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Nuclear equation of state

W. D. Myers and W. J. S´wia̧tecki
Nuclear Science Division, LBNL, Berkeley, California 94720

~Received 15 October 1997!

We present a discussion of the equation of state of cold nuclear matter predicted by our recently completed
Thomas-Fermi model. The equation is in the form of a three-term polynomial in the cube root of the density,
with coefficients that are functions of the relative neutron excessd. The coefficients are tabulated in the range
from d50 ~standard nuclear matter! to d51 ~neutron matter!, making it very easy to calculate, for a givend,
the pressure, compressibility, saturation binding, and any other property of the Thomas-Fermi equation of state.
We discuss the empirical information concerning abnormal densities and large neutron excess that is contained
in the measured values of the surface energy, surface diffuseness, and the neutron skin.
@S0556-2813~98!00606-2#

PACS number~s!: 21.65.1f, 21.10.Dr, 21.60.2n
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I. INTRODUCTION

There is currently considerable interest in the energy
particle of nuclear mattere(r,d) considered as a function o
the nuclear densityr and the relative neutron excessd,
wherer5rneutrons1rprotons and d5(rn2rp)/r. This funda-
mental quantity, the equation of state at zero temperat
plays a key role in theories of neutron stars and supern
explosions, as well as in the interpretation of nucleus-nucl
collisions at energies where nuclear compressibility com
into play.~For a review and references see, for example, R
@1#.!

Direct information one(r,d) is difficult to come by for
values ofr away from those characterizing normal nuc
and ford beyond the relatively small values characteristic
the most neutron-rich stable nuclei. One way to extrapo
beyond this limited regime is by using a nuclear model fit
to binding energies of finite nuclei and then applying t
model to nuclear matter. In order to be reliable, such
extrapolation should be based on a well-founded, rob
theory with as few adjustable parameters as possible,
theory having been fitted very precisely to measured bind
energies and other relevant properties, and subsequ
tested for its predictive powers under conditions not includ
in the determination of the parameters. We have rece
completed a Thomas-Fermi model of nuclei that attempt
satisfy these requirements@2# , and in the present paper w
shall describe the model’s predictions concerning the eq
tion of statee(r,d).

II. THE THOMAS-FERMI MODEL

The model is based on the semiclassical Thomas-Fe
approximation of two fermions perh3 of phase space, to
gether with the introduction of a short-range~Yukawa! ef-
fective interaction between the particles. The strength of
interaction~different between like and unlike nucleons! is a
function of the relative momentum of the interacting pa
ticles and of the densities at the particles’ locations. Th
are altogether six relevant adjustable parameters which w
fitted to 1654 measured binding energies and to the meas
diffuseness of the nuclear surface.~The binding energies
570556-2813/98/57~6!/3020~6!/$15.00
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were first corrected for shell and even-odd effects and for
congruence/Wigner energy@3#, because these effects are b
yond the reach of the statistical Thomas-Fermi theor!
Without readjusting the fitted parameters, the result
model was found~a! to reproduce measured nuclear size
~b! to extrapolate correctly to light nuclei withN,Z,8, not
included in the parameter fit,~c! to extrapolate correctly to
masses of strongly deformed fission saddle-point shapes,
~d! to predict the density dependence of the energy of n
tron matter in substantial agreement with independent th
retical estimates.

III. THE EQUATION OF STATE

The model’s prediction for the equation of state rea
e(r,d)5T0h(V,d), where

h~V,d!5aV22bV31cV5. ~1!

Here V[(r/r0)1/3, and r050.16114 fm23, T0
537.0206 MeV are the saturation density and Fermi ene
of standard nuclear matter as predicted by the model.
coefficientsa, b, c are the following functions ofd:

a5
3

20F2~12g l !~p51q5!

2guH ~5p2q32q5! for rn>rp

~5p3q22p5! for rn<rp
G , ~2!

b5
1

4
@a l ~p61q6!12aup3q3#, ~3!

c5
3

10
@Bl ~p81q8!1Bup3q3~p21q2!#, ~4!

where p5(11d)1/3, q5(12d)1/3. @See Eqs.~21!–~24! in
@2#. In Eq. ~21! the bar overa is missing.# The relative
interaction strengthsg l , gu , a l , au , Bl , Bu are given in
terms of five of the six adjusted parameters and have
following values:
3020 © 1998 The American Physical Society
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57 3021NUCLEAR EQUATION OF STATE
g l 50.25198, gu50.88474,

a l 50.70110, au51.24574, ~5!

Bl 50.22791, Bu50.80020.

Figure 1 displays the dimensionless energy per part
h(V,d) as a function ofV for d50,0.2,0.3,0.4, . . . ,1.0. It
will be seen that neutron matter (d51) is unbound in our
model. A minimum inh appears below the critical valu
dc50.8213, where V5Vc50.5735 ~i.e., r
50.03039 fm23) and hc50.02979~i.e., e51.1029 MeV!.
The saturation energy per particle becomes negative fod
,0.7783 and attains the standard valueh520.43859~i.e.,
e5216.24 MeV! at d50. Figure 2 shows, as a function o
d, the densityr, the energy per particlee, and the compress
ibility coefficient K0 along the sequence of minima in Fig.

In order to facilitate the application of Eq.~1! we have
prepared Table I. It lists, as a function ofd, the coefficients
a,b,c and the corresponding values ofV andh, as well asr
ande. The equilibrium value ofV was obtained by solving
the cubic resulting from equating to zero the derivat
]h/]V, which leads toV50 or

2a23bV15cV350. ~6!

The relevant solutions are

V5Ab/5c@cos~u/3!6A3sin~u/3!#, ~7!

where

u5cos21~abA5c/b!. ~8!

The positive sign in Eq.~7! is associated with the energ
minimum, the negative with a maximum. The vanishing ou

FIG. 1. The dimensionless energy per particleh(V,d) plotted
as function ofV, the cube root of the relative densityr/r0, for ten
values of the relative neutron excessd50,0.2,0.3,0.4, . . . ,1.0. The
dashed curve follows the loci of the energy minima up to the criti
point marked by a cross.
le

~and the coalescence of the solutions! corresponds to a poin
of inflection in h at the critical valuedc , which is thus
determined by the condition

5ca2/b351. ~9!

The critical value ofV is then

Vc5Ab/5c ~10!

and the critical energy follows from Eq.~1!.
The compressibility coefficient at the minimum,K0, also

listed in Table I, is given by

l

FIG. 2. The saturation densityr, the energy per particlee and
the compressibilityK0(d) at saturation, plotted as function of th
relative neutron excessd. The compressibility vanishes at the crit
cal point defined bydc50.8213, whererc50.03039 fm23 andec

51.1029 MeV. Note the similarity of thed dependences ofK0 and
ec2e. ~The dashed line corresponds toe5ec .)
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TABLE I. Properties of the nuclear equation of state.

d a b c V h r e K0 ratio
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TABLE I. ~Continued!.

d a b c V h r e K0 ratio
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K0~d!59Fr2
]2e

]r2G
r5rmin

5T0~2aV226bV3120cV5!,

~11!

with V given by Eq.~7!.
As can be seen from Fig. 2 and Table I,K0(d) starts at

234.44 MeV atd50 and decreases to zero at the critic
point dc . Figure 2 shows also that the behavior ofK0(d)
parallels the behavior of the depth of the binding ene
minimum taken with respect to the energyec at dc . This is
an extension to large values ofd of the parallelism between
K(N,Z) and e(N,Z) for finite nuclei, discovered in Refs
@4,5#. To illustrate this near proportionality of compressib
ity to binding energy, the last column in Table I gives t
ratio (ec2e)/K0 normalized to 1 atd50. It will be seen that
this ratio changed by only 7.5% ford50.52, wheree has
been halved to28.12 MeV from its original value of
216.24 MeV.

For small deviations ofr and d from standard nuclea
matter ~specified byr5r0 ,d50), the energy per particle
may be expanded as follows~we use the notation of Refs
@6–8#!:

e52a11Jd21 1
2 ~Ke222Led21Md4!1•••, ~12!

wheree is related to the deviation ofr from r0 by

e512S r

r0
D 1/3

, ~13!

so that for smallr2r0 we have

r

r0
5123e1••• . ~14!

The values of the coefficients in Eq.~12!, as given by our
model @2#, area1516.24 MeV,J532.65 MeV,K5234.44
MeV, L549.9 MeV, M57.2 MeV. According to Eq.~12!,
1
2 M contributes to the initial deviation of the symmetry e
ergy from a parabolic dependence ond, and the coefficientL
controls the decrease of the saturation density with incre
ing d according toe5(L/K)d2, i.e.,

r

r0
512~3L/K !d21•••

5120.6385d21••• . ~15!

In many applications the compressibility ofnonequilib-
rium nuclear matter is of interest. DefiningK(r,d) in the
usual way as

K~r,d!59
]P

]r
, ~16!

whereP is the pressure defined byP5r2(]e/]r), we find
l

y

s-

K~r,d!5T0~10aV2218bV3140cV5!. ~17!

This is again readily evaluated for a givend by looking up
the coefficientsa, b, c in Table I.

IV. DISCUSSION

Equation~1! represents the extrapolated equation of sta
as predicted by a model that gives the currently most ac
rate representation of measured binding energies and fis
barriers@2,3,9#. For relatively modest deviations from stan
dard density, the key quantity is the compressibilityK0(d),
whose value atd50 we estimate as about 234 MeV. Oth
recent estimates of this quantity@10,11#, based on an inter-
pretation of the giant monopole resonance, suggest va
near 215 MeV. At the present time there is enough unc
tainty all around so that we do not regard this 8% differen
between the two estimates as necessarily significant. Bu
relative reliability of estimates ofK0 derived from a very
precise fit of a nuclear model to binding energiesand the
surface diffuseness is, perhaps, not yet generally apprecia
and we would like to comment here on this aspect of
compressibility problem.

The important thing to bear in mind is that the diffus
nuclear surface is a region where a large excursion of
density from its bulk value takes place. Consequently
compressibility plays a key role in determining both the s
face energy and the surface diffuseness. The result is
conversely, the rather well determined values of the surf
energy and surface diffuseness,when taken together~and
backed by a sound theory!, place much narrower limits on
the acceptable values ofK0 than a fit to binding energies
alone. This was illustrated in Fig. 13 of@2#.

A somewhat analogous argument may be invoked as
gards extrapolations to large values ofd. Here the appear-
ance of a neutron skin, i.e., of a shift of the neutron dens
profile away from the proton density profile for neutron-ric
nuclei, leads to a relatively large local neutron excess, al
only in a small region in the outer part of the surface.
discussed in Ref.@12#, the crucial quantities determining th
neutron skin are the symmetry energy coefficientJ and the
neutron skin stiffness coefficientQ. The value ofJ is known
quite accurately and recent precise fits to binding energ
have firmed up the value ofQ. ~This is becauseQ is also the
controlling factor in the surface symmetry energy, which c
today be extracted with some confidence from accurate fit
binding energies and fission barriers.! This means that a
model which has the ability to describe correctly effects
sociated with the neutron skin is being supplied with emp
cal information on relatively large values ofd, albeit only in
an indirect way. It is clear, however, that to exploit this fe
ture of the nuclear surface, namely the sampling of con
tions associated with abnormal densities and large neu
excess, one needs a sound theory and very precise fits
comprehensiveset of nuclear masses including saddle-po
masses, the surface diffuseness and, if possible, the neu
skin.

For very large extrapolations~several times the standar
density! our simple expression fore(r,d) will have to be
judged by whatever experimental information may beco
available, and by comparisons with theories that are con
ered to be intrinsically more reliable.~In this connection we



o

c
n

nt
ea

.-
rk
ch,
y
der
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would refer to Ref.@13#, where oure(r,d) was incorporated
in neutron star studies and the results compared with th
based on other theoretical equations of state.! In the mean-
time, because of its algebraic simplicity and firm conta
with relevant binding energy and diffuseness measureme
our expression fore(r,d) could be used as a convenie
baseline formula for the equation of state of cold nucl
matter.
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