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Coulomb effects on particle spectra in relativistic nuclear collisions
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Coulomb effects onp6 and K6 spectra in relativistic nuclear collisions are investigated. At collision
energies around 1 GeV the ratio ofp2 to p1 is enhanced several times at low transverse momenta but less at
ultrarelativistic energies. We describe the ratios at SIS, AGS, and SPS energies with simple analytic models as
well as more elaborate numerical models incorporating the expansion dynamics. The Coulomb effect depends
on the properties of the source after the violent collision phase and provides information on source sizes,
freeze-out times, and expansion velocities. Comparison with results from HBT analyses are made. Predictions
for p6 andK6 at RHIC and LHC energies are given.@S0556-2813~98!02105-0#

PACS number~s!: 25.75.Gz, 24.10.Pa, 25.70.Pq
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I. INTRODUCTION

An asymmetry in the number of opposite charge pions
been observed at intermediate energies@1# and has recently
also been identified in heavy ion collisions at energ
around 1A GeV @2,3#, 11.4A GeV @4#, and 158A GeV @5#.
The effect is strongest at lower beam energies. The rati
negative to positive pions at low pion momenta is;3 at SIS
energies, but only;1.6 at AGS and SPS energies for th
central collisions of heavy nuclei as Au or Pb. A possib
cause for this effect is the Coulomb interaction between
produced pions and the positive charge from the reac
partners.

Earlier work @6–9# has described the p2/p1

enhancement/reduction by Coulomb attraction/repuls
from a static source. In this paper we underline the imp
tance of the source dynamics and of the longitudinal a
transverse expansion of the fireball. We emphasize the
ferent reaction kinematics and dynamics that evolve fromA
GeV to 160A GeV. At the lower collision energies nuclea
matter is fully stopped and expands relatively slowly in
directions whereas at higher energies much of the initial m
tion survives and the system expands faster preferentiall
longitudinal direction.

Since the Coulomb forces influence the matter essent
after freeze-out, the asymmetry in the number of differen
charged particles can be directly related to the freeze
parameters of the matter. Therefore, a detailed descriptio
the violent initial part of the collision is unnecessary, and
is sufficient to consider the state of the nuclear matter at
time t f of freeze-out. Similar to particle interferometry me
surements the observation of Coulomb effects can help
determine the dynamics of heavy ion collisions.

We will develop approximate models by assuming sim
geometrical shapes of the charge distribution at freeze-ou
these models we can estimate analytically the ratio ofp2 to
p1 as a function of the transverse momentum. In an ear
publication@10# we have presented a model of an expand
pion gas created in heavy ion collisions at ultrarelativis
energies. This model is well applicable in a wide range
collision energies. We will use it for calculating particle r
570556-2813/98/57~5!/2536~11!/$15.00
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tios as a check of the simpler models.
The manuscript is organized as follows. In Sec. II w

study slowly expanding and spherically symmetric sour
from which pions escape rapidly. Such a scenario may
applicable to heavy ion collisions around 1A GeV and we
compare to SIS data. In Sec. III, we study rapidly expand
systems from nuclear collisions at ultrarelativistic energi
which may apply to collisions at the AGS and SPS. W
compare to recent AGS and SPS data. In Sec. IV we inv
tigate the situation for particles at very low momentum.
Sec. V we briefly overview the main ingredients of the d
namical model developed in Ref.@10# and compare. In Sec
VI we compare freeze-out radii to those obtained from HB
analyses. In Sec. VII we discuss the influence of partic
created at late stages from resonance decays, and in Sec
we considerK2/K1 ratios. Finally, predictions for charge
pion and kaon ratios at RHIC and LHC energies are give

II. SLOWLY EXPANDING CHARGE

In nuclear collisions charged particles feel a Coulom
force due to the net positive charge originating form the p
tons in the colliding nuclei. In particular the light produce
particles asp6,K6, . . . moving slowly with respect to the
net positive charge are significantly affected by the Coulo
field. We will concentrate on pions, which are affected stro
gest by the Coulomb field since they are the lightest p
ticles, but all results apply to any particle of massm as, e.g.,
kaons or protons.

The net charge of the source resides mainly in prot
also after the collisions. Expansion of the ‘‘cloud of charge
can thus be considered slow when typical proton veloci
vp are much smaller than pion velocitiesvp . At SIS energies
the energies of protons from central collisions and at mid
pidity follow approximately a Boltzmann distribution with
temperatureTp.100 MeV @11#. Only slow pions withvp

,vp are affected while for pions with kinetic energies1

1We will in the following use the convention\5c5kB51.
2536 © 1998 The American Physical Society
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1

2
mp^vp

2 &.
1

2
mp^vp

2&.
3

2
Tp

mp

mp
~1!

the expansion can be ignored. At SIS energies this limi
thus;20 MeV and Eq.~1! applies to all SIS data shown i
Fig. 1. Thus the charge expansion can be ignored for the
data.

Let us therefore consider a particle (p6,K6, . . . ) with
massm and energyE05Am21p0

2 which is formed in a
spherically symmetric source with net chargeZ evenly dis-
tributed over the volume of radiusR. We will for the mo-
ment assume that the charge is static and will later extend
analysis to an expanding charge. The Coulomb potential
ies fromZe2/R at the surface to 3/2 times that value at t
center with the average

Vc5
6

5

Ze2

R
. ~2!

The energy and momenta ofp0’s are unaffected by the Cou
lomb field and define the reference values,E0 and p0,
whereas thep6 are accelerated/decelerated in the field.
the volume expands slowly with respect to the fast pions,
final p6 energy is

E5E06Vc . ~3!

The effect on the particle distribution functions can
derived from particle conservation, i.e., the number of p
ticles before Coulomb effects are not changed after,dN05
dN. Thep6 pion distributions at freeze-outd3N0 /d3p0 now
have to be transformed by changing their energy and
mentum following~3!. The final distribution is

FIG. 1. Experimentalp2/p1 ratios @2# for the reactions Au
1Au at 1.0A GeV as a function of the pion kinetic energy arou
44° from forward direction in the lab system~corresponding to ca
90 degrees in cms!. Curves show calculations according to Eq.~5!
for the case of a slow expanding spherical source using var
Coulomb energiesVc . Using a slope parameter of 75 MeV a valu
of Vc.27 MeV gives good agreement with data~full squares! @2#.
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dN

d3p
5

dN0

d3p0

d3p0

d3p
5

dN0

d3p0

p0

p

E0

E
. ~4!

The originaldN0/d3p0 can be taken fromp0 data around 1
GeV. These pion spectra are to a good approximation gi
by dN0/d3p0; exp (2E0 /T) with slope parameterT. With
final p6 energy and momentum given by~3! and using~4!
for both p2 andp1, one obtains the ratio~see also@8,12#!

p2

p1
[

dN2/d3p

dN1/d3p

5K p2

p1L exp S 2
2Vc

T DE1Vc

E2Vc
A~E1Vc!

22m2

~E2Vc!
22m2

.

~5!

The square root denotes the ratio of the initialp2 and p1

momenta when they are detected with final energyE. It leads
to diverging rate as the kinetic energy (E2m) approaches
Vc , p2/p1}(E2m2Vc)

21/2. The averagêp2/p1& is the
ratio of the total number of negative and positive pions p
duced. At collisions energies of 1 GeV most pions are p
duced through theD resonance, the ratio is@2,7#

K p2

p1L 5
5N21NZ

5Z21NZ
.1.94, ~6!

whereN and Z are the neutron and proton numbers of t
Au1Au nuclei before collision.

The simple formula~5! gives a good description of th
p1/p2 ratio for the 1 GeV Au1Au collisions at SIS and
allows us to determine bothT.75 MeV and Vc.2762
MeV; see Fig. 1. These two parameters can also be estim
independently. The measured single particle slopeT.75
MeV @11# agrees nicely with our estimate. According to E
~2! the value ofVc.27 MeV and Z5237930.75 ~14%
centrality! corresponds to an average source size ofR.8.0
fm, which is larger than the geometrical radius of the init
participant zone of the two colliding Au nuclei.

The corresponding baryon density at pion freeze-ou
;2A/(4pR3/3).0.85r0, i.e., somewhat smaller than no
mal nuclear matter densityr0. We will see that this result
agrees with the investigations in the dynamical model
scribed in Sec. V. In the analysis of this data within t
transport model@13# a similar value of the Coulomb energ
was obtained, although at smaller density of;0.6r0.

III. RAPIDLY LONGITUDINALLY EXPANDING SYSTEMS

At the higher AGS, SPS, RHIC, and LHC energies t
systems expand rapidly in particular in the longitudinal
rection along the beam axis. For systems expanding m
rapidly than the pion velocity the net charge is reduced w
increasing time resulting in decreased Coulomb effects.
ultrarelativistic speeds one also needs to take retardation
fects of the Coulomb fields into account.

Our starting point is the retarded time component of
electromagnetic potential from a chargeQ moving with ve-
locity v along the beam axis@14#

us
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f~r' ,t !5A05
Q

Av2t21~12v2!r'
2

, ~7!

wherer' is the distance from the beam axis and the time
chosen such thatt50 when the charge is closest to the po
r' ~see Fig. 2!. The vector part of the potential points alon
v and is therefore longitudinal and does not contribute to
transverse electric field that affects transverse momenta.
longitudinal component even vanishes for an approxima
constant rapidity distribution since the contributions of ne
tive and positive velocities cancel each other.

In ultrarelativistic heavy ion collisions the charged pa
ticles have large longitudinal but small transverse mome
The distribution of longitudinal velocitiesv can be obtained
from the measured rapidity distributions sincev5tanh (y)

dNch

dv
5

1

12v2

dNch

dy
. ~8!

In central Pb1Pb collisions at SPS energies the net pro
rapidity distribution is rather constant at midrapiditie
dN(p)/dy53762 @15,16#.

Assuming an approximately flat charge rapidity distrib
tion, the electric field becomes

E~r' ,t !52¹f~r' ,t !5eE dNch

dy

r'dv

„r'
2 1v2~ t22r'

2 !…3/2

5e
dNch

dy

2

t

r'

r'
2

. ~9!

In relativistic heavy ion collisions the upper and lower v
locities range from6c .2 In the Bjorken scaling picture@17#
t counts time from the momentt50 of the total overlap of
the collision partners.

As can be seen from~7! the electric potential is dominate
by the slow charges (v;0) simply because they provide
Coulomb field for a longer time. Thus pions with rapidityy

2The exact expression is obtained by replacing the timet in ~9! by
Av0

2t21r'
2 (12v0

2), wherev0 is the lower or upper velocity. Here
v0,c limits the longitudinal extent of the charge cylinder and th
removes thet50 singularity for nonvanishingr' . Since the times
and distances relevant for Coulomb effects aret.R/c and r';R
respectively, whereR is the size of the nuclei, we can safely a
proximatev0.c51.

FIG. 2. Sketch of the ultrarelativistic collision where the pion
the transverse distancer' is influenced by a chargeQ moving with
velocity v in the expanding matter.
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mainly feel the Coulomb field from charged particles at sim
lar rapidities. If one instead assumes a charge particle ra
ity distribution peaked at target and projectile rapidities~i.e.,
the initial charge distributions of the colliding nuclei! then
one finds that the electric potential is suppressed by a fa
gc.m.

2 ;100 near midrapidities at SPS energies as compare
the constant rapidity distribution. In contrast, assuming
static central charge the push given to the positively char
pions is greatly overestimated.

As above we assume that the pions are trapped in the
matter until freeze-out at timet f . After this time the pions
can propagate freely only influenced by the Coulomb fie
During the collision the particle rapidity distributions chan
due to interactions. However, at late times the retarded
tential ~7! arises mainly from the free streaming phase or
flowing phase in the period between the collision and free
out. According to Gauss law the electric field in the interi
is reduced by an area factorr'

2 /Rf
2 , whereRf now is the

transverse size of the system at freeze-out, i.e.,

E~r' ,t !5e
dNch

dy

2

t
35

r'

Rf
2

, r',Rf

r'

r'
2

, r'.Rf6 . ~10!

A charged pion of transverse momentump',0 at freeze-out
and final momentump' receives a momentum change
‘‘Coulomb kick’’

Dp'5p'2p',056eE
t f

`

E~r' ,t !dt, ~11!

where the6 refers to positive and negative pions, respe
tively. If the Coulomb kick is small so that the pion velocit
changes little, the position of ap6 at freeze-outr f with
velocity vp develops according to

r5r f1vp~ t2t f !. ~12!

For an ensemble of pions we obtain the momentum cha
by averaging over the freeze-out positionr f in Eq. ~11!. The
result will generally depend on bothRf andt fv' . We find,
however, that the momentum change is only a slowly
creasing function of the freeze-out time. For a freeze-
time of t f58 fm/c, Rf;10 fm and with pion velocities as
given by the lowm' data, we obtain the estimate

pc[uDp'u.2e2
dNch

dy

1

Rf
, ~13!

in the direction of6p' . The variation with freeze-out time
is 610% for v't f /Rf in the range 0.520.8.

It is important to note that the difference between resu
for the static charge of Eqs.~2! and ~3! and the rapidly ex-
panding charge of Eqs.~11! and~13!. In the former case the
field decreases at large distances asr 22 whereas in the latter
it decreases ast21r'

21 . As a consequence, theenergy is
shifted by an amount proportional to the chargeZ in the
former case while in the latter themomentumis shifted by an

t
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57 2539COULOMB EFFECTS ON PARTICLE SPECTRA IN . . .
amount proportional todNch/dy. In both cases, however, th
scale of the shifts is determined by the source sizeRf at
freeze-out.

As above we can derive the Coulomb effect on the tra
verse particle distribution functions

dN

d2p'

5
dN0

d2p',0

p',0

p'

. ~14!

The pion spectra are well reproduced bydN/d2p'} exp
(2m' /T) with T.150 MeV at both AGS and SPS energi
@18#. Defining m'

65Am21(p'6pc)
2 and using Eqs.~11!

and ~13!

p2

p1
[

dN2/d2p'

dN1/d2p'

5K p2

p1L exp S m'
22m'

1

T D p'1pc

p'2pc
.

~15!

The pion ratio predicted by~15! is compared to AGS and
SPS data in Figs. 3 and 4. Here the experimental va
^p2/p1&.1.27 and 1.05 at AGS@19# and SPS@20# ener-
gies, respectively, have been used. These values are clos
unity than at SIS energies due to the abundant pion prod
tion not connected toD resonances. The experimental data
well reproduced with pc

AGS.20 MeV/c and pc
SPS.10

212 MeV/c. From the measured proton rapidity distrib
tion, dNAGS

p /dy.70 anddNSPS
p /dy.37, and Eq.~13! we can

now extract the size of the systems at freeze-out:Rf
AGS.10

fm andRf
SPS.10 fm. The sizes are substantially larger th

the geometrical radiiRgeom.6 fm ;RPb of the collision
zones~for 14% centrality! indicating that significant expan
sion takes place before freeze-out.

For the S1S collision at the SPSdNp/dy.4. Assuming
Rf.4 fm we find a rather small value forpc.4 MeV/c,
and the corresponding Coulomb effect is thus very smal
seen in Fig. 9.

FIG. 3. Experimentalp2/p1 ratios @4# for the reactions Au
1Au at 11.6A GeV as a function of transverse mass compared
calculations employing Eq.~13! using a constant momentum shi
pc .
-

es

r to
c-
s

s

IV. SLOW PARTICLES

Slow pions, i.e., pions with velocitiesvp smaller than the
expansion velocity of the net charge which is typically giv
by the proton velocitiesvp , are less affected by the Coulom
field. According to Eq.~1! such slow pions should have k
netic energies below 20 MeV at SIS energies and transv
kinetic energies below 40 MeV at SPS energies.

We can estimate the effect of expansion by simply assu
ing that the protons solely determine the expansion of
charge. If we assume that the proton velocities are distribu
according to a nonrelativistic Boltzmann distribution wi
temperatureTp , the charge should therefore be reduced b
factor

Rn
exp5

E
0

vp
exp S 2

1

2
mpv2/TpD vn21dv

E
0

`

exp S 2
1

2
mpv2/TpD vn21dv

5H 12exp ~2x2!, n52

erf~x!2~2/Ap!x exp ~2x2!, n53J , ~16!

wherex5A 1
2 mpvp

2 /Tp and erf(x) is the error function. The
exponentn52 is for cylindrical geometry with transvers
expansion andn53 is for spherical expansion. Reducing th
charge~or proton rapidity density! by this factor reduces the
Coulomb kickVc ~or pc) is diminished by an amount which
now depends on the particle energy. This fact needs to
properly included in the Jacobiandp',0 /dp' of the resulting
charge particle distribution@Eq. ~14!#. The result of trans-
verse expansion is shown in Fig. 5 forp2/p1 with pc
515 MeV/c and in Fig. 6 forK2/K1.

The factor ~16! overcorrects for transverse expansi
since it completely removes the Coulomb corrections
vp50. However, even forvp50 the pions are still acceler
ated by the Coulomb field which decreases ast21. We there-
fore consider slow pions embedded in a charge expand

o

FIG. 4. Experimentalp2/p1 ratios @5# at SPS energies for the
reaction Pb1 Pb as a function of transverse mass compared
calculations using Eq.~13! using a constant momentum shiftpc .



wi

m

io

ld

tum

ef-
p-
ves

ol-

up

in
by
e

tion

an

s

n

e

se
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with velocity vp . Pions with velocities smaller thanvp stay
inside the expanding source in the potential decreasing
time. As the net positive chargeZ or 2dNp/dy expands
spherically or transversely with velocityvp , the radius in-
creases with time

R5Rf1vp~ t2t f !. ~17!

Here,Rf is the radius at freeze-out radius at freeze-out ti
t f . The pion moves according to Eq.~12! and we will find
that the Coulomb effect leads only to minor changes in p
momenta, hence to leading order we can assume thatvp is
constant.

In the case where pions move slowly in the electric fie

E~ t !5Ze
r

R3
~18!

FIG. 5. The effect of resonances and transverse expansio
p2/p1 ratios Eq.~13! ~see Fig. 4 and text!.

FIG. 6. The predictedK2/K1 ratios at SPS energies for th
reaction Pb1 Pb as a function of transverse mass from Eq.~13!
with pc515 MeV/c ~full curve!. Dashed curve includes transver
expansion of Eq.~16!.
th

e

n

of a sphere with a constant charge density the net momen
change is

Dp56eE
t f

`

E~ t ! dt56
Ze2

2Rfvp
Fvp

vp
1

r f

Rf
G , ~19!

for positive and negative pions, respectively. Retardation
fects are ignored for simplicity which is a rather good a
proximation for spherical systems where the charge mo
primarily in radial direction~see also Appendix A!. The av-
erage of the freeze-out position vanishes,^r f&50, if there is
no transverse flow. Therefore, averaging overr f will to first
approximation only lead to a smearing of thep1 and p2

distributions and by thesameamount. When taking ratios
this effect cancel out, and we therefore ignore it in the f
lowing. The final momentum is thus

p5p0~16C3!, C35
Ze2

2mpvp
2Rf

, ~20!

i.e., the positive and negative pion momenta are scaled
and down respectively.

The case of rapid longitudinal expansion was studied
the previous section. The resulting electric field is given
Eq. ~10! and from Eq.~19! we find the change in transvers
momentum

Dp'5p'2p',056eE
t f

`

E~r' ,t !dt.6e2
dNch

dy

2

Rf

v'

vp
.

~21!

The latter approximate expression holds under the condi
vpt f&Rf . For smallp' we can approximatep'5mv' and
thus find

p'5p',0~16C2!; C2.e2
dNch

dy

2

mvpRf
. ~22!

The Coulomb effect on particle distribution functions c
be obtained from particle conservation, i.e.,dN5dN0 is the
same for initial and final pions,

dN

dnp
5

dN0

dnp0

~16Cn!2n. ~23!

The ratio of negative to positive pions is then

p2

p1
[

dN2/dnp

dN1/dnp
5K p2

p1L S 11Cn

12Cn
D n

exp S E22E1

T D ,

~24!

whereE65Am21p2(16Cn)2. Notice thatCn!1 is implic-
itly required since we approximated the trajectoryr (t) by
assuming constant velocity in the electric field.

Introducing the kinetic energyEkin5E2m ~for n53)
andEkin5m'2m ~for n52), the ratio decreases linearly a

p2

p1
.K p2

p1L F112nCnS 12
Ekin

T D G ~25!

on
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57 2541COULOMB EFFECTS ON PARTICLE SPECTRA IN . . .
for small kinetic energies,Ekin!m. The ratio is thus en-
hanced by 2nC at smallm' and decreases linearly on a sca
determined byT.

It is interesting to compare our approximation with t
exact analytic result found by Ayala and Kapusta@21# treat-
ing the motion of nonrelativistically positively charged pa
ticles in a Coulomb field from a homogeneously charg
expanding sphere. With their parameters (Z5158,Rf58 fm,
vp50.2! we obtainC35 0.7 for kaons. This leads to a re
duction of low momentumK1 by a factor (11C3)2350.2
similar to their value of 0.15 determined from Fig. 3a in@21#.
However one should be aware that the suppression fac
behave asymptotically differently in the limitvp→0.

Next we estimate the crucial parametersC2 and C3. In
central Au1Au collisions at SIS energies the proton veloc
can be estimated from the slope of proton spectravp

2

.3Tp /mp.0.3. With a central charge ofZ5122 ~15% cen-
trality! we obtainC3.0.3 that according to~24! leads to a
large enhancement by a factor;6 at zero momentum. Un
fortunately, at SIS energies no measurements are availab
very low pion energy. For SPS we assume cylindrical geo
etry n52. Consequently, going fromC3 to C2 we replaceZ
by 2dNp/dy. With vp

2.2Tp /mp.0.6 we obtainC250.12
and find ap2/p1 ratio ~24! of 1.8 in agreement to the data

As mentioned the derivation applies not only to pions b
to all particles, for example, kaons. As the kaon is heavier
expect from ~22! that the Coulomb enhancement of th
K2/K1 ratio is smaller by a factor ofmp /mK;1/3.

Experiments at the AGS@4# and SPS@18# indicate that
transverse flow is important in collisions with very hea
nuclei. Transverse flow decreases them' slopes observed in
m' spectra of pions, kaons and protons. The measured
fective temperatures’’ are thus larger than the intrinsic te
peratures. In our analysis transverse flow has several eff
The temperature employed in the Boltzmann spectr
should not be the effective slope parameter,T.200 MeV but
the intrinsic temperature,T.140 MeV. Furthermore, flow
leads to largervp and nonvanishinĝ r f& in ~19!. Particles
with transverse momentump' from a thermal source of tem
peratureT with transverse flowur' /Rf arrive on average
from a point displaced from the center by^r f&5p'uR/2T.
Transverse flow thus adds a term to~19! for charged pions
and usually reducesCn .

We can summarize the discussion of Coulomb effects
addressing the important scales entering. In the spheric
symmetric case (n53) the Coulomb kick is given byVc.
6Ze2/Rf . For slow expansion the particle kinetic energi
are shifted @see Eq.~3!# by this amount, i.e., the relevan
dimensionless quantity isVc /mpvp

2 instead. For rapid ex-
pansionvp@vp the kinetic energies are insteadscaled@see
Eq. ~20!# by an amount proportional toVc /mpvp

2 . In the
dimensionless quantityvp

2 is replaced byvp
2 simply because

it is the fastest particle velocity that matters. A similar b
havior is found for the cylindrical expansion (n52) except
that in this case the relevant quantity is themomentumin-
stead ofkinetic energydue to the rapid longitudinal expan
sion and the Coulomb kick isVc.(e2/Rf)dNp/dy. For slow
expansion the momentum is shifted byVc @see Eq.~13!# and
the corresponding dimensionless parameter isVc /mpvp .
For an expansion faster than the pion velocity the mome
d
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are scaled by an amount proportional toVc /mpvp @see Eq.
~22!#. Again the pion velocity is replaced by the proton v
locity since the fastest particles determine the magnitude
the Coulomb effect.

V. DYNAMICAL MODEL

After the previous discussion of the typical properties
the Coulomb effect in different energy regions we apply
more detailed model@10# which allows finer details of the
freeze-out scenario. Inspired by the Bjorken picture of a
proximate boost invariance we assume a cylindrical geo
etry and include both longitudinal and transverse flow. W
introduce the following parameters: the widthDych of the
rapidity distribution of the charge~usually a Gaussian distri
bution is taken!, the thermal equilibrium temperatureT, the
mean transverse flow velocity^b&, the source radiusRf , and
the freeze-out timet f . The initial charge distribution a
freeze-out is assumed to follow a Boltzmann distributi
which includes the different chemical potentials for po
tively and negatively charged particles. Further details
explained in Ref.@10#.

After freeze-out the different species of particles, main
nucleons, pions, and kaons, are assumed to move fre
Their momentum distribution is given by a thermal distrib
tion superimposed on a hydrodynamic flow. The influence
the electromagnetic forces on the emitted particles will
crease the initial charge asymmetry. This influence is trea
as a first order perturbation, assuming that the electrom
netic field is generated by the charged particles moving w
their unperturbed initial velocities. This method is justified
long as the electromagnetic potential is small compared
the mean kinetic energy of the particles.

To calculate the electromagnetic potentialAm at the
space-timexm5(t,r )

Am~ t,r !5E dr 8
j m~ t2ur2r 8u,r !

ur2r 8u
, ~26!

the knowledge of the currentsj m(t,r ) during the whole col-
lision history is needed. Retardation effects are essential
pecially at ultrarelativistic energies where the longitudin
motion is not fully decelerated. To describe the situation
fore freeze-out we have in Ref.@10# used a simple hydrody
namical scenario to describe the situation before freeze-
We assume a linearly increasing longitudinal and transve
flow of the matter between the overlap timet50 and the
freeze-out timet5t f , i.e., the radius at freeze-out isRf
5Rgeom10.5t fbS , whereRgeom is the initial or geometrical
radius of the overlap zone at the collision time andbS the
velocity at the surface of the source. The linear motion of
particles allows one to calculate the net Coulomb mean fi
as a superposition of the electromagnetic fields of the in
vidual charged particles. If the particles denoted byi with
chargeqi , massmi , and four-velocityui

m5(1,v)/A12v2

start at space-timeyi
m we get

Am~xm!5(
i

qi

ui
m

A@~ui !n~xn2yi
n!#22~xn2yi

n!2
. ~27!
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Since the calculations of retardation are very cumberso
we also discuss approximations in Appendix A.

The motion of the particles is treated relativistically in t
potential~27!

mi

d

dt
ui

m5qiui
nS ]An

]xm
2

]Am

]xn D , ~28!

wheret denotes the proper time of the particle. Thep2 and
p1 spectra are finally calculated by sampling the final m
menta over a set of solutions obtained with different init
conditions obtained from the freeze-out parametrization.

In Figs. 7–9 we show the calculations for the three abo
mentioned experiments. We concentrate on the sensitivit
variations of the freeze-out time. The flow velocity and te
perature were determined from fits to them' slope of avail-
able spectra for particles with different masses, see R
@11,18,19#. For a systematic overview we refer to Ref.@22#.

Figure 7 shows the result for SIS energies which has to
compared to the schematic model of Fig. 1. For a temp
ture of 75 MeV and mean transverse velocity of^b& 5 0.3
corresponding to a surface velocity ofbs 50.5 good agree-
ment to the data is obtained. This gives a freeze-out radiu
Rf56 fm10.5t fbs5 8 fm leading to a break-up density o
0.8r0. This value is just the same as that obtained in Sec
but larger than the value obtained in the transport mo
@13#. The final production time in that model is rather lon
;25 fm/c which is partially due to long livedD resonances

Figures 8 and 9 address the ultrarelativistic regime. H
the measured widths of the particle rapidity distribution
Dych, is about 0.7 and 1.3 for AGS and SPS energies,
spectively. A mean flow velocity of̂ b& 50.42 or bs

FIG. 7. Calculations ofp2/p1 ratios with the dynamical mode
for the reactions Au1Au at 1.0A GeV as a function of pion kinetic
energy in the center-of-mass system compared to experiment@2#.
Good agreement is obtained witht510 fm/c for a moderate mean
flow velocity ^b&50.3 c or t57 fm/c for ^b&50.4 c.
e

-
l

e
to
-

fs.

e
a-

of

I,
el

e,
,
-

50.62 was used together with a moderate temperature of
MeV and 120 MeV, respectively. The results at AGS en
gies are relatively insensitive to the freeze-out time since
charge diffuses slower in the longitudinal direction than
SPS energies. A freeze-out time of 10 fm/c seems to be
compatible with the data, while for SPS energies a time
about 7 fm/c is required. We also show the relatively mode
enhancement for the reaction ofS on S at SPS energies
where the rapidity density of the charge is slightly deple
at midrapidity. For a more detailed discussion at SPS en
gies we refer to Ref.@10#.

VI. COMPARISON TO HBT ANALYSES

The source for pions, kaons and other particles create
high energy nuclear collisions at freeze-out is also studie
two-particle correlation functions. Such Hanbury-Brown a
Twiss ~HBT! analysis provides complementary informatio
on freeze-out time and source size. Pion correlation functi
are, however, affected by resonance decays which actu
produce the majority of the pions. Resonances lead to
increase of the measured HBT radii, effective source si
and lifetimes@23,24#. A significant fractionf of the pions
stem fromlong lived resonancesin ultrarelativistic collisions
which reduces the correlation function by a factorlpp

;(12 f )2. Experimentally,lpp.0.520.6 @25# and so f
.25%. Also, long lived resonances reduce the Coulomb
fect by a minor amount as discussed below. Though th
and other effects as Coulomb corrections, detector cuts,
are important for a detailed analysis, we will ignore them
our qualitative comparison.

The transverse HBT radii are usually referred to as
outward and sideward radii in the direction along and p

FIG. 8. Experimentalp2/p1 ratios @4# for the reactions Au
1Au at 11.6A GeV as a function of transverse mass compared
calculations using the dynamical Coulomb model for differe
freeze-out timest f .
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pendicular to the transverse momentum of the two correla
pions, respectively. The outward HBT radius contains
number of fluctuations as duration of emission and re
nances lifetimes and are furthermore affected by opac
and moving emission surfaces@26#. The sideward HBT ra-
dius Rs is more directly connected to the geometric size
the source at freeze-out. For a source of constant pion
sity the sharp cutoff radius is given byRf52Rs , and with
Rs.5 fm @25# in central Pb1Pb collisions at 160A GeV we
obtainRf.10 fm. This number is larger than the geometric
radius of a Pb nucleus indicating that expansion takes p
before freeze-out.

In a longitudinally expanding system with Bjorken sca
ing the freeze-out time is related to the longitudinal HB
radius byt f5RlAm' /T. From the NA44 dataRl.5.5 fm
@25# we estimatet f.8 fm/c. For comparison RQMD cal-
culations predict substantially larger values for the freeze-
time, t f515 fm/c @27#. Assuming that the source starts o
with the mean geometrical radiusRgeom5 6 fm ~for the 15%
centrality! at the collision with transverse flowbs , we find a
radius ofRf5Rgeom1bst f.10212 fm, which is similar to
the freeze-out radius obtained from the sideward HBT
dius. We conclude that both freeze-out times extracted fr
the longitudinal and transverse HBT radii are compatible
SPS energies with the one we find fromp2/p1 data. The
Coulomb freeze-out radius is also comparable to the H
radii found at AGS energies as seen from Fig. 10. At S

FIG. 9. Experimentalp2/p1 ratios @5# at SPS energies for th
reactions Pb1 Pb and S1 S as a function of transverse ma
compared to calculations employing the dynamical Coulomb mo
with three different values for the freeze-out time.
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energies we extract the HBT radius from the average of
p1p1 and p2p2 HBT radii @29# by multiplying by the
geometrical factor,Rf5A5/3Rrms.15 fm. This radius is
considerably larger than the one extracted from the Coulo
effects.

VII. RESONANCE DECAY

In ultrarelativistic collisions resonance decay into pions
important. If pions stem from resonances with a lifetim
larger than the freeze-out time, their Coulomb push is
duced. This is important for the long lived resonanc
v,h,h8,KS

0 , etc.. As mentioned above they amount
roughly f 525% if the reduction of the HBT correlation
function is solely caused by long lived resonances. If a fr
tion f is unaffected by the Coulomb field only the fractio
(12 f ) of the distribution function in Eq.~14! should be
transformed. The resultingp2/p1 ratio is therefore

p2

p1
5K p2

p1L ~12 f !
p'1pc

p'

e2m'
1/T1 f e2m' /T

~12 f !
p'2pc

p'

e2m'
2/T1 f e2m' /T

. ~29!

The effect of long lived resonances are shown in Fig. 5
f 50.25 andpc515 MeV/c. As they reduce the Coulomb
effect, the best fit is now obtained for a slightly larger val
of pc515 MeV/c. If the long lived resonances produc
pions at differentp' one should use a different effectivem'

slope for those in~29!.
Resonances may decay differently intop2 and p1 de-

pending on pion momenta and thus provide another mec
nism for changing pion distributions at lowp' . This is the

el

FIG. 10. The freeze-out radii for central Au1Au or Pb1Pb
collisions from HBT and Coulomb effects. The HBT data are av
age values ofp1p1 and p2p2 sideward HBT radii taken from
Refs. @28#, @29#, and @25,31,32# at SIS, AGS, and SPS energie
respectively~see text!. The radii extracted from Coulomb effect
are compatible with those from HBT except at SIS energies. T
geometrical radii of the overlap zones~for ;14% centrality! at time
of collision are smaller indicating that significant expansion tak
place between collision and freeze-out.
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case forL and L̄ particles. In central Pb1Pb collision at
SPS energies the number ofL ’s produced per unit rapidity a
central rapidities isdNL2L̄/dy51967 @15#. Of these 64%
decay intop2. Compared todNp2

/dy5160610 the L ’s
thus contribute;8% to thep2 yield. Since the decay en
ergy of pions amounts to only 35 MeV in theL rest frame
they would lead to an enhancement of thep2/p1 ratio of
;1.4 if included. The ratio would fall off slowly as a func
tion of the transverse momentum. However, only at mos
few percent of those pions can enter the detector in the N
measurements because theL ’s travel;60 cm before decay
ing due to the long lifetime. Therefore they do not contribu
to the measuredp2 yield. Both the Pb1Pb data and the
S1S data are compatible with the Coulomb effect but can
be explained by resonances alone. The same conclusion
drawn from RQMD analyses@16#.

VIII. THE K2/K1 RATIO

The K2/K1 ratio provides another way to test the Co
lomb effect and obtain information on freeze-out. We es
matepc by taking the best fit to thep2/p1 data, however,
correcting it for the slightly smaller HBT radii for kaons tha
pions. We estimatepc;15 MeV/c. Furthermore we take the
kaon temperature ofTK5230 MeV from @18# and
^K1/K2&50.68 from@30#. We can then predict theK2/K1

as shown in Fig. 6. As the kaons are heavier than the p
their kinetic energies are less affected by the momen
change. Also, the kaons move slower and are more affe
by transverse expansion of the net~proton! charge~see Ap-
pendix A!. A smaller number of protons remains to give t
kaons a Coulomb kick and theK2/K1 ratio is closer to unity
as seen in Fig. 6.

HBT analyses show that the kaon correlation function
not reduced by long lived resonances, sincelKK.1. On the
other hand, the absorption ofK2 on nucleons byK2N
→Lp is much larger than forK1. Therefore the initial ratio
K2/K1 may differ in very heavy ion collisions from ligh
ones since the stopping is larger. The measuredK2 spectrum
@33# in fact shows a decrease at lowp' in heavy ion colli-
sions as compared to light ones by almost a factor of t
Thus, the resultingK2/K1 ratio could be even an increasin
function of the transverse energy. Recent NA44 meas
ments do not show a significant dependence on the tr
verse energy. If the enhancement of theK2/K1 ratio pre-
dicted in Fig. 6 should exceed the measured one, this wo
indicate new physics.

Kaons may also experience a strong interaction with
mean field from hadrons. Early reports on lowp' enhance-
ment forK1 at AGS energies — referred to as ‘‘cold kaons
— led to suggestions of a strong attractive potential@34# that
dominated the repulsive Coulomb potential. The cold ka
have, however, not been confirmed in later AGS exp
ments. In nuclear matter theK1 interaction is repulsive@35#
but one cannot rule out that it becomes attractive in hot
dense matter.

IX. SUMMARY

Coulomb effects are very sensitive to the expansion
namics of high energy nuclear collisions. At lower energ
a
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the expansion of the charge cloud, which consists mainly
protons, is slow compared to typical pion velocities. T
pions experience the full Coulomb kick and thep2/p1 ratio
becomes large at small pion momenta as described in
~5!. At higher collision energies the expansion of nucleons
faster and exceeds that of the very slow pions. The Coulo
field, which the pions feel, vanishes rapidly within the typ
cal expansion time. The resultingp2/p1 ratio is only en-
hanced by;60% at the smallest measured transverse m
mentum p' at AGS and SPS energies and can
approximately described by Eq.~15!. At ultrarelativistic en-
ergies the rapid longitudinal expansion and retardation
electromagnetic fields are important and the charge rapi
density replaces the central charge. The Coulomb field
fects small pion transverse momenta on a scale given by
total Coulomb energy. The Coulomb effect on kaons
smaller than for pions due to their larger mass.

The Coulomb effect provides information on the sourc
produced in relativistic heavy ion collisions at freeze-out
dependent of HBT analyses and flow studies in particle sp
tra. HBT methods analyze the source at freeze-out, and C
lomb effects occur after freeze-out. The measu
enhancement of thep2/p1 ratio provides a severe con
straint on the values found by various methods. From
investigations presented here the source sizes and freez
times obtained from HBT analyses seem to be compat
with those obtained from Coulomb effects. Calculations
ing transport models like BUU or RQMD tend to find larg
freeze-out times indicating the need for a consistent desc
tion of the whole process to calculate charge asymmetry
HBT correlations.

At RHIC and LHC energies smaller stopping is expect
than at SPS and AGS energies, and the charge den
dNp/dy will be smaller at midrapidity but larger near targ
and projectile rapidities. Given the amount of stopping
can try to predict the resultingp2/p1 ratios at RHIC and
LHC. The total̂ p2/p1& production should be very close t
unity due to the abundant pion production. The transve
size of the system at freeze-out can be estimated from
HBT radii assuming that the radii continue to increase slow
with collision energy as is found experimentally up to en
gies 160A GeV. By extrapolating we estimateR.15 fm. If
we, for example, assume dNp/dy525 we find
pc55 MeV/c. The resultingp2/p1 ratio is shown in Fig.
4 ~not corrected for resonances and transverse proton ex
sion!. However, if a phase transition to a quark-gluon plas
occurs, these predictions may change drastically. The fre
out may occur much later so that the source is more lon
tudinally and transversely expanded leading to a redu
Coulomb effect.
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APPENDIX A: EFFECTS OF RETARDATION

In Ref. @13# approximations were applied by using th
Coulomb potentialf as the only part of the four-potentia
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This potentialf is calculated as beingA0 of ~26!, but ne-
glecting the retardation. Thus, the equation of motion sim
fies to

mi

d

dt
uk5u0qi

]f

]xk
, k51,2,3. ~A1!

We demonstrate the deviations one obtains when appl
the approximative method~A1! where retardation and th
spatial components are neglected.

At moderate energies where the thermal velocities of
nucleons are not large this approximations works well.
Fig. 11 we show the effect on thep2/p1 ratio in the trans-
verse direction kinetic energy for a reaction of gold on go
nuclei. As an example we use the following paramete
Dych50.4, T575 MeV, ^b&50.3, andt f57 fm/c which
give in Fig. 7 reasonable agreement with the data. One
ognizes that the approximate treatment~A1! is well appli-

FIG. 11. p2/p1 ratios for Au on Au collisions at 1A GeV as a
function of the center-of-mass kinetic energy calculated with
correct retarded electromagnetic potential~solid line! in comparison
with an approximative treatment retaining only the time compon
without retardation~dashed line! and using a simple scalar Cou
lomb potential~dotted line!.
C
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cable and leads roughly to a 10% underestimation of
ratio at a lab-angle of 44° which corresponds nearly to
transverse direction in the c.m. system.

Larger effects are expected at ultrarelativistic energies
Fig. 12 we show the calculated charge ratio at small mom
tum as a function of rapidity for a lead on lead collisions
158A GeV. The solid line is calculated using Eq.~28! and
shows ap2/p1 ratio at zero transverse momentum whi
follows nicely the rapidity distribution of the net charge as
is expected from our considerations in Sec. III. The appro
mate method shows quite a different behavior with a ma
mum off-midrapidity. This is because the potentialf is not
able to cope with the translational invariance which is hidd
in the correct potential~26!. Since the calculation is carrie
out in the c.m. system it fails completely for larger rapiditie
In the correct treatment the action of the componentA0 is
compensated by the longitudinal part of the magnetic fie
The dotted curve shows the result if one treats the Coulo
potential as a genuine scalar potential which means drop
the termu0 on the right hand side of Eq.~A1!. This method
is quite an insufficient approximation which even is not a
plicable for small energies as can be seen in Fig. 11.

e

t

FIG. 12. p2/p1 ratios for Pb on Pb collisions at 158A GeV at
transverse kinetic energies smaller than 10 MeV calculated with
correct potential and two approximations~see caption of Fig. 11!.
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