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Universal description of the 02
1 state in collective even-A nuclei

Yu. V. Palchikov,1 P. von Brentano,2 and R. V. Jolos1,2
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A generalized description of the 02
1 state in collective even-A nuclei is obtained in theQ-excitation scheme.

It is shown that for the whole symmetry triangle the two-Q and three-Q configurations are exhausted in a sum
more than 90% of the norm of the 02

1 state. For the parameter range important for the description of nuclear
data it is about 95% of the norm. The results obtained are applied to the description of theE2-decay branching
ratio of the 02

1 state in nondeformed nuclei.@S0556-2813~98!01206-0#

PACS number~s!: 21.60.Fw, 21.60.Ev, 21.10.Re
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I. INTRODUCTION

In the series of papers@1–4# an attempt has been unde
taken to describe low-lying collective states of even-ev
nuclei in terms of the multiple-Q excitations of the ground
state

~1!

where the operatorQ

Q5s1d̃1d1s1x~d1d̃!2 ~2!

is a general quadrupole operator of the IBM-1. In t
consistent-Q formalism ~CQF! @5# the quadrupole operato
Q is proportional to theE2 transition operator. The consid
eration has been performed in the framework of the exten
consistent-Q formalism~ECQF! @6# of thesd-interacting bo-
son model~IBM !.

In the O(6) dynamical symmetry limit the low-lying
states with theO(6) seniority quantum numbers5N can be
created acting byQ on the ground state. It was shown in@3#
that these states can be described exactly as multiple-Q ex-
citations with a fixed number ofQ. In the SU~3! dynamical
symmetry limit only states belonging to the ground-st
band can be produced acting byQ on the ground-state vec
tor. These states are also described exactly by multiplQ
excitations with the number ofQ equal to the half of the
angular momentum. In a general caseQ-configurations~1!
form a basis which can be used to expand the eigenstate
the IBM-1 Hamiltonian. The question arises, how many b
sic states of the type~1! are required to describe eigenstat
with a good accuracy. In@1,2# it was shown that the wave
vectors of the yrast states can be described to a good a
racy ~better than 90% of the norm! over the whole paramete
space of the extended consistentQ Hamiltonian of IBM-1 by
the simple universal expressions containing only o
multiple-Q configuration. Then, it was shown in@4# that the
second 21 state, which is a two-phonon state in the case
harmonic vibrator and aK52 one-phonon vibrational stat
in a rotor limit, can be described with an accuracy better th
90% almost over the whole parameter space as a two-Q con-
figuration
570556-2813/98/57~6!/3026~6!/$15.00
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u2QQ
1 &5N~2,2!F ~QQ!~2!2

^01
1u~QQQ!~0!u01

1&

^01
1u~QQ!~0!u01

1&
QG u01

1&.

~3!

The state vector~3! is orthogonal to the one-Q configu-
ration. To describe a weak decay of the 22

1 state to the
ground state it is necessary to take into account a small
mixture of the one-Q configuration

u2Q
1&5N~2,1!Qu01

1& ~4!

to the state vector~3!. In this case 22
1 state vector is de-

scribed with an accuracy about 98%@4#.
Although the consideration above was based on IBM

was shown that the calculations are correct also for so
other models@7,8#. So, we hope that the results mention
above have a more general applicability than in the IB
only. It is also useful to stress that in expressions~1!, ~2!, ~3!,
and ~4! the properties of the ground state as well as
quadrupole operator change with the Hamiltonian para
eters. Therefore the properties of the states represente
the Q configurations are also changed. However, the re
tions among them remain approximately the same.

The aim of the present paper is to obtain a universal
pression in terms ofQ configurations for the 02

1 state vector.
Together with the results obtained in@4# it will give us the
expressions for the heads of the two main excited quasiba
of even-even nuclei.

II. Q CONFIGURATIONS FOR 0 2
1 STATE

Let us investigate a possibility of expressing the 02
1 state

in terms of the multiple-Q configurations. The simplest ar
two-Q

~QQ!0u01
1& ~5!

and three-Q

~QQQ!0u01
1& ~6!
3026 © 1998 The American Physical Society
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configurations. The expressions given above are not orthogonalized to the ground state. It should be done before to
as a basic vectors for the expansion of theu02

1& state vector. Orthogonalizing vectors~5!, ~6! to the ground state and
normalizing them we get the following state vectors:

u0QQ
1 &5

@~QQ!02^01
1u~QQ!0u01

1&#

A^01
1u~QQ!0~QQ!0u01

1&2^01
1u~QQ!0u01

1&2
u01

1&, ~7!

u0QQQ
1 &5

@~QQQ!02^01
1u~QQQ!0u01

1&#

A^01
1u~QQQ!0~QQQ!0u01

1&2^01
1u~QQQ!0u01

1&2
u01

1&. ~8!
0
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At the moment we do not know how many multi-Q configu-
rations it will be necessary to take into account to express2

1

state vector. However, before going to the higher-Q configu-
rations let us first analyze the expansions of theu0QQ

1 & and
u0QQQ

1 & vectors in terms of the eigenstates of the EC
Hamiltonian

u0QQ
1 &5 (

i 52,3, . . .
ai u0i

1&, (
i 52,3, . . .

ai
251, ~9!

u0QQQ
1 &5 (

i 52,3, . . .
bi u0i

1&, (
i 52,3, . . .

bi
251, ~10!

where u0i
1& are eigenstates of the ECQF Hamiltonian. F

the coefficientsai andbi we have

ai5^0i
1u0QQ

1 &, ~11!

bi5^0i
1u0QQQ

1 &. ~12!

We have calculated the values of thea2 ,a3 andb2 ,b3 coef-
ficients over the whole parameter space of the ECQF Ha
tonian. Some results of the calculations performed for
lti
nt

re
r

il-
e

number of bosonsN512 are presented in Table I, wher
there are given the values of (^02

1u0QQ
1 &21^03

1u0QQ
1 &2) and

(^02
1u0QQQ

1 &21^03
1u0QQQ

1 &2) calculated for the set of value
of e/k and those values ofx, which minimize (̂ 02

1u0QQ
1 &2

1^03
1u0QQ

1 &2) and (̂ 02
1u0QQQ

1 &21^03
1u0QQQ

1 &2) for every
givene/k. The results show that already the first two excit
01 states (02

1 and 03
1) exhaust mainly more than 90% of

norm of theu0QQ
1 & and u0QQQ

1 & vectors. Therefore the two
dimensional subspace based onu0QQ

1 & and u0QQQ
1 & vectors

approximately coincides with the two-dimensional subsp
based onu02

1& andu03
1& vectors. It means thatu02

1& andu03
1&

state vectors can be presented with a good accuracy
linear combination ofu0QQ

1 & and u0QQQ
1 & vectors. Since the

last vectors are not orthogonal~although they are linearly
independent in general case! to each other it is convenient t
orthogonalize them. To do it we will take the two-Q configu-
ration u0QQ

1 & as it is and then subtract fromu0QQQ
1 & its pro-

jection onu0QQ
1 &. The new normalized vectoru0̃QQQ

1 &, which
is orthogonal tou0QQ

1 & can be presented as

u0̃QQQ
1 &5

u0QQQ
1 &2^0QQ

1 u0QQQ
1 &•u0QQ

1 &

A12^0QQ
1 u0QQQ

1 &2
, ~13!

where
^0QQ
1 u0QQQ

1 &5
^01

1u~QQQ!0~QQ!0u01
1&2^01

1u~QQQ!0u01
1&^01

1u~QQ!0u01
1&

A@^01
1u~QQQ!0~QQQ!0u01

1&2^01
1u~QQQ!0u01

1&2#@^01
1u~QQ!0~QQ!0u01

1&2^01
1u~QQ!0u01

1&2#
.

~14!
re-
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n of
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Now we have two orthogonalized and normalized mu
Q vectorsu0QQ

1 & and u0̃QQQ
1 &, which can be used to prese

u02
1& state in terms ofQ configurations

u02
1&5a2u0QQ

1 &1a3u0̃QQQ
1 &1•••. ~15!

Let us calculate the coefficientsa2 anda3 over the whole
symmetry triangle. The results of the calculations are p
sented in Figs. 1, 2 for different sets of parameterse/k andx
-

-

over the whole symmetry triangle. It is seen from these

sults that two multi-Q configurationsu0QQ
1 & and u0̃QQQ

1 & ex-
haust in a sum more than 90% of the norm of theu02

1& state.
For the parameter range important for a description
nuclear data it is about 95% of the norm. Thus, the 02

1 state
is described with a good accuracy as a linear combinatio

u0QQ
1 & andu0̃QQQ

1 & vectors over the whole symmetry triangl
However, the relative contributions of the separate com
nents to the 02

1 state vary strongly over the triangle. Near th
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O(6) angle of the triangle, i.e., for smalluxu and smalle/k,
the 02

1 state mainly coincides with the 0˜
QQQ
1 configuration.

With an increase of thee/k a quasicrossing of the two lowes
01 states takes place and at the vicinity of a quasicross
the states are exchanged by the main components. Wit
increase of theuxu two configurations 0QQ

1 and 0̃QQQ
1 interact

more strongly and an interval of the values ofe/k, where the
exchange by the components takes place, becomes w
Simultaneously, the state with the 0QQ

1 configuration as the
main component goes down in energy. Thus, at smalluxu and
e/k, the 02

1 state is described with a good accuracy a

0̃QQQ
1 configuration. At largeuxu or e/k ~or both, simulta-

neously! the 02
1 state coincides mainly with the 0QQ

1 con-
figuration. There is a transitional region where two config
rations are strongly mixed. This region is very narrow ine/k
at x'0. With an increase ofuxu a width of this region in-
creases. It is illustrated in Fig. 3 where the energies of the2

1

and 03
1 states are shown as functions ofe/k for several

values ofx. The calculations are done forN512. It is seen
that for x5 0 there is a level crossing. With an increase
uxu the level repulsion is increased.

III. DECAY TRANSITIONS

It was shown in@2# that for the yrast states, which can b
described approximately as a pure multi-Q configurations,
there exists a simple selection rule for theE2-transition
probabilities.@Namely, theE2 transitions between the state
differing by more than one quadrupole operatorQ in the
expression of the state vector are weak in comparison w
the E2 transitions between the states differing by one qu
rupole operatorQ.# For instance, it was shown that th
branching ratios

B~E2;3QQQ
1 →2Q

1!

B~E2;3QQQ
1 →2QQ

1 !
~16!

and

TABLE I. The sums of the squares of the scalar produ
(^02

1u0QQ
1 &21^03

1u0QQ
1 &2) and (̂ 02

1u0QQQ
1 &21^03

1u0QQQ
1 &2) calcu-

lated for the set of values ofe/k and thosex, which minimize these
sums for every givene/k. N512.

e/k ^02
1u0QQ

1 &21^03
1u0QQ

1 &2 ^02
1u0QQQ

1 &21^03
1u0QQQ

1 &2

0.1 0.985 0.946
0.6 0.989 0.945
1.1 0.991 0.944
1.6 0.993 0.943
2.1 0.994 0.942
3.1 0.995 0.940
4.1 0.996 0.939
5.1 0.996 0.937
10.1 0.990 0.923
15.1 0.978 0.904
20.1 0.964 0.881
25.1 0.956 0.924
30.1 0.966 0.970
g
an

er.

a

-

f

th
-

B~E2;5QQQQ
1 →4QQ

1 !

B~E2;5QQQQ
1 →4QQQ

1 !
~17!

are very small in the full symmetry triangle.
Because of this selection rule we can expect that the r

B(E2;0QQQ
1 →2QQ

1 )/B(E2;0QQQ
1 →2Q

1) should be much
larger than the ratioB(E2;0QQ

1 →2QQ
1 )/B(E2;0QQ

1 →2Q
1) at

least for smalluxu. With an increase inuxu theE2 transitions
between the configurations with the same numbers ofQ in-
crease also.

Let us consider the even-even nuclei which do not belo
to the region of the well deformed ones. In this caseuxu is
relatively small and for smalle/k the 02

1 state is dominated
by the 0QQQ

1 configuration. At largee/k the 02
1 state is

mainly described by the 0QQ
1 configuration. In all these case

22
1 state is well approximated by the 2QQ

1 configuration and

FIG. 1. The squares of the scalar productsa2
2[^0QQ

1 u02
1&2,a3

2

[^0̃QQQ
1 u02

1&2 and their suma2
21a3

2 for the whole ECQF IBM-1
space calculated gridwise throughout the symmetry triangle
N512 bosons.

s
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the 21
1 state is well approximated by the 2Q

1 configuration.
Thus, we get that for relatively smalle/k the ratio

R8[
B~E2;02

1→22
1!

B~E2;02
1→21

1!
~18!

FIG. 2. Contour plots of the squares of the scalar productsa2
2

[^0QQ
1 u02

1&2,a3
2[^0̃QQQ

1 u02
1&2 and their suma2

21a3
2 for the whole

ECQF IBM-1 space.
is large. With ae/k increase this ratio should decrease. A
other observable which also varies monotonously withe/k is

R4/2[
B~E2;41

1→21
1!

B~E2;21
1→01

1!
. ~19!

This ratio is larger for larger values ofe/k and decreases
with a e/k decrease. In Fig. 4 are shown the correlations
two observablesR8 and R4/2 for nondeformed nuclei. It is
seen that the data, which are taken from@9–12#, confirm the
assertion formulated above.

FIG. 3. Energies of the 02
1 and 03

1 states as the functions ofe/k
calculated forN512 andx50.0,20.1,20.2.
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IV. TWO EXCITED 0 1 STATES: FLUCTUATIONS

From the results obtained in Sec. II~see also Fig. 3! it
follows that near theO(6) dynamical symmetry limit, but
not exactly in this limit, two lowest excited 01 states can be
described as approximately pure three-Q and two-Q configu-
rations. The lowest one is the three-Q configuration. The
energy interval between these states can be regulated b
additional forces, for instance by the IBM pairing forces w
the sign which provides a lowering of the 01 state with a
smaller value ofs. Such forces do not disturb the wav
functions if uxu is near zero. These two multi-Q configura-
tions are characterized by the differentE2-decay properties
three-Q configuration decay mainly to the 22

1 state, however,
two-Q configuration decay mainly to the 21

1 state. The ex-
ample is given by 196Pt @13#. In this case B(E2;02

1

→22
1)/B(E2;02

1→21
1)56.32 and B(E2;03

1

→22
1)/B(E2;03

1→21
1)50.16. A similar situation is real-

ized in 194Pt for 02
1 and 04

1 states obtained in the Coulom
excitation experiment@9#. In this caseB(E2;02

1→22
1)/

B(E2;02
1→21

1)510.9 and B(E2;04
1→22

1)/B(E2;04
1

→21
1)50.97. However, we should take care of a possi

mixing effect of the three-Q and two-Q configurations in
194Pt.

These experimental data give us a possibility to get inf
mation about the fluctuations of (QQQ)0, i.e., of theg de-
gree of freedom. Indeed in the framework of th
Q-excitations formalism we can derive the following rel
tions for the branching ratios discussed above:

B~E2;0QQQ
1 →2QQ

1 !

B~E2;0QQQ
1 →2Q

1!
5

~A35/2K3!2

K 4̄

1

„12~A35/2K3!2/K 4̄…

3S K62K5

K521 D 2

~20!

and

FIG. 4. Correlation of the observablesR8 and R4/2 for nonde-
formed nuclei. The data are taken from@9–12#.
the

e

-

B~E2;0QQ
1 →2QQ

1 !

B~E2;0QQ
1 →2Q

1!
5

~A35/2K3!2

K 4̄

1

„12~A35/2K3!2/K 4̄…

3S K52K 4̄

K 4̄21
D 2

, ~21!

whereK3 andK 4̄ have been introduced in@14#

K3[
u^01

1u~QQQ!0u01
1&u

A5A5^01
1u~QQ!0u01

1&3/2
, ~22!

K 4̄[
^01

1u~QQ!0~QQ!0u01
1&

^01
1u~QQ!0u01

1&2
, ~23!

and

K5[
^01

1u~QQQ!0~QQ!0u01
1&

^01
1u~QQQ!0u01

1&^01
1u~QQ!0u01

1&
, ~24!

K6[
^01

1u~QQQ!0~QQQ!0u01
1&

^01
1u~QQQ!0u01

1&2
. ~25!

Expressions~20!, ~21! have been derived by neglecting th
noncommutativity of the components ofQ, which produces
a small correction for these quantities.

Consider as an example196Pt, which is the closest to the
O(6) limit nucleus@13#. It is important because forxÞ0 it
can be necessary to take into account a mixing of the th
Q and two-Q configurations. The values ofK3 and K 4̄ can
be extracted from the data onB(E2)’s and are given for
some nuclei in @14#. For 196Pt A35/2K350.446 and
K 4̄51.06. Substituting these values into Eqs.~20!, ~21! and
using the experimental data on the branching ratios@15# we
get for 196Pt

K551.11,

K651.69. ~26!

The deviations ofK 4̄, K5, andK6 from 1 characterize the
amplitudes of the fluctuations of the corresponding dyna
cal quantities. From the results obtained it follows that in t
case of 196Pt the fluctuations of (QQQ)0 are much larger
than those of (QQ)0, i.e., the fluctuations ofg are much
larger than those ofb. This result is natural for the nucleu
closed to theO(6) limit. However, by this consideration w
have demonstrated the ability of theQ-excitation scheme to
extract from the data an interesting physical information
only about the average values of the physical quantities
also about their fluctuations.
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V. SUMMARY

Within the IBM-1 we have derived analytic expression f
the 02

1 state in terms of multi-Q configurations. The expres
sion is approximately valid outside of the dynamical symm
tries where the exact wave functions can be obtained only
numerical diagonalization of the Hamiltonian. Together w
the result obtained in@4# it gives us the expressions for th
bandheads of the two main excited bands of even-even
clei: the ~‘‘quasi’’- !b band and the~‘‘quasi’’- !g band in
terms ofQ configurations.
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