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Particle number fluctuations in the quasiparticle random-phase approximation
and renormalized quasiparticle random-phase approximation
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Particle number fluctuations in the quasiparticle random-phase approximation~QRPA! and the renormalized
quasiparticle random-phase approximation are investigated. A closed expression for the ground state wave
function is used, which allows an exact evaluation of the ground state phonon number and correlation function,
being valid to any order in the backward amplitudes. In realistic calculations a sudden increase in the particle
number fluctuations is found in both approximations when the particle-particle interaction approaches the value
at which the QRPA collapses. This behavior is strongly correlated with the ground state quasiparticle content
and can be understood as a signature of the phase transition previously found in simpler exactly solvable
models.@S0556-2813~98!06005-1#

PACS number~s!: 21.60.Jz, 24.60.Ky
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I. INTRODUCTION

Boson expansion techniques provide a useful tool to p
form nuclear structure calculations@1#. Among them, the
quasiboson approximation, more often called the rand
phase approximation~RPA! and its quasiparticle generaliza
tion ~QRPA!, have been widely used in the last decades
study electromagnetic transitions and beta decays in med
and heavy nuclei@1,2#.

Quite recently studies analyzing the role of the proto
neutron interaction have had a revival. They were motiv
by novel experimental and theoretical results inN;Z nuclei
@3# and in double-beta decay. The proton-neutr
(pn)-QRPA has been applied with success in the descrip
of single- and double-beta decay processes. Neverthele
has some important limitations, the more remarkable be
its collapse, i.e., the presence of imaginary eigenvalues
residual interaction strengths beyond a critical value@4–7#.
Different improvements to the QRPA were presented@9–11#
but were unable to avoid the collapse.

A whole family of extensions of the QRPA, called reno
malized QRPA~RQRPA!, is known that does not develo
any collapse by implementing the Pauli principle in a co
sistent way, beyond the simplest quasiboson approxima
@12–16#. However, in its simplest versions there is a vio
tion of the non-energy-weighted Ikeda sum rule@17#. Calcu-
lations to determine the amount of the violation and so
improvements to the RQRPA, in order to restore the s
rule, have been presented@18,19#. Recently, it has been
shown that treating simultaneously BCS and QRPA eq
tions one can fulfill the Ikeda sum rule in the Fermi ca
@20#.

Using exactly solvable models a second and more p
found difficulty has been found@21–24#. The calculations,
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which are equivalent to a complete shell model treatmen
a single-j shell, show that the collapse of the QRPA corr
lates with the presence of an exact eigenvalue at zero en
or, in a more general view, with the clear presence of a ph
transition@21,25#. Various authors have found a growing o
the ground state quasiparticle content near the QRPA
lapse, which could eventually produce strong fluctuations
the particle number, with important effects on the nucle
observables@26#. In this work we want to address thes
points by studying the expectation values of the particle a
quasiparticle numbers, as well as particle number fluct
tions in realistic spaces for different nuclei in the QRPA a
RQRPA ground states. The paper is organized as follows
Sec. II we review expressions for the mean particle num
and fluctuations within a quasiparticle picture, for a cor
lated ground state. In Sec. III we evaluate these quantities
the RQRPA and its QRPA limit. The results for the case
76Ge, 82Se, and100Mo for beta Fermi-type excitations ar
presented at Sec. IV and the conclusions in Sec. V.

II. PARTICLE NUMBER FLUCTUATION

The mean square fluctuation in the particle number is
fined as

DN2[^0u~N̂2N!2u0&, ~1!

where u0& is the nuclear ground state,N5Z,N the actual
number of protons or neutrons, andN̂5Ẑ,N̂ the particle
number operators, respectively. We make the transforma
to quasiparticle creation and annihilation operators

a t
†5utat

†2v ta t̄ , ~2!

where the subscriptst(t) stand forp(p) ~protons! or n(n)
~neutrons!, being t[t,mt , with t[$nt ,l t , j t% and mt[mj ,
anda t̄5(21)t1mtat,2mt . The particle numberN̂[( tat

†at in
terms of quasiparticles reads
3015 © 1998 The American Physical Society



co
ds

f
th
q

o

c

lso
ec-
ticle
o-

ber
.
ted

re-

st

er

3016 57A. MARIANO AND J. G. HIRSCH
N̂5N1(
t

$2V t~ut
22v t

2!N̂t2utv t@Âtt~0!1Âtt
† ~0!#%,

~3!

with

N̂t[
@a t

†a t̄#
0

A2V t

, Âtt8
†

~J![@a t
†a t8

†
#J, V t[

~2 j t11!

2
,

~4!

and where we have assumed the BCS particle number
dition N5( t2V tv t

2 . The particle number operator depen

on the quasiparticle number operatorN̂t and the two quasi-

particle creation and destruction operatorsÂtt
† (0) and

Âtt(0), respectively.
Now from Eq.~1!

DN25^N2&22N^N&1N2, ~5!

with

^N&[^0uN̂u0&5N12(
t

V t~ut
22v t

2!^0uN̂tu0& ~6!

and

^N2&[^0uN̂2u0&5N214(
t

V t
2ut

2v t
212(

t
V t

3@2~ut
22v t

2!N1ut
41v t

426ut
2v t

2#^0uN̂tu0&

14(
t,t8

AV tV t8utv tut8v t8^0uÂ†~0! ttÂt8t8~0!u0&

1(
t,t8

~ut
22v t

2!~ut8
2

2v t8
2

!(
J

A~2J11!

3^0u@Â†~J! tt8Âtt8~ J̄!#0u0&, ~7!

where we have assumed thatu0& has an equal number o
proton and neutron quasiparticles, which is true for all
QRPA-type models we are interested in. Putting both E
~6! and ~7! into Eq. ~5! we finally obtain

DN254(
t

V t
2ut

2v t
212(

t
V t@ut

41v t
426ut

2v t
2#^0uN̂tu0&

14(
t,t8

AV tV t8utv tut8v t8^0uÂ†~0! ttÂt8t8~0!u0&

1(
t,t8

~ut
22v t

2!~ut8
2

2v t8
2

!(
J

A~2J11!

3^0u@Â†~J! tt8Âtt8~ J̄!#0u0&, ~8!

In the mean number of particles, Eq.~6!, the second term
gives the contributions from ground state quasiparticle c

relations and comes from the spurious state (N̂2N)u0&. On
the other hand, the contributions to Eq.~8! come from the

(N̂2N)2u0& spurious state. The first term is the number flu
n-

e
s.

r-

-

tuation within the BCS approximation. The other terms a
come from ground state quasiparticle correlations. The s
ond and third ones depend on the one- and two-quasipar
occupations, while the fourth one depends on the tw
quasiparticle~2qp! correlation functions.

III. RQRPA

We are interested in the evaluation of the particle num
fluctuations in thepn-QRPA andpn-RQRPA ground states
Within the RQRPA the nuclear excited states are construc
as @14,19#

ulJM&[V†~lJM!u0&, ~9!

V†~lJM!5(
pn

@Xpn~lJ!Apn
† ~JM!2Ypn~lJ!Apn~JM̄!#,

~10!

where

Âpn
† ~JM![Âpn

† ~JM!Dpn
21/2, Dpn[~12^0uN̂p1N̂nu0&!

~11!

are the renormalized two-quasiparticle proton-neutron c
ation operators, which satisfy

^0u@Apn~JM!,Ap8n8
†

~J8M 8!#u0&5dpp8dnn8dJJ8dMM8.
~12!

Here u0& is the RQRPA correlated ground state, which mu
fulfil the condition

V~lJM!u0&50. ~13!

The amplitudesX andY and the eigenvaluesvl satisfy the
equations

S A~J! B~J!

B* ~J! A* ~J!
D S X~lJ!

Y~lJ!
D 5vlJS X~lJ!

2Y~lJ!
D , ~14!

where

Apn,p8n8~J!5~ep1en!dpp8dnn81Dpn
1/2Upn,p8n8

F
~J!Dp8n8

1/2 ,

Bpn,p8n8~J!5Dpn
1/2Upn,p8n8

B
~J!Dp8n8

1/2 , ~15!

with

Upn,p8n8
F

~J!5G~pn,p8n8,JM!~upunup8un81vpvnvp8vn8!

1F~pn,p8n8,JM!~upvnup8vn8

1vpunvp8un8!,

Upn,p8n8
B

~J!52G~pn,p8n8,JM!~upunvp8vn8

1vpvnup8un8!1F~pn,p8n8,JM!

3~vpunup8vn81upvnvp8un8!, ~16!

F and G being the usual particle-hole~PH! and particle-
particle ~PP! coupled two-particle matrix elements. In ord
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to evaluate the mean particle number and fluctuation fr
Eqs.~6! and~8!, we need some information on the structu
of the RQRPA ground state to get the quasiparticle occu
tions and correlation functions.

We write the ground state in the form

u0&5N0eŜuBCS&, ~17!

where

Ŝ5
1

2 (
pnp8n8J

~2J11!C~J!pnp8n8@Apn
† ~J!Ap8n8

†
~J!#0.

~18!

The coefficientsC(J)pnp8n8 can be estimated through Eq
~13!, which leads to the set of equations

Y~lJ!p8n8
* 5(

pn
C~J!pnp8n8X~lJ!pn* . ~19!

While in previous works iterative expressions were dev
oped for the matrixC(J) @27,28#, in this work we will man-
age the above expression as a matrix product,Y(J)
5C(J)X(J), with the matricesX(J) andY(J) defined as

X~J!pn,l[Xpn~lJ!, Y~J!pn,l[Ypn~lJ!, ~20!

whereX(J) @Y(J)# have one column for each eigenvect
X(l,J) @Y(l,J)#, and their rows are formed by the 2q
componentspn. Thus introducing theinverse matrixX(J)21

it is possible to obtain the matrixC(J) explicitly @1# as

C~J!pnp8n85(
l
Y~J!pn,l* X~J!l,p8n8

*
21

. ~21!

Now through the relation

^0uÔu0&5^0uŜ~Ô1@Ô,Ŝ#11/2@@Ô,Ŝ#,Ŝ#1••• !uBCS&
~22!

valid for any operatorÔ, and making the quasiboson a
proximation

@Apn~JM!,Ap8n8
†

~J8M 8!#'^0u@Apn~JM!,Ap8n8
†

~J8M 8!#u0&

5dpp8dnn8dJJ8dMM8, ~23!

in the evaluation of the commutators involved in Eq.~22!,
we get for the case of protons
a-

l-

^0uN̂pu0&5 (
lJn8

~2J11!

2Vp
uY~J!pn8,lu2,

^0uÂ†~0!ppÂp8p8~0!u0&

5 (
ll8JJ8

(
n,n8

d j nj n8

~2J11!~2J811!

AVpVp8VnVn8

3Y~J!pn,lY~J8!p8n,l8
* X~J!pn8,l

* X~J8!l8,p8n8
*

21

1dp,p8^0uN̂pu0&2,

^0u@Â†~J!pp8Âpp8~ J̄!#0u0&

5A2J11(
ll8

(
n,n8
Y~J!pn,lY~J!pn,l8

* X~J!p8n8,l
*

3X~J!l8,p8n8
*

21
1

4VpVp8

A~2J11!3
^0uN̂pu0&^0uN̂p8u0&. ~24!

Note that the quasiparticle occupations and correlation fu
tion are evaluated as functions of the RQRPA forward a
backward matrix amplitudesX andY, respectively, and mus
be obtained together with the solution of the eigenva
problem~14!. The same quantities for neutrons are obtain
from Eqs.~24! changingp andp8 on the left hand side byn
and n8, and doing the same change in the sum indices.
nally the usual QRPA expressions can be obtained by tak
the limit Dpn51 in Eqs.~15!.

IV. RESULTS

Now we present the calculus of the Fermi-typeb excita-
tions, and also analyze the evolution of the total mean q

siparticle number^Nqp&[( t^0uN̂tu0&, the mean particle
number ^N&, and the fluctuationDN as a function of the
residual interaction parameter in the PP channel.

The Hamiltonian that leads to the eigenvalue problem
Eqs.~14! and ~15! has the form

H5Hp1Hn1Hp,n . ~25!

The first two terms refer to the single-particle plus pairi
Hamiltonians

Ht5(
t

etat
†at1(

t8s
^t1t2uVut3t4&at1

† at2
† at4

at3
, ~26!

where the single particle energies are denoted byet , and the
last term to the proton-neutron interaction

Hp,n5 (
p,p8,n,n8

^p,nuVup8,n8&ap
†an

†an8ap8. ~27!

After performing the quasiparticle transformation~2! we get
@8#

H'(
p

epap
†ap1(

n
enan

†an1H221H401H04, ~28!

with
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H225 (
p,n,p8,n8,JM

Upn,p8n8
F

~J!Apn
† ~JM!Ap8n8~JM!,

~29!

H045H04
† 52 (

p,n,p8,n8,JM

Upn,p8n8
B

~J!Apn
† ~JM!Ap8n8

†
~JM!.

~30!

The quasiparticle energiese t explicitly appear in the matrix
elements~15! while UF and UB have been defined in Eq
~16!, beingJp501 for the Fermi case.

We adopt ad-type residual interaction already used pr
viously @7,8#,

Va524pvad~rW ! MeV fm3, ~31!

with four different strength constantsva5vpp
pair,vnn

pair,vpn
pp ,

and vpn
ph , where ‘‘pair’’ refers to theJ50 PP channels for

like nucleons andpp and ph to theJ50 PP and PH chan
nels, respectively, in the proton-neutron case. WithinUF and
UB, the PP matrix elementsG(pn,p8n8,0) depend only on
vpn

pp and the particle-hole matrix elementsF(pn,p8n8,0)
only on vpn

ph .
Our Hilbert space has 11 single-particle energy leve

including all the single-particle orbitals from oscillator she
3\v and 4\v plus 0h9/2 and 0h11/2 from the 5\v oscillator
shell. They were obtained using a Coulomb-correc
Woods-Saxon potential. Their numerical values for76Ge and
82Se nuclei are tabulated in Table 1 of Ref.@8#. The pairing
constantsvpp

pair and vnn
pair were adjusted to reproduce the e

perimental pairing gaps for each nuclei, being their num
cal values being close to 24~see Table 2, Ref.@8#!.

The particle-hole constantvpn
ph mainly defines the energ

of the isobaric analog state~IAS!, which is experimentally
found to be very close to the Coulomb displacement ene
It is fixed to reproduce this value. The only remaining p
rameter isvpn

pp . It has a very limited effect in the spectra o
the odd-odd neighbor nuclei and itsb2 decays, affecting
mainly the lower energy states. But it is crucial in the det
mination of the b1 decay strength and the two-neutrin
double-beta (bb2n) decay amplitudes. It has been argu
that vpn

pp can be determined invoking maximal restoration
the isospin symmetry@7,8#. Other authors used someb1

decays in semimagic nuclei. It is by far the least control
parameter in the formalism, and many studies have been
voted to the dependence of nuclear observables on it@4–
6,14#. This interaction strength is responsible for t
pn-QRPA collapse and our results will be given as a fun
tion of it. To this end we define the parameter

s5
vpn

pp

vpair
,

which is the ratio between theT51, S50 coupling con-
stants in the PP channels and the pairing force cons
vpair5(vpp

pair1vnn
pair)/2.

We compare the results obtained within the usual QR
with those coming from the RQRPA. For simplicity we kee
-

,

d

i-

y.
-

-

f

d
e-

-

nt

A

only states withJp501 in the summations in Eqs.~8! and
~24!, which corresponds to the SI1 approximation of R
@19#.

In the first row of Fig. 1 we show the lowestJp501

energiesv ~in MeV! for 76Ge, 82Se, and 100Mo for the
QRPA ~dashed lines! and RQRPA~solid lines! approxima-
tions. It is clear that the collapse inv for the QRPA, which
occurs arounds'2 in the different nuclei, is avoided for th
RQRPA case. In the other rows in Fig. 1 we show the to
mean quasiparticle number^Nqp& ~equal for protons and neu
trons!, the fluctuationsDN, and the fractional mean numbe
of particles,^N&/N, for protons and neutrons, respectivel
The dashed thick~protons! and dashed thin lines~neutrons!
correspond to QRPA results, and the solid-thick~protons!
and solid-thin lines~neutrons! to the RQRPA approximation
As we can see near the collapse the total number of qu
particles grows suddenly, and as the quasiparticle occu
tions are proportional touYu2, it is an indication that
backward-going amplitudes become dominant. It invalida
the simplest quasiboson approximation assumed to derive
QRPA and causes its collapse, producing a complex eig
value. The RQRPA is able to have a real lowest energy
cause it satisfies a quasiboson approximation with opera
that are renormalized while ground state correlations gr
This renormalization process acts as an effective reductio
the residual interaction and the RQRPA eigenvalue prob
remains stable. Nevertheless, if we observe the behavio
quasiparticle number and the mean number of particles,
note an important departure from the BCS values for th

FIG. 1. Lowest eigenvaluesv, mean quasiparticle number
^Nqp&, particle number fluctuationsDN and fractional particle num-
bers ^N&/N are shown for76Ge, 82Se, and100Mo nuclei. QRPA
results are plotted as dashed lines and RQRPA ones as solid
In the last two rows thick lines are used for protons and thin lin
for neutrons.
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quantities above the collapse. The clear change in the
ticle number fluctuations in these realistic calculations c
firms that the phase transition found in exactly solvable m
els @21,25# is present and affects these calculations. It co
be also an indication that in the RQRPA spurious states h
a significant weight in the ground state wave function b
yond the QRPA collapse.

In the last row in Fig. 1 the fractional mean number
particles is presented. It increases for protons and decre
for neutrons. This behavior is controlled by the second te
in Eq. ~6!, and in all the three examples the proton valen
shell is more than half empty (vp

2,up
2), while the opposite is

true for neutrons.

V. CONCLUSIONS

Inverting a matrix built with all the QRPA eigenvecto
X(lJ) we were able to use an exact expression for
QRPA and RQRPA ground state wave functions and ev
ate the two-quasiparticle occupations and correlation fu
ki

,

ys
r-
-
-

d
ve
-

f
ses

e

e
-

c-

tions. With these results particle number fluctuations w
calculated in the QRPA and RQRPA ground states in rea
tic calculations of Fermi-type beta transitions. It was sho
that these fluctuations in the RQRPA have a sudden incre
for residual interaction strengths larger than those which p
duce the QRPA collapse. This phenomenon can be un
stood as a signature of the phase transition previously fo
in simpler exactly solvable models.

Self-consistent calculations can cure the problems w
^N& @20#, but theJp511 Gamow-Teller Ikeda sum rule wil
be still violated due to the lack of scattering terms@19#. In
both cases we would expect that the particle number fluc
tion will remain exploding near the phase transition.
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