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New precompound decay model: Angular distributions

M. Blann1 and M. B. Chadwick2
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~Received 7 May 1997!

A new Monte Carlo precompound decay model is used to calculate double-differential spectra using an
approach based on conservation of linear momentum between an incident nucleon and the three quasiparticles
activated in the collisions of the equilibration process. The angular distribution theory is presented as it is
applied to the individual three-exciton cascades of the precompound model. The importance of multiple
precompound decay beyond two nucleons per nucleus is illustrated for90Zr(p,xn) reactions for incident
protons up to 256 MeV. These components are shown to be important for extending the useful range of the
precompound approach to energies beyond 80 MeV. The contribution to nucleon spectra due to hole conver-
sion processes is illustrated. We compare results of the formulation described with experimental angular
distributions for 90Zr(p,xn) reactions at incident energies of 45, 80, and 160 MeV, and for the90Zr(p,xp)
reactions at incident energies of 80, 160, and 200 MeV. Additionally,208Pb(p,xn) spectra at 7.5°, 30°, 60°,
120°, and 150° are compared with two experimental data sets for 256 MeV incident proton energy, and
90Zr(p,xn) spectra at the same five angles are compared with predicted results for 256 MeV incident protons.
At 256 MeV incident proton energy, the higher energy emission spectra are seriously overpredicted at 60°. All
other results are reproduced quite well, including back-angle yields. The quasielastic peak measured at 7.5° at
256 MeV incident proton energy is shown to be in quite reasonable agreement with experimental results.
@S0556-2813~98!03701-7#

PACS number~s!: 24.10.Lx, 25.40.Hs
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I. INTRODUCTION

A new precompound model@called hybrid Monte Carlo
simulation ~HMS!# using a Monte Carlo sampling metho
was recently introduced@1#. This approach follows nucleon
nucleon scattering such that only two and three quasipar
scattering distributions~partial state densities! are involved.
The latter have been shown to be consistent with the k
matic result of nucleon-nucleon scattering in nuclear ma
@2,3#. This offers pedagogical improvements over earlier p
compound formulations as discussed in@1#. The new formu-
lation has no limit on the number of precompound nucleo
emitted per reaction, and has been applied successful
energies up to 400 MeV@4# for the calculation of excitation
functions.

In the present work, we extend the HMS model to t
calculation of double-differential cross sections. We do t
by application of the method introduced in Ref.@5# based on
the conservation of linear momentum of nucleons scatte
to share the momentum between the resultant three quas
ticles. In this paper, which focuses on methods for determ
ing the angular direction of scattered particles and holes,
assumed that the scattered particle’s energy is determ
using the quasiparticle scattering distributions presente
Ref. @1#. In addition to intrinsic interest in the angular distr
butions of preequilibrium multistep scattering processes,
corporation of angular distributions into the HMS model
important for testing the model’s ability to predict emissi
spectra, since much of the double-differential experimen
data at higher energies are available for only a limited nu
ber of angles, prohibiting a reliable determination of expe
mental angle-integrated spectra.

In Sec. II we review the angular distribution formalism
570556-2813/98/57~1!/233~11!/$15.00
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and its application to the successive nucleonic cascade
the HMS model. Section III discusses some of the diff
ences between the present model and intranuclear cas
~INC! formulations. In Sec. IV we present comparisons
the resulting model predictions with experimental doub
differential spectra, and summarize our conclusions in S
V.

II. ANGULAR DISTRIBUTIONS

A. General

The angular distributions of emitted particles in our HM
calculations are obtained by following the directions of e
cited particles and holes in addition to their energy. To
this, the angular distributions from nucleon-nucleon scat
ings within the nucleus must be determined. We make us
the angular distribution theory of Refs.@5,6#. This theory
obtains the angular distribution in a scattering process
determining the accessible phase space, using state den
with linear momentum, with the effects of Pauli blockin
and Fermi motion included.

By considering the linear momentum distribution of pa
ticles and holes, and applying momentum conservation,
authors of Ref.@5# derived the angular probability of a pa
ticle within a particle hole (p-h) exciton state being scat
tered to an angleu,

Gn~K,k,u!5
1

4p

2an

ean2e2an
exp~ancosu!, ~2.1!

with
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an5
3Kk

2nmeavz
, ~2.2!

where K is the total momentum of thep-h state,k is the
momentum of the scattered nucleon which may be emitten
is the number of excitons left after the scattering~5p1h
21), m is the nucleon mass, andeav is the average excitation
energy of the remaining excitons, all energies and mome
being measured relative to the bottom of the nuclear w
The parameterz5max(1,9.3/AEem), whereEem is the emis-
sion energy in the channel-energy frame, approximates q
tum refraction and diffraction effects due to change of p
tential at the nuclear surface@5#. We assume that the effec
asymptotically disappear above an 80 MeV channel ene
but at lower energies it increases the probability of ba
angle scattering.

The derivation of the Eqs.~2.1! and~2.2! makes use of the
central limit theorem to obtain a statistical Gaussian solut
for the momentum distribution. The physical features of E
~2.1! and~2.2! are discussed in the Appendix, including pa
allels with the Goldberger@7# ~Kikuchi-Kawai @8#! equations
for nucleon-nucleon scattering in nuclear matter, comp
sons with nucleon momentum distributions obtained fr
other analyses, and a derivation showing that in the sm
angle limit the average angular deviation followingN scat-
terings isAN times the average angular deviation in o
scattering, as Feshbach has discussed using statistical
ments@9#.

The above equations can be adapted for use in the pre
work as follows. First, the above formulas are only used
describing the directions of post-scattering particles after
particle interacts with a nucleon to produce two particles a
one hole~hole scattering processes where a 1p2h state is
produced are also included, though in the discussion be
we concentrate on particle scattering processes for clar!.
This is consistent with the HMS formalism, where excit
particles are all tracked separately, each creating part
hole excitations following a nucleon-nucleon collision. T
kinematics of one particle creating subsequent particle-h
states (1p→2p1h) is treated as occurring independently
any other particle-hole excitations that may exist within t
nucleus. Second, in any scattering process the above e
tions can be used to determine the post-scattering direct
of the two particles whether one or both of the particles
emitted immediately, or whether they undergo additio
scatterings. Finally, the formulas are applied within a Mo
Carlo approach. As is shown below, this has the signific
advantage that the angular distributions and correlation
particles emitted through multiple preequilibrium emissi
processes~i.e., multiparticle fast preequilibrium ejectiles!
can be straightforwardly determined.

Such multiple preequilibrium processes could not ea
be treated within the deterministic~closed-form! formalism
of Ref. @13#, which was cause for an expected reduced r
ability at incident energies above 80 MeV, with noticeab
failings above around 160 MeV. These problems are lik
to be present in any other precompound formulation whic
limited to two precompound emissions per nucleus. The r
sons for this may be seen by reference to Fig. 1, where
show single-differential neutron precompound spectra em
ted following zero toN21 other precompound nucleons fo
ta
ll.
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FIG. 1. Multiple precompound neutron emission contributio
for 80, 160, and 256 MeV protons on90Zr. The solid curves (N51!
are theHMS-ALICE code spectra of the first precompound neutr
emitted. The dashed curves (N52! are the spectra of the neutron
emitted following the emission of either a preceding neutron
proton. The dashed curves (N53! are the calculated neutron pre
compound spectra for a neutron emitted following two other p
compound nucleons, the dotted curves (N54! the spectra of a pre-
compound neutron emitted following the emission of three ot
precompound nucleons, etc.
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57 235NEW PRECOMPOUND DECAY MODEL: ANGULAR . . .
80, 160, and 256 MeV protons on90Zr targets, as predicted
by the HMS-ALICE code. The increasing importance of pr
compound nucleons after the second~i.e., those emitted afte
two other nucleons! is clear. At 80 MeV, emission beyon
two precompound nucleons is below the 10% level~which
could be important for activation yields, but not too wor
some for single differential spectra!. At 160 MeV, precom-
pound spectra beyond multiplicity two are at the 30%
higher level at the lower range of the precompound spec
where there are deficiencies in calculated precompound
cay yields compared to measurements. As the incident
ton energy increases, the relative contributions from mu
plicity greater than 2 continues to increase, as is shown in
256 MeV results.

We would emphasize that the ‘‘N5’’ numbers in Fig. 1
do not represent exciton numbers in terms of older exc
models; all emissions in the HMS model are treated w
respect to 2p1h or 1p1h configurations. The ‘‘N5’’ num-
bers represent only the fact that there have beenN21 pre-
compound nucleons emitted prior to the one for which
spectrum is being shown. TheN51 andN52 results have a
very high probability of representing the two nucleons fro
the initial scattering event, but either or both could also res
from nucleons which have rescattered one or more time
and this will influence the angular distributions calculate
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As the incident energy increases, we expect theN51 and
N52 results to approach each other, except that theN52
result must have its maximum energy reduced from tha
N51 by the binding energy of the first nucleon. This repr
sents the fact that these emissions come primarily from
first scattering event, for which the energy partition is sy
metric between the two particles after scattering, with
binding energy difference showing on the nucleon des
nated as the second to be emitted.

A simplification that follows from always considerin
1p→2p1h events is that the average residual exciton ex
tation energyeav in Eq. ~2.2! can be determined using
Fermi-gas model. In Refs.@5,6# an analytic result was pre
sented for thep-h average exciton energy based on equid
tant single-particle energy levels, since the equivalent re
for a Fermi gas~with a single-particle density increasin
with the square root of the excitation energy! becomes in-
tractable for large numbers of excitons. However, in the c
rent approach one only needs the average excitation en
of very simple configurations, that is, 1p1h ~for the particle
emission from a 2p1h state!, 1h ~for particle emission from
a 1p1h state!, and 2h ~for particle emission from a 1p2h
state, produced by hole rescattering!. In a Fermi gas model
we obtain
eav
1p1h55

2
5 @V5/22~V2E!5/2#1 1

3 E@V3/22~V2E!3/2#

2
3 @V3/22~V2E!3/2#

if E,V,

3

5
V1

1

2
E if E>V,

~2.3!
m-
cle
ry

the
li-

al-
the

c-

ar-

in-
eav
1h5H V2E if E,V,

0 if E>V,
~2.4!

eav
2h5H V2~E/2! if E<2V,

0 if E.2V,
~2.5!

whereE is the energy of thep-h configuration relative to the
Fermi level, andV is the Fermi energy.

An attractive feature of using the angular distribution E
~2.1! is that it can be integrated analytically, so that ang
can be sampled in a Monte Carlo approach using a clo
form expression. The probability of a particle being scatte
to an angleu is proportional toGn(K,k,u)sin(u). To sample
from this distribution, it must be integrated fromu50 to
u8—the sampled value foru corresponds to the value ofu8
for which the integral equals a random numberR chosen
between zero and unity. This then gives a sampled theta

u85acos„ln$exp~ar !2R@exp~ar !2exp~2ar !#%/ar….
~2.6!

B. Kinematical relations

Using the above considerations, we give expressions
are needed to determine the directions of particles and h
.
s
d-
d

s

at
es

within a preequilibrium reaction. First, we consider the si
plest case of the first scattering where the initial parti
moves along theu50 z axis, and determine the seconda
particle directions ~in the initial projectile’s coordinate
frame!. Then we present more general relations where
initial particle moves in an arbitrary direction before a col
sion, for describing subsequent scatterings. Our notation
ways uses unprimed spherical coordinates to designate
coordinate frame defined by the incident projectile’s dire
tion ~i.e., theu50 z axis lies along the projectile’s direction!,
which we designate the ‘‘projectile coordinate system.’’

The initial particle with momentumKi scatters and forms
a 2p1h state, with momentumk2p1h5Ki . From this state,
we consider the angular distribution of one of the final p
ticles p1, with momentumkp1, leaving a 1p1h state with
momentum k1p1h @Fig. 2~a!#. Equation ~2.6! is used to
sample the angular distribution, Eq.~2.1!, for
G2(k2p1h ,kp1 ,up1), and since there are two excitons rema
ing after selecting the particle’s direction (up1 ,fp1), an52
53Kikp1/4mzeav in Eq. ~2.6!, with eav taken from Eq.~2.3!.
This gives a value forup1, and fp1 is chosen randomly
between 0 and 2p.

The directionup28 of the second particle, (p2) from the
remaining 1p1h state@Fig. 2~b!#, with momentumkp2, can
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236 57M. BLANN AND M. B. CHADWICK
then be obtained relative to the 1p1h momentum direction
using Eq.~2.1! for G1(k1p1h ,kp2 ,up28 ), sampling from Eq.
~2.6! with an5153k1p1hkp2/2mzeav, with eav taken from
Eq. ~2.4!. The anglefp28 is again chosen randomly between
and 2p. The 1p1h momentum is obtained from momentu
conservation

k1p1h
2 5Ki

21kp1
2 22Kikp1cos~up1!, ~2.7!

and the direction of the 1p1h momentum relative to the
projectile direction is

u1p1h5sin21F kp1

k1p1h
sinup1G , ~2.8!

and f1p1h5fp11p for fp1<p and fp12p for p,fp1
<2p.

Since bothup28 and fp28 are determined relative to th
1p1h momentum direction, they need to be transformed i
the projectile coordinate system to give the particlep2’s
direction (up2 ,fp2). This can be done using Euler rotatio
matrices~see the Appendix!: If the particle has a direction
(up28 , fp28 ) relative to the 1p1h direction, which in turn has
a direction (u1p1h ,f1p1h) in the projectile coordinate sys
tem, then

up25Ru~u1p1h ,f1p1h ,up28 ,fp28 ! ~2.9!

and

fp25Rf~u1p1h ,f1p1h ,up28 ,fp28 !, ~2.10!

where the rotation functionsRu and Rf are obtained from
Eqs.~A9! and ~A10! in the Appendix.

In this way, the directions of both particles in the frame
the projectile can be determined after a scattering ev

FIG. 2. Diagrams of momentum vectors for~a! scattering of a
particlep1 from a 2p1h state;~b! scattering of a particlep2 from
a 1p1h state;~c! scattering of a particlep3 from a 1p2h state.
o

f
t.

However, the above equations assumed that the directio
the particle before scattering is in theu50 direction, which
is only the case for the first scattering event by the project
in subsequent scatterings the particle’s direction before s
tering is, in general, arbitrary, say, (ua ,fa). In such cases
the above equations can be used, but after determining
final particle p1 and p2 directions relative to the (ua ,fa)
direction, they again must be rotated into the projectile
ordinate frame using Eqs.~A9! and ~A10!, as was done in
Eqs.~2.9! and ~2.10!, so thatup1 is modified toRu(ua ,fa ,
up1 ,fp1), fp1 is modified toRf(ua ,fa ,up1 ,fp1), up2 is
modified to Ru(ua ,fa ,up2 ,fp2), and fp2 is modified to
Rf(ua ,fa ,up2 ,fp2).

If both particlesp1 andp2 were to be emitted, then th
angular distributions~including correlations! of both par-
ticles ~and of other nucleons emitted within this event! are
automatically accounted for in such a multiple preequil
rium reaction.

The last type of scattering process to be considered
hole scattering, forming a 1p2h state, from which the par-
ticle may be emitted. Physically, this corresponds to t
bound nucleons below the Fermi level scattering with o
another, one being scattered into the accessible hole le
and the other conserving energy and being scattered a
the Fermi-level. Momentum conservation determines theh
total momentum and direction before the scattering proc
from Fig. 2~b!. Equation~2.6! is used to sample the angula
distribution, Eq. ~2.1!, for G2(k1p2h ,kp3 ,up38 ), and since
there are two holes remaining after selecting the partic
direction (up38 ,fp38 ), an5253k1p2hkp3/4mzeav in Eq. ~2.6!,
with eav taken from Eq.~2.5!. The anglefp38 is chosen ran-
domly between 0 and 2p. This determines the angle of th
post-scattering particle relative to the initial hole’ s directio
(up38 ,fp38 ), which subsequently must be rotated into the p
jectile coordinate system.

III. RELATIONSHIP TO OTHER MODELS

A. Intranuclear cascade models

1. General discussion

Here we briefly describe general aspects of the HM
model, with some reference to INC models, in order to a
swer the question as to how the model differs from the IN
approach. In the following subsection these comparisons
made specifically as regards calculation of angular distri
tions, whereas here we concentrate on more general asp

The HMS model treats an incident nucleon entering
nucleus of knownA,Z with known center-of-mass energy, t
give an internal excitationE. There follows a two-body col-
lision to give a two-particle, one-hole configuration shari
the excitationE with equala priori probability between the
three resulting ‘‘excitons’’; it was shown earlier@2# that the
kinematics of nucleon-nucleon scattering in nuclear ma
makes this a good approximation. Details of the selection
neutrons or protons as collision partners, and sampling te
niques to select the energies of excitons, are describe
Ref. @1# and we do not repeat these here.

From the three exciton distribution, using two- and thre
exciton density expressions, we select the energye of one
particle above the Fermi energy; by the energy difference
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57 237NEW PRECOMPOUND DECAY MODEL: ANGULAR . . .
know that the remaining particle-hole pair hasE2e units of
energy, which may be shared between the particle and
with equala priori probability. ~In the INC model, by pre-
selecting the energy and angle of a struck nucleon below
Fermi energy, there is not the same averaging proces
determining the momentum and energy of the two partic
plus one hole.! The INC models follow the reaction pro
cesses in a three-dimensional geometry, while precompo
models follow reactions in the energy space of the excito

If the nucleon selected above with energye is unbound
versus the binding energy BE(n,A,Z) of the nucleonn in the
composite nucleusA,Z, then the usual precompound mod
rate expressions for emission into the continuum, and
rescattering~based on Pauli-corrected nucleon-nucleon sc
tering rates in nuclear matter! are used to determine wheth
nucleonn is rescattered to make an additional 2p1h con-
figuration at excitatione, or is emitted into the continuum
with channel energy ofe2BE(n,A,Z). If the latter, the en-
ergy of the particle from the residual 1p1h at energyE2e is
selected from the two-exciton function~i.e., equal probabil-
ity! and the test for emission of this particle is applied, e
cept that if the first nucleon emitted was a neutron, the bi
ing energy used is BE(n2 ,A21,Z), and if a proton, BE
(n2 ,A21,Z21) is used. Each time there is a nucleon em
sion, theA and Z of the residues are appropriately decr
mented, so that correct binding energies are used for e
nucleon, consistent channel energies result, and energ
conserved at each step of and over the entire cascade.
nucleons in the above description which rescatter start
2p1h cascades, and the same process is repeated un
nucleons are bound; hole scatterings are then considere
an additional source of nucleon emission.

Hole conversion processes cannot contribute to the e
sion spectra at energies in excess of around 25 MeV,
should not contribute greatly to the intensity of even t
lower energy spectra. Nonetheless, the contributions are
negligible, and will significantly impact activation yields
We show two spectra from hole conversion processes in
3. The magnitudes of these spectra should be compared
the spectra of all nucleons in Fig. 1 for a quantitative sta
ment as to the contribution of hole conversions to the p
compound spectra. Intranuclear cascade models do not
hole conversion processes, and so this is one of the se
differences between the HMS and INC models.

FIG. 3. Neutron spectra resulting from hole conversions for
and 256 MeV incident protons on90Zr.
le

e
in
s

nd
s.

l
r
t-

-
-

-
-
ch
is
he
w
all
as

is-
nd

ot

g.
ith
-
-

eat
ral

There are some differences with INC models which
note here which may be noticeable at the lower energie
which precompound models are used, and which are p
ably of more pedagogic than practical importance at
higher energies at which the INC models are generally
plied. One such difference is that many INC codes eit
read in or, more often, have an internally set~i.e., ‘‘hard-
wired’’ ! value for the average nucleon binding energy
which is then taken to be the binding energy of eve
nucleon emitted during the cascade. This may distort C
lomb barrier effects if, for example, there were multiple pr
ton emissions, and means that energy is not conserved u
a post-cascade renormalization is performed using the
over emitted nucleon channel energies, recoil energy,
correct experimental masses. Another difference, which m
be significant at lower energies, is that many INC codes
a sharp cutoff value for the charged particle barrier: A
charged particles reaching the surface above this energy
emitted; all below are rescattered. The present HMS mo
~as with all other precompound models! uses inverse reaction
cross sections~usually from the nuclear optical model! to get
the emission rate, thus giving a smoother spectrum w
more realistic barrier dependence.

We point out the above differences as of pedagogical
terest, and note that many INC codes give excellent resul
relatively low energy. Most INC codes do use precompou
models at some point of the cascade. There is sometim
difficulty in determining the exciton number to use at th
point. The present HMS model might be a good model
introduce into the INC codes, as it is also Monte Carlo, a
would take each post-cascade nucleon, at some energy a
the Fermi energy~and angle with respect to the beam dire
tion! and treat its subsequent deexcitation in a consis
fashion, thus avoiding ambiguity as to exciton number.
would then follow each residual cascade particle and h
until all nucleons were particle bound, at which point tran
tion would be made to the evaporation model. In the follo
ing subsection we discuss aspects of the HMS model w
emphasis on the angular distributions, which are the m
concern of this work, and comment on similarities and d
ferences with respect to the INC model.

2. Angular distribution physics

The particle-hole formalism used in the HMS preequili
rium model differs from the methods used in intranucle
cascade models, though some of these differences are d
notation differences rather than differences in the underly
physical assumptions. The INC model randomly select
bound nucleon for a scattering with a moving ‘‘cascad
particle above the Fermi level. The total momentum is th
known before the scattering, and momenta of the two po
scattering cascading nucleons are randomly chosen~consis-
tently with momentum and energy conservation requi
ments!. The present model, instead, describes the scatte
as a particle creating a 2p1h state with a total momentum
equal to that of the particle before the scattering. This
though, exactly analogous to the INC picture since the h
produced after the scattering event refers to the mov
nucleon struck by the particle. An important feature of t
HMS particle-hole formalism is that, rather than random
choosing a bound nucleon for the scattering process, the

0
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238 57M. BLANN AND M. B. CHADWICK
fects ofall bound nucleons that can act as collision partn
are accounted for since an integration occurs over all the
degrees of freedom@6#.

The calculation of the post-scattering particle directions
a 1p→2p1h transition, described in Sec. II, can be inte
preted as follows. After the momentum of the first partic
p1 is selected according to the above angular distribu
functions, the 1p1h state’s momentum is known. From thi
the direction of the second particlep2 is chosen relative to
this 1p1h direction according to the angular distributio
function. Now, in the INC model, oncep1’s momentum is
determined, then thep2 momentum is defined unambigu
ously from momentum conservation. But this is not the c
here since we do not choose a specific nucleon for the s
tering process, but rather we integrate over all possibilit
This is manifest in the fact that the varying possible h
momenta~corresponding to various struck nucleons! gives a
spread in the momenta values ofp2. Our formulas do pre-
serve all the correlations in the final particle’s momenta t
would be expected from kinematics. The artificial case of
bound nucleons being stationary, without any Fermi mom
tum spread, is interesting to consider, since this can be s
lated in the above equations by setting the Fermi energ
zero. In this case, afterp1 is determined, the second partic
is aligned completely with the 1p1h direction ~its direction
being defined uniquely at 90° top1) since the forward-
peakinga parameter for decay of the 1p1h state tends to
infinity as the average excitation energy of the remaining
hole is zero.

B. Quantum multistep theories

Since the nuclear reactions studied in this paper have
been the focus of theoretical analyses based on quantum
malisms~particularly that of Feshbach, Kerman, and Koon
~FKK! @10#; see Refs.@11,12#!, it is useful to make some
comparisons between those works and the present appro

Clearly the quantum approaches are based on a very
ferent derivation to the present semiclassical work. In
FKK approaches, reaction probabilities are calculated a
transition amplitudes are first determined. While statisti
postulates are made that result in the canceling of cer
interference terms in the multistep contributions of FK
theory, the final results preserve the forward-peaked ang
distribution results obtained from distorted wave Born a
proximation ~DWBA! theory, including interference an
finite-size effects. The angular distributions calculated us
the semiclassical methods in this paper agree with the exp
mental data to a degree comparable with the FKK pred
tions ~see the next section!; however, for lower incident en
ergies than those studied in this paper~e.g., at 14 MeV! we
expect the FKK predictions to be superior to those predic
by the present theory, since semiclassical assumptions d
hold at low energies.

An advantage of the present theory compared to the qu
tum theories is the ease with which a variety of nuclear
action mechanisms can be calculated. For instance,
present theory allows an unlimited number of multiple p
equilibrium emissions to be determined, whereas only
maximum of two preequilibrium ejectiles have been co
puted within quantum approaches@5# ~particle emission be-
s
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yond the second particle has not yet been determined du
the complexity of the formalism!. The consequence of this i
that the present theory can be applied to higher energies
can the FKK theory~in its current implementation!, and that
for incident energies in the region 160–250 MeV, the pres
theory predicts more accurate preequilibrium nucleon em
sion for outgoing energies in the range 20–50 MeV, wh
multiple preequilibrium emission is particularly importan
This example is representative of the general difference
predictive capabilities between semiclassical and quan
preequilibrium formulations: The semiclassical models ha
their strength in their broad description of different reacti
processes due to their ease of implementation; the quan
theories enable certain features to be determined that a s
classical model can never predict~e.g., continuum analyzing
powers, interference effects in angular distributions!, but
their computational implementation is often formidable.

One interesting aspect of the present theory, which a
applies to the FKK theory but not to some other quant
multistep formalisms@11#, is the use of 1p1h state densities
within expressions for the multistep transition processes
the present theory, each subsequent multistep proces
viewed as the creation of a new 2p1h state from which
emission may occur, leaving a 1p1h state, with each new
interaction assumed to occur independently of other parti
hole excitations. This assumption is consistent with the F
approach, where multistep reactions are described as a
volution of one-step reactions, and differs from the excit
and hybrid semiclassical models.

IV. RESULTS AND DISCUSSION

Comparisons between calculated and experimental e
sion spectra are presented in this section. The variation o
calculated results from smooth curves in the figures rep
sents statistical fluctuations from the Monte Carlo meth
used. For all results shown, 103106 events were used in th
calculations.

In Figs. 4–6 we compare results of the angular distrib
tion theory under discussion with experimental results

FIG. 4. Calculated and experimental angular distributions
the interaction of 45 MeV protons with90Zr. The solid circles are
the experimental results of the MSU group of Galonskyet al. re-
ported in Ref.@14#. The curves are the results of theHMS-ALICE code
incorporating the theory of angular distributions described in R
@13#. Exit channel energies of 20 and 30 MeV are shown.
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(p,xn) reactions on90Zr targets at incident energies betwe
45 and 160 MeV. The energy distributions at five angles
compared for 256 MeV incident energy in Fig. 7.

In Fig. 8 we show similar energy distributions, but for
208Pb target for which two different groups have publish
experimental results, and we have replotted some of th
data as angular distributions in Fig. 9. Angular distributio
for protons emitted following 80, 160, and 200 MeV proto
bombardment of90Zr are shown in Figs. 10–12.

The agreement of the shape of the calculated angular
tributions or spectra at fixed angles with experimental yie
tests the angular distribution theory under discussion in
work. The agreement in absolute yields tests the HMS mo
described in Ref.@1#, where it was shown that inclusion o
multiple precompound decay beyond two nucleons in
HMS model improved calculated spectra for high incide
energies. In the results of this work we will see a tenden
toward underprediction of yields for emitted nucleons bel
40 MeV. This means that further improvements are nee
in the HMS precompound model; it is an improvement ov
the earlier hybrid model, but there is room for further dev
opment. However, the test of the angular distribution the
under investigation lies in comparison of the calculated a

FIG. 5. Neutron angular distributions for 80 MeV protons
90Zr. Experimental results~solid circles! are from Ref.@15#. Calcu-
lated results are given by solid lines. Exit channel energies of
42, and 62 MeV are shown.

FIG. 6. Neutron angular distributions for 160 MeV protons i
cident on 90Zr. Experimental results~solid circles! are from Ref.
@16#. Calculated results are given by the solid lines for exit chan
energies of 40, 80, 120, and 140 MeV.
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experimental shapes of angular distributions; errors in ab
lute normalization represent problems in the HMS mod
not the angular distribution theory.

In showing experimental results for (p,xn) reactions at
80 and 160 MeV measured at the Indiana University Cyc
tron Facility, we have omitted the points measured at ang
between 80° and 114°. This is due to the detector hav
been collimated to an unknown degree~approximately by
half! when a viewing port through a 115 cm concrete shie
ing block was incorrectly cut. As the points are all clearly
error in a systematic way, we chose to delete rather tha

2,

l

FIG. 7. Neutron energy spectra at fixed emission angles for
MeV protons incident on90Zr. Experimental results given by th
open points are from Ref.@17#. Calculated results are for angle
~lab! of 7.5°, 30°, 60°, 120°, and 150°. Both calculated and exp
mental results have been shifted by a factor of 10~0.1! for the 7.5°
~150°! spectra.

FIG. 8. Neutron energy spectra at fixed emission angles for
MeV protons on208Pb targets. Experimental results are given
open circles for results of Stameret al. @17# and by solid squares fo
the results of Meieret al. @18#. Both sets of experimental spectr
were measured at the LAMPF accelerator at LANL. Calcula
results are shown as lines at lab angles of 7.5°, 30°, 60°, 120°,
150°. Meieret al. did not report measurements at 120°.
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renormalize these experimental data points. Further dis
sion of this aspect of the experiment may be found in
original publications@15,16#. All other experimental points
from the experiments cited are shown for the cases chos

The experimental angular distributions vary betwe
those spanning one order of magnitude for emission ener
far less than the incident proton energy, to those spann
five orders of magnitude for emission energies near to
incident proton energy. Rather without exception the sha
of the calculated angular distributions are in excellent agr
ment with the experimental data, confirming the value of
theory proposed in Ref.@5#. This is also true of yields a
angles significantly beyond 90°, which have historically be
grossly underestimated in semiclassical treatments.

The case which is less gratifying is that of the spec
yields for 256 MeV incident protons. We note that detec
thresholds were set at 20 MeV for Ref.@17#, and so perhaps
yields at some of the lower energies may be uncertain.
results of Meieret al. @18#, in Fig. 8, are different at the
lower energies from the data of Ref.@17#, and were measure
using very low detector biases. The spectra, calculated at

FIG. 10. Proton angular distributions for 80 MeV protons
90Zr. Experimental yields at 20, 40, and 60 MeV~open symbols!
are from Cowleyet al. @20#. Calculated results are given by sol
lines.

FIG. 9. Neutron angular distribution based on the data from F
8. Points and lines are as in Fig. 8 for the data at 160 MeV emis
energy. The experimental data due to Meieret al. @18# were inter-
polated from a smooth curve drawn through the experimental
sults.
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for both the 90Zr and 208Pb targets for 256 MeV inciden
protons, are significantly harder than the experimental
sults. We do not see a similar failure in the 200 or 160 M
(p,xp) results seen in Figs. 11 and 12, nor in the 160 M
(p,xn) results of Fig. 6. We do not have an explanation
this, and it will be an interesting question as to why the
should be a rapid decrease of accuracy of the angular di
bution theory above 200 MeV incident energy. The angu
distribution replot of the data of Fig. 8 shows that the d
crepancy is not too important from a practical point of vie
in that it does not affect a large part of the cross section.
are particularly pleased at the result for the quasielastic p
seen in the 7.5° spectrum of Figs. 7 and 8; this detail
historically been grossly overpredicted, and as a quite sh
peak, in earlier semiclassical models based on nucle
nucleon scattering in a Fermi gas. The use of Gaussian
mentum distributions implicit in the scattering kernel of Eq
~2.1! and~2.2! results in a ‘‘smearing out’’ of the quasielast
peak compared to the results obtained using a sharp Fe
gas momentum distribution. We are also very much enco
aged by the excellent agreement with the experimental d
at 120° and 150°, for as stated previously, back angle yie
have heretofore been very difficult to predict with any a
ceptable degree of accuracy in semiclassical models
theories.

V. CONCLUSIONS

We have coupled the angular distribution theory of Re
@5,6# based on conservation of linear momentum between
incident nucleon and a three-quasiparticle final state, coup
to an equiprobability assumption, with the HMS precom
pound decay model based on successive two-body nucl
nucleon scattering processes in nuclear matter, which alw
produce three-quasiparticle final states. For emitted nucl
energies above 80 MeV, the predicted angular distribut
shapes are purely the result of the theory based on conse
tion of linear momentum between quasiparticle states, us
a statistical Gaussian momentum distribution. For emit
energies below 80 MeV, a small semiempirical correcti
factor which had been determined in earlier work was inc
porated without change. This factor, which asymptotica

FIG. 11. Proton angular distributions for 160 MeV protons
90Zr. Experimental yields at 20, 60, 100, and 140 MeV~solid sym-
bols! are from Richteret al. @19#. Calculated angular distribution
are given by solid lines.
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goes to unity at 80 MeV, is consistent with refractive effe
which might be expected for lower energy nucleons enco
tering the nuclear surface due to change in potential, a se
classical analogue of Snell’s law@21#.

The theory of Refs.@5,6# provides a very satisfactory pre
dictive tool for the angular distributions of the fairly larg
number of experimental data sets shown, with some rese
tion for the 256 MeV data@17,18#. Extension of the HMS
model to include angular distributions makes this combin
approach a good candidate for incorporation for treatmen
the precompound phase following INC calculations.
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APPENDIX

1. Angular distribution theory

a. Relation to Goldberger (Kikuchi and Kawai) nuclear matter
results

Our work makes use of the theory of Ref.@5# to determine
angular distributions in nucleon-nucleon scattering, mak
use of the variation of the accessible phase space with s
tering angle to determine the distributions. It is, perha
useful to summarize the findings of Ref.@6# connecting these
results to those obtained by Goldberger@7#, and rewritten by
Kikuchi and Kawai @8#, for nucleon-nucleon scattering i
nuclear matter. Reference@6# showed that when Fermi-ga
states are used, and the 1p1h phase space determined usi
an ‘‘exact’’ convolution in energy and momentum spa
~with a momentum- and energy-conserving delta functio!,
the Kikuchi-Kawai result is obtained. However, the pres
work, instead, uses the statistical solution for the 1p1h
momentum-dependent phase space. For large numbers o
citons, the statistical solution was shown to tend to the ‘‘e
act’’ solution. Our present work uses the statistical~Gauss-

FIG. 12. Proton angular distributions for 200 MeV protons
90Zr. Experimental yields~closed circles! are from Richteret al.
@19#. Calculated results are given by the solid curves. Results
shown for exit energies of 20, 60, 100, 140, and 180 MeV.
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ian! solution for a number of reasons:~1! It is compact and
based on a very general derivation,~2! the results were
shown in Ref.@5# to provide a physical basis for the exper
mentally based Kalbach angular distribution systema
@22#, and~3! even in the nonstatistical limit, there are arg
ments ~see the next subsection! indicating that a Gaussian
momentum distribution is a reasonable approximation.

b. Momentum distribution discussion

The angular distribution theory of Ref.@5# used the cen-
tral limit theorem to determine the momentum distribution
a p-h state, obtaining a Gaussian result:

M ~p,h,E,K !5
1

~2p!3/2s3 exp~2K2/2s2!, ~A1!

where the momentum cutoffs, representing the width of the
distribution, is obtained by determining the average-squa
value of the exciton momentum projections on the direct
of K , giving s25(p1h)2meav/3. Fermi motion and Paul
blocking are accounted for in the determination ofeav since
particles are above the Fermi level, holes below it. In
present paper, equations are presented foreav within a Fermi-
gas model, and analogous results based on an equidi
single-particle model were presented in Ref.@5#. However, it
is instructive to consider the nonstatistical limit of this res
for the momentum distribution of one nucleon below t
Fermi level. This is equivalent to the result for one hole, a
so h51 andp50 in the above equation. Additionally, th
average kinetic energy in a Fermi-gas model is 3eF/5, giving
a nucleon momentum distribution proportional
exp@2K2/(4meF/5)#. But this is exactly the same as the lea
ing term in the momentum distribution obtained experime
tally. For instance, Araseki and Fujita@23# parametrize the
nuclear momentum distribution as@exp(2p2/p0

2)1e0exp
(2p2/q0

2)#, where p is the momentum,p05A2/5kF , e0

50.03, andq05A3p0. The dominant@exp(2p2/p0
2)# term is

identical to our result.
This, therefore, provides further support for the angu

distribution theory we use, and provides some justificat
for its application even when the number of excitons
small.

c. Angular width in multistep scattering

Feshbach@9# has discussed the increasing angular spr
in nuclear scattering with increasing scattering steps with
multistep direct preequilibrium context: If the angular dist
bution for the single-step cross section peaks in the forw
direction with angular widthdu1, the multistep process forN
steps is predicted to lead again to a forward peak, with wi
ANdu1. It is interesting that the formalism of Ref.@5#, as
summarized in Eqs.~2.1! and ~2.2!, gives this same result.

To show this, the average value ofuN in N-step scattering
must be determined. The integrals that must be solved to
this value cannot be done analytically, but the result can
approximated if the average value of cosuN is first deter-
mined:

re
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^cosuN&5

E
0

p

cosuN eancosuN2psinuNduN

E
0

p

eancosuN2psinuNduN

, ~A2!

which, for largean ~small-angle scattering!, gives ^cosuN&
5121/an . Thus ^sinuN&5A2/an, and therefore for small-
angleN-step scattering we obtain an average angular w
of duN5A2/an. But sincean}1/n @Eq. ~2.2!#, andN5n/2,
we obtain, in the small-angle scattering limit,

duN5ANdu1 , ~A3!

in agreement with Feshbach’s prediction.

2. Rotation matrices

In the implementation of our HMS model, it is frequent
necessary to transform a particle’s direction relative to o
coordinate frame into another~usually the ‘‘projectile coor-
dinate system’’ defined by the projectile’s motion!. To do
this we use Euler rotation matrices.

Suppose a particle has a direction (u2 ,f2) with respect to
an axis that in turn has a direction (u1 ,f1) relative to the
,

h

e

projectile coordinate system. The Euler rotation usually w
ten as ‘‘a,’’ representing a rotation about thez axis through
an anglea, can be associated withf1, and the Euler rotation
‘‘ b,’’ representing a subsequent rotation of thez axis about
the newy axis, can be associated withu1.

Since we wish to determine the particle’s direction with
the ‘‘original’’ projectile coordinate system~whose angles
are the unprimed variablesu and f), a rotation
Rz(2f)Ry(2u) must be applied to the direction (u2 ,f2),
where

Rz~f!5S cosf1 sinf1 0

2sinf1 cosf1 0

0 0 1
D ~A4!

and

Ry~u!5S cosu1 0 2sinu1

0 1 0

sinu1 0 cosu1

D . ~A5!

Thus, the direction in the projectile coordinate system
S sinucosf

sinusinf

cosu
D 5S cosf1 2sinf1 0

sinf1 cosf1 0

0 0 1
D S cosu1 0 sinu1

0 1 0

2sinu1 0 cosu1

D S sinu2cosf2

sinu2sinf2

cosu2

D ~A6!

5S cosf1cosu1sinu2cosf22sinf1sinu2sinf21sinu1cosf1cosu2

sinf1cosu1sinu2cosf21cosf1sinu2sinf21sinu1sinf1cosu2

2cosf2sinu2sinu11cosu1cosu2

D . ~A7!

Thus, the anglesu andf can be obtained as

u5Ru~u1 ,f1 ,u2 ,f2!, and f5Rf~u1 ,f1 ,u2 ,f2!, ~A8!

where

Ru~u1 ,f1 ,u2 ,f2!5cos21@2cosf2sinu2sinu11cosu1cosu2# ~A9!

and

Rf~u1 ,f1 ,u2 ,f2!5tan21F sinf1cosu1sinu2cosf21cosf1sinu2sinf21sinu1sinf1cosu2

cosf1cosu1sinu2cosf22sinf1sinu2sinf21sinu1cosf1cosu2
G . ~A10!
-
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