothMD and l̃B

2 as determined from the
QCD sum rule method agree with those from other calcu
tions. For example, a lattice QCD calculation@15# gives
MD.1.43 GeV, l̃B

2.2.13 GeV6; and an instanton liquid

model calculation@16# gives MD.1.43 GeV, l̃B
2.1.70

FIG. 2. Similar to Fig. 1, but for the chiral-even sum rul

~without as corrections! at the structuregmnp̂. For better viewing,
the curves for each baryon have been shifted downward by 0.2
relative to the previous one.
n

m
s

nd
ns

n-

a-
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GeV6. The reason for the overestimation of theD mass in
QCD sum rule method remains an open question. It is lik
that the power corrections are large in this sum rule and
OPE is not sufficiently convergent. On the phenomenolo
cal side, one notes that the continuum contribution in t
sum rule is the largest among the decuplet family, grea
than 30% in the entire Borel region used. This also indica
that the continuum model may not be adequate.

Further examination of Figs. 1 and 2 reveals that the
rors in the chiral-odd sum rules are generally smaller th
those in the chiral-even sum rules. More importantly, t
convergence of the OPE in the chiral-odd sum rules are
ter than that in the chiral-even sum rules~as evidenced by the
deviation of the dotted line from linearity!. Consequently,
the results from the chiral-odd sum rules are more relia
than those from the chiral-even sum rules. This fact is
general feature of baryon two-point functions as recently e
phasized in Ref.@17#. It can be traced to the fact that eve
and odd parity excited states contribute with different sig
The contributions of positive- and negative-parity excit
states partially cancel each other in the chiral-odd sum ru
whereas they add up in the chiral-even sum rules. Fur
evidence for the unreliability of chiral-even sum rules will b
discussed below.

The effects of perturbative corrections to first order inas
were also studied in this work. These corrections have b
calculated in@7# and are given by

S 11

9
2

4

3
gEDas

p
,

and

S 17

27
2

5

6
gEDas

p
, ~16!

to the dimension-three (a) and dimension-five (m0
2a) terms,

respectively, in the chiral-odd sum rules~8! to ~11!; and

S 539

90
2

1

3
gEDas

p
,

and

its
hows
TABLE II. Similar to Table I, ut for the chiral-even sum rules. The second row in each sum rule s
the results with the leading-orderas corrections included.

Sum rule
Region
~GeV!

Cont.
~%!

w
~GeV!

l̃2

~GeV6)
Mass
~GeV!

Exp.
~GeV!

D 1.15 to 1.56 10 2.20 4.1360.65 1.1960.13 1.232
1.15 to 1.39 23 2.00 3.7960.51 1.2360.11

S* 1.13 to 1.63 6 2.40 5.6360.48 1.3660.13 1.384
1.13 to 1.47 15 2.20 5.4960.41 1.3860.11

J* 1.10 to 1.71 3 2.60 7.7160.37 1.5260.13 1.533
1.10 to 1.56 8 2.40 7.9260.43 1.5360.10

V 1.08 to 1.76 2 2.70 9.1660.43 1.6160.12 1.672
1.08 to 1.61 5 2.50 9.5460.53 1.6160.10
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FIG. 3. Scatter plots showing correlations betweenl̃ D
2 and the QCD input parameters for the chiral-odd sum rule~8!. The results are

drawn from 1000 QCD parameter sets. The distributions forMD andwD have qualitatively the same shapes as forl̃ D
2 , and are not shown
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108
1

22

3
gEDas

p
, ~17!

to the dimension-zero~the identity operator! and dimension-
six (a2) terms, respectively, in the chiral-even sum rules~12!
to ~15!. HeregE.0.58 is the Euler constant. At the scale
about 1 GeV2, as /p.0.12. So the leading-orderas correc-
tions amount to about 5% in the chiral-odd sum rules a
about 70% in the chiral-even sum rules. Their effects on
spectral parameters are given in Table II as a second e
for each of the chiral-even sum rules. We find the effects
as corrections in the chiral-odd sum rules are small and
be safely neglected. They were not listed in Table I. On
other hand, inclusion ofas corrections in the chiral-even
sum rules leads to a shrinkage of the valid Borel regions
an increase of the continuum contributions, signs of dete
ration of the sum rules. Since the identity operator term
closely tied to the continuum model, it turns out that t
effects of theas corrections can be compensated by sim
shifting down the continuum threshold by about 200 MeV
d
e
try
f
n
e

d
-

s

When considering the uncomfortably largeas corrections
in the chiral-even sum rules, the possibility of a significa
dimension-two power correction from a summation of t
perturbative series@18,19#, coupled with the large uncertain
ties associated with the four-quark condensate, one ha
conclude that the QCD side of these sum rules are re
poorly known. The spectral properties extracted from th
are most likely unreliable. Therefore, we caution against
use of these chiral-even sum rules in favor of the chiral-o
sum rules.

Since all the parameters in the Monte Carlo analysis
correlated, one can study the correlations between any
parameters by looking at their scatter plots. Such plots
useful in revealing how a particular sum rule resolves
spectral properties. Figure 3 shows the correlations
vacuum condensates with theD coupling for the chiral-odd
sum rule~8!. Similar plots hold for the mass and the co
tinuum threshold and are not shown. The uncertainties in
quark condensate reveal anticorrelations with the spectra
rameters, while those in the gluon condensate and the m
condensate display positive correlations. The fact that al
FIG. 4. Similar to Fig. 3, but for the chiral-oddV sum rule~11!.



h
t

er
P
c

at
ge
e
sly

to
e
rn
tru
T

es

m
th

th
u

n
c

le
tin
a
d
lt

hi

ts
s
e
ed

The
he
e

eli-
tly
we

efi-
w

fit,
r a

en
om-
arly
ther

um
m-
ere

the

m-
s of
lcu-
um
r as
be-
ical
ghts
ctral
ent
een

d in
-

ud-

is
ns.
nt

s

fi

57 327PREDICTIVE ABILITY OF QCD SUM RULES FOR . . .
the condensates have significant correlations with the p
nomenological parameters suggests that all three terms in
OPE side of this sum rule play an important role in det
mining the outcome. This may be an indication that the O
in this sum rule is not yet sufficiently convergent. The fa
that all three phenomenological parameters are correl
with the vacuum condensates in the same manner sug
that attempts to fine tune the condensates will increas
decrease the phenomenological parameters simultaneou
this sum rule.

Figure 4 shows similar scatter plots forV at the chiral-
odd sum rule~11!. Here three more parameters come in
play: kv , ms, and f s . It is interesting to observe that th
mass and the coupling have different correlation patte
They are opposite for the quark condensate. Similar is
for the strange quark mass, although less pronounced.
mass is negatively correlated withkv , while the coupling
has little correlation with it. The correlations withb, m0

2, and
f s appear fairly weak.

We have examined scatter plots for all of the sum rul
We find that qualitatively, the strange baryon (S* , J* , and
V) sum rules have very similar patterns within the sa
chirality, despite some subtle differences. The patterns in
chiral-even sum rules are very different from those in
chiral-odd sum rules. We will not elaborate further abo
them.

In a recent work@20#, the authors observed that baryo
current couplings and their masses obey a simple cubic s
ing law: lB;MB

3 , across the octet as well as the decup
This result is based on the couplings extracted from exis
QCDSR calculations. Some theoretical justification w
given based on general scaling arguments for QCD an
simple light-cone constituent quark model. Using our resu
for the decuplet, we are able to check more carefully t
claim.

FIG. 5. Baryon current coupling (l̃B
2) versus the baryon mas

(MB). The empty squares are the points extracted by Ref.@20#, and
the filled circles are from this work. The solid line represents the

to the square points:l̃B
25(1.16)2MB

6 , as obtained in Ref.@20#. The

dashed line is the fit to our points:l̃B
25(0.84)2MB

6 .
l.
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In Fig. 5, following Ref. @20#, we plot the couplings
l̃B

2[2(2p)4lB
2 as a function of the masses, using poin

extracted by Ref.@20# and our points. The nucleon point i
taken from Ref.@9# which is the most recent analysis of th
nucleon mass sum rule. It lies slightly below the point us
in Ref. @20#. For the octetL, S, andJ, there exist no new
analyses to our knowledge, so the same points are used.
important difference is that our values from Table I for t
decupletS* , J* , andV are significantly smaller than th
ones extracted by Ref.@20#. The D points roughly agree.
This is true even for the values extracted from the less r
able chiral-even sum rules in Table II, which are sligh
larger than those from the chiral-odd sum rules. Note that
have taken into account a factor of 2 difference in the d
nition of l̃B

2 in the comparisons. We attempted to fit the ne

points with a cubic law and obtainedl̃B
250.71MB

6 compared

to their result ofl̃B
251.35MB

6 . Notice, however, that there
are considerable deviations from the points in the new
especially the octet strange baryon points. This calls fo
reexamination of the QCD sum rules for the octetL, S, and
J. Given the great importance of a scaling law betwe
baryon current couplings and their masses and its phen
enological consequences, more investigations are cle
needed to resolve the deviations, perhaps coupled with o
methods such as lattice QCD.

IV. CONCLUSION

We have rederived and reanalyzed in detail the QCD s
rules for decuplet baryon two-point functions using a co
prehensive Monte Carlo based procedure. Predictions w
obtained for the current couplings with an accuracy on
order of 10% forS* , J* , andV, and 40% forD ~see Table
I!, using realistic error estimates for the QCD input para
eters. The results are useful in evaluating matrix element
decuplet baryons in the QCD sum rule approach. Our ca
lations confirmed the general feature that chiral-odd s
rules are more reliable than chiral-even sum rules as fa
baryon two-point functions are concerned. Correlations
tween the QCD input parameters and the phenomenolog
parameters are studied by way of scatter plots. Some insi
are gained on how a particular sum rule resolves the spe
properties. Finally, the couplings obtained in the pres
study are used to check a possible cubic scaling law betw
baryon couplings and their masses, as recently claime
Ref. @20#. We find significant reduction in the scaling con
stant and possible deviations from the cubic law. More st
ies are needed to clarify this important issue.
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