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Peripheral Na scattering: A tool for identifying the two pion exchange component
of the NN potential

L. A. Barreiro, R. Higa, C. L. Lima, and M. R. Robilotta
Nuclear Theory and Elementary Particle Phenomenology Group, Instituto de Fı´sica, Universidade de Sa˜o Paulo,

Caixa Postal 66318, 05315-970, Sa˜o Paulo, SP, Brazil
~Received 18 September 1997; revised manuscript received 30 March 1998!

We study elasticNa scattering and produce a quantitative correlation between the range of the effective
potential and the energy of the system. This allows the identification of the waves and energies for which the
scattering may be said to be peripheral. We then show that the corresponding phase shifts are sensitive to the
tail of the NN potential, which is due to the exchange of two pions. However, the present uncertainties in the
experimental phase shifts prevent the use ofNa scattering to discriminate the existing models for theNN
interaction.@S0556-2813~98!04504-X#

PACS number~s!: 21.30.2x, 13.75.Cs, 25.10.1s
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I. INTRODUCTION

In the present understanding of theNN interaction, long-
range effects are ascribed to single pion exchanges, inte
diate components are associated with exchanges of two
three pions,r ’s andv, as well as baryon excitations, such
the D. At short distances, quark dynamics is supposed
dominate.

The long-range one-pion exchange potential~OPEP! be-
came well established in the 1960’s@1# as a necessary com
ponent of all realistic forces. This achievement was follow
by an effort to determine the next layer of the interactio
associated with the two-pion exchange potential~TPEP!, and
various strategies were proposed to describe it. Early
1971, Brown and Durso@2# pointed out that this componen
of the force is directly related to off-shellpN scattering and
hence strongly influenced by chiral symmetry. In a sub
quent paper, Chemtob, Durso, and Riska@3# explored this
relationship and investigated the phenomenological feat
of the TPEP obtained by means of dispersion relations
very important step in this research program was the c
struction of the Paris potential@4#, where dispersion relation
were used to relate empirical information about thepN pro-
cess to the intermediate part of the force. This potentia
rather successful in describing experimental data.

The intermediate part of the potential may also be stud
in the framework of field theory. In this case, one writ
down a Lagrangian involving the relevant degrees of fr
dom and then evaluate a certain number of Feynman
grams. This leads to an amplitude which is afterwards tra
formed into a potential. An important early work along th
line was that of Partovi and Lomon@5#, who considered a
Lagrangian containing just pions and nucleons with a ps
doscalar~PS! coupling and evaluated the box and cross
box diagrams contributing to the exchange of two uncor
lated pions. A detailed study of the same diagrams usin
pseudovector~PV! coupling was performed later by Zuilho
and Tjon@6#. The inclusion of the exchanges of resonanc
and baryon excitations led to the construction of the Bo
potential@7,8#, which is also quite successful in reproducin
experimental data.
570556-2813/98/57~5!/2142~7!/$15.00
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In a parallel line of development, several phenomenolo
cal potentials were constructed, which are also able to
count for experimental information with the aid of adjust
parameters@9–12#.

An interesting feature of all approaches to the interme
ate part of the potential is that their theoretical reliabil
decreases as one moves from the outer to the inner reg
The intermediate range interactions exhibit a marked spa
hierarchy. The spatial features at a given interaction are
termined by the mass exchanged in thet channel. In the
intermediate part of the potential, the lightest system that
be exchanged involves just two pions and has a mas
about 300 MeV. Other important effects, associated w
resonances such as ther and thev are short ranged, sinc
these states have masses around 750 MeV. When field th
is used, predictions for the inner parts of the mesonic se
of the potential are heavily influenced by form factors, brin
ing a lot of uncertainty to calculations. In the case of disp
sion relations, on the other hand, predictions for the in
region are based on data which need to be extrapolated
away from their experimental region.

Recently there has been a renewal in the interest on
intermediate part of theNN interaction, motivated by the
realization that chiral symmetry provides a suitable theor
cal framework for the calculation of a strong process@13–
16#. In its minimal version, the chiral intermediate potent
is based on a system containing just pions and nucleons.
theoretical foundations of this part of the potential are rat
well established and it is reasonable to expect that it sho
become a standard ingredient of any modernNN potential. A
shortcoming of the minimal chiral potential is that it fails
reproduce experimental information in the case of the in
mediatepN amplitude entering in the TPEP. In order
overcome this difficulty, one may extend the chiral model,
as to encompass other degrees of freedom. This possib
was recently considered by Ordo´ñez, Ray, and van Kolck
@17#, who have shown that the inclusion ofD’s in the model
improves its predictive power. Alternatively, one ma
choose to introduce the empirical information that is miss
in the intermediatepN amplitude in a model-independen
way, with the help of the Ho¨hler-Jacob-Strauss@18# sub-
2142 © 1998 The American Physical Society
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57 2143PERIPHERALNa SCATTERING: A TOOL FOR . . .
threshold coefficients@19,20#. This led to a TPEP which
yields a satisfactory description ofNN data for waves and
energies associated with peripheral scattering@21,22#.

In spite of the considerable amount of activity related
the intermediate part of theNN potential in the last twenty-
five years, no consensus was reached about the fine deta
this component of the force. The dynamical content of
various models is not uniform and the profile functions th
yield for different components of the potential do not agr
This picture poses the problem of defining criteria for est
lishing the merits and shortcomings of the various exist
potentials, so that a choice can be produced. An obvi
criterion of choice is the ability a given potential has of r
producing experimental data. This possibility has been on
a long time and does not work as a distinguishing criteri
because all existing modern potentials are able to exp
well experimentalNN phase shifts, but do so with the help
several free parameters that are adjustedad hoc. Another
problem about relying onNN observables is that the OPE
contributes to all channels and waves, making it difficult
isolate unambiguously the contribution of intermediate ran
dynamics. It would therefore be interesting to find ways
obtaining information about the intermediate part of the p
tential directly from empirical data.

In this work we speculate about the possibility of obta
ing such an information from the study of nucleon-alp
(Na) scattering. Thea particle is a rather suitable syste
for the study of the intermediate part of the nuclear inter
tion, because it is a boson that has no spin and isospin
hence cannot couple to a single pion. This means that
outer part of the nuclear potential surrounding thea involves
two uncorrelated pions. The scalar-isoscalar channel of
two-pion exchangeNN potential has strong central and spi
orbit components, and the same happens with theNa effec-
tive interaction. This picture has empirical support, sinceNa
experimental phase shifts show that central and spin-o
effects are very important@23–26#. Therefore we may expec
that the peripheral scattering of nucleons by thea should be
heavily dominated by two-pion exchange process and he
reflect the various approaches adopted in differentNN mod-
els. When low-energy protons are used as probes, the C
lomb barrier prevents short distance interactions. Thus
effects due to the nuclear force show themselves as de
tions from Coulomb amplitudes, similarly to what happens
low-energy nucleus-nucleus collisions@27,28#. For instance,
in sub-Coulomb Pb1Pb Mott scattering the intermediate
rangeNN interaction accounts for deviations observed e
perimentally@27#. In the case of low-energy neutrons, on t
other hand, angular momentum may be used to select
various regions of the potential.

This work is organized as follows. The effectiveNa po-
tential is defined in Sec. II and explicitly constructed in S
III. In Sec. IV we display our dynamical equations, whic
are based on the variable phase method. Finally, in Se
we discuss our results.

II. DYNAMICS

In this section we present briefly the main equations u
in this work. In a complete treatment of theNa scattering
problem, one has to deal with a rather complex five-bo
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system. However, here we are interested in estimating
effects of the tail of theNN interaction, which manifests
themselves at large distances and high values of the ang
momentum. We therefore assume that thea subsystem re-
mains undisturbed during the interaction.

The wave function for the four-body nuclear system4He
can be written, in terms of the spatial, spin, and isospin
grees of freedom, as

uN1•••N4&5ur1•••r4& ^ uspin& ^ u isospin&5uR&ua&,
~2.1!

where the collective variableR is given in terms of the in-
dividual coordinatesr i :

R5
1

4(i 51

4

r i ~2.2!

andua& represents the4He ground state. This wave functio
is known to haveT50, Jp501, and bothS and D spatial
components@29#. In order to simplify the calculation we ne
glect D waves, adopt a Gaussian structure for the spa
wave function@29# and write

ua&5Na expS 2
a

2 (
i . j 51

4

r i j
2 D uxa&, ~2.3!

wherer i j 5( r i2r j ), Na is a normalization constant,a is a
parameter extracted from Ref.@29#, and uxa& is the spin-
isospin wave function.

The dynamics of the four body system is determined
the Hamiltonian

H45(
i 51

4

2
¹ i

2

2m
1 (

i . j 51

4

Q i j 52
¹R

2

2Ma
1Ha , ~2.4!

whereQ i j 5kr i j
2 /2 is the harmonic potential andk54a2/m.

In order to isolate the motion of the center of mass, it
useful to use the Jacobi variables, given generically by

ri5(
j 51

4

ai j r j , ~2.5!

where the coefficientsai j are summarized in the matrix

a5S A1/2 2A1/2 0 0

A1/6 A1/6 2A2/3 0

A1/12 A1/12 A1/12 2A3/4
D . ~2.6!

In terms of these new coordinates, the Hamiltonian for
isolated four-body system is

H452
¹R

2

2Ma
1Ha , ~2.7!

where2¹R
2/2Ma describes the center-of-mass motion an

Ha5(
i 51

3 F2

¹
r i

2

2mi
12kri

2G ~2.8!
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is the intrinsic four-body Hamiltonian. The Schro¨dinger
equation for thea particle is

Haua&5Eaua&, ~2.9!

whereEa5Ma24m and ua& is now given by

ua&5S 4a

p D 9/4

expS 22a(
i 51

3

ri
2D uxa&. ~2.10!

The strong interaction between the incoming partic
hereafter labeled byo, and the nucleoni within the a par-
ticle is denoted byVoi(roi). The study of the effects of this
interaction is the main object of this work.

The Schro¨dinger equation for this five nucleon system

H5uNo•••N4&5EuNo•••N4&, ~2.11!

where

H55(
i 50

4

2
¹ i

2

2m
1 (

i . j 51

4

Q i j 1(
i 51

4

Voi

5Ha2
¹R

2

2Ma
2

¹o
2

2m
1(

i 51

4

Voi . ~2.12!

Approximating the five-body wave function by a produ
of the different clusters constituting the system

uNo•••N4&.uNo ,R&ua&, ~2.13!

we can rewrite the dynamical equations as

H5uNo•••N4&.FEa2
¹R

2

2Ma
2

¹o
2

2m
1(

i 51

4

VoiG uNo ,R&ua&

5EuNo ,R&ua&.

Introducing two new Jacobi variables

s5
1

5
~ro14R!,

x5ro2R, ~2.14!

we have

F2
¹s

2

2~Ma1m!
2

¹x
2

2m
1(

i 51

4

VoiG uNo ,R&ua&

5~E2Ea!uNo ,R&ua&, ~2.15!

where

m5
Mam

Ma1m
.

4

5
m. ~2.16!

Writing down explicitly the projectile wave function as

uNo&5uro&uxo& ~2.17!

and going to the c.m. frame of the five-body system,
obtain
,

e

F2
¹x

2

2m
1(

i 51

4

VoiG ux&uxo&ua&5Exux&uxo&ua&, ~2.18!

where Ex5E2Ea . Multiplying this equation by^au and
integrating over thea coordinates, we get

F2
¹x

2

2m
1W~x!G ux&uxo&5Exux&uxo&, ~2.19!

where

W~x!5^au(
i 51

4

Voi~roi!ua& ~2.20!

is the effectiveN2a potential.

III. THE EFFECTIVE POTENTIAL

The two-body strong potentialVoi is written as

Voi5(
S,T

Voi
TS~roi!Poi

T Poi
S , ~3.1!

where the indicesT andS represent the total isospin and sp
of theNN system whereasPoi

T andPoi
S are the corresponding

projection operators. The explicit forms of the isospin ope
tors are

Poi
0 5

1

4
@12t~o!

•t~ i !#, ~3.2!

Poi
1 5

1

4
@31t~o!

•t~ i !#, ~3.3!

and similar expressions hold for the spin degrees of freed
The various radial componentsVoi

TS have the following
structure:

Voi
TS5VC

TS~roi!1VLS
TS~roi!Loi • S s~o!

2
1

s~ i !

2 D
1VT

TS~roi!~3s~o!
• r̂ois

~ i !
• r̂oi2s~o!

•s~ i !!

1small components. ~3.4!

In this expression,Loi is the orbital angular momentum fo
the pairoi, whereasVC

TS, VLS
TS, andVT

TS represent the central
spin-orbit, and tensor components of the potential, resp
tively.

In the evaluation of the effective potential, one needs
expectation value ofVoi between the wave functions of thea
particle. Noting that ^xaus( i )uxa&5^xaut( i )uxa&50, we
have

^xauVoi~roi!uxa&5VC~roi!1VLS~roi!Loi •
s~o!

2
, ~3.5!

where
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VC~roi!5
1

16
@VC

00~roi!13VC
10~roi!13VC

01~roi!19VC
11~roi!#

~3.6!

and

VLS~roi!5
1

4
@VLS

01~roi!13VLS
11~roi!#. ~3.7!

The strong effective potential is then given by

W~x!5(
i 51

4 S 4a

p D 9/2E dr1dr2dr3expS 22a(
j 51

3

rj
2D

3FVC~roi!1VLS~roi!Loi •
s~o!

2 GexpS 22a(
j 51

3

rj
2D .

~3.8!

In the evaluation of this expression, it is convenient
note that

r i5R1(
j 51

3

ai j
T rj ~3.9!

and hence

roi5x2(
j 51

3

ai j
T rj . ~3.10!

The angular momentum operatorLoi is given by Loi
5roi3poi , where poi52 i¹oi . The use of the chain rule
allows us to write

Loi5S x2(
j 51

3

ai j
T rj D 3S 1

4
px2 (

k51

3

aik
T pkD

5
1

4
x3px2

1

4(
j 51

3

ai j
T ~rj3px!2 (

k51

3

aik
T ~x3pk!

1 (
k51

3

(
j 51

3

ai j
T aik

T ~rj3pk!. ~3.11!

When the operatorpk acts on the spatial wave function
we have

pk expS 22a(
i 51

3

ri
2D 52 i ~24a!rk expS 22a(

i 51

3

ri
2D .

~3.12!

Defining L x5x3px , we write

W~x!5WC~x!1
1

4
WLS~x!L x•

s~o!

2
. ~3.13!

The Gaussian structure of the wave function allows sev
integrations to be performed analytically and we obtain
al

WC~x!54S 16a

3p D 1/21

xE0

`

duuVC~u!H expF2
16a

3
~x2u!2G

2expF2
16a

3
~x1u!2G J , ~3.14!

and

WLS~x!54S 16a

3p D 1/2 1

x2 E
0

`

duuVLS~u!

3H S u2
3

32axDexpF2
16a

3
~x2u!2G

1S u1
3

32axDexpF2
16a

3
~x1u!2G J .

~3.15!

For a channel with total angular momentumJ and orbital
angular momentumL , we obtain the following form for the
effective potential:

WJL~x!5WC~x!1
1

8FJ~J11!2L~L11!2
3

4GWLS~x!.

~3.16!

Thus we have

W~L21/2!L~x!5WC~x!2
1

8
~L11!WLS~x!, ~3.17!

W~L11/2!L~x!5WC~x!1
1

8
LWLS~x!. ~3.18!

IV. THE VARIABLE PHASE APPROACH

We are interested in the properties of the tail of theNN
interaction and hence it is convenient to calculate theNa
phase shifts by means of the so-called variable ph
method, as described by Calogero@30#. This method is fully
equivalent to the Schro¨dinger formalism, and has the adva
tage of providing a clear picture of the spatial influence
the potential over the phase shift and of its relationship w
the centrifugal barrier. For the reader’s convenience,
hereafter collect the main formulas needed in this calcu
tion. As we disregard tensor interactions, there are only
coupled channels. The waveuJL(r ), representing a system
with total and orbital angular momentaJ andL, respectively,
is written in terms of the radial Green’s functions as

uJL~r !5cJL~k,r ! ĵ L~kr !2sJL~k,r !n̂L~kr !, ~4.1!

wherek5A2mEx, ĵ L(kr) andn̂L(kr) are the usual spherica
Bessel and Neumann functions multiplied bykr whereas
cJL(k,r ) andsJL(k,r ) are defined in terms ofVJL(r ) as fol-
lows:

cJL~k,r !512
1

kE0

r

dr8VJL~r 8! ĵ L~kr8!uJL~r 8! ~4.2!
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sJL~k,r !52
1

kE0

r

dr8VJL~r 8!n̂L~kr8!uJL~r 8!. ~4.3!

The phase shiftdJL(k) is related to the above define
functions by

tandJL~k!5 lim
r→`

sJL~k,r !

cJL~k,r !
. ~4.4!

This motivates the definition of a variable phasedJL(k,r )
through

dJL~k,r !5arctanF sJL~k,r !

cJL~k,r !G . ~4.5!

This function vanishes at the origin@30# and becomes the
phase shift whenr approaches infinity. It is determined dy
namically by means of a first-order differential equation, o
tained by differentiating Eq.~4.5!, using Eqs.~4.2!, ~4.3!,
and manipulating the result to obtain

d

dr
dJL~k,r !52

1

k
WJL~r !PL

2@kr,dJL~k,r !#, ~4.6!

wherePL is the uncoupled structure function, given by

PL@kr,dJL~k,r !#5cos@dJL~k,r !# ĵ L~kr !

2sin@dJL~k,r !#n̂L~kr !. ~4.7!

FIG. 1. EffectiveNa central ~continuous line! and spin-orbit
~dashed line! potentials for the Paris@4#, Bonn~OBEPR! @7#, super-
soft coreC @9#, dTRS @10#, Argonne@12#, and chiral@20# interac-
tions.
-

The integral expression for the variable phase is

dJL~k,r !52
1

kE0

r

dr8VJL~r 8!PL
2@kr8,dJL~k,r 8!#.

~4.8!

For future use, we define the ratiorJL(k,r ) as

rJL~k,r !5
dJL~k,r !

dJL~k,`!
. ~4.9!

It represents the proportion of the phase shift that is gen
ated by the part of the potential between the origin and
point r .

V. RESULTS AND DISCUSSION

The purpose of this work is to discuss the possibility
using Na scattering to study the tail of the two-pion ex
change nucleon-nucleon potential. As stressed previou
the a particle is a spin-isospin scalar and hence it is ve
suited to the study of the intermediate-range part of
nuclear interaction. We therefore consider several reali
NN potentials @4,7,9,10,12,20# and fold them into thea
wave function, in order to obtain effective interaction
which are then used in the Schro¨dinger equation. The effec
tive Na potential is dominated by scalar and isoscalar
changes, giving rise to central and spin-orbit contributio
displayed in Fig. 1. In all cases, as expected, the spin-o
component falls faster than the central one at large distan
Both components are negative there and hence, accordin
Eqs. ~3.17! and ~3.18!, they interfere destructively whenJ
5L2 1

2 and constructively whenJ5L1 1
2 . This means that

phase shifts for peripheral waves ofL are positive and large
for the latter class of waves.

We are interested in effects of the tail of the potential a
hence it is important to establish, for each wave, a correla
between the energy and the region of the potential that

FIG. 2. Phase shifts normalized to 1@Eq. ~4.9!# at 15 MeV, as
function of r for the wavesF5/2 ~dashed line! andF7/2 ~continuous
line!.
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TABLE I. Radii R5 andR10, in fm, as function of the energyE, in MeV, for which the normalized phas
shift, calculated for the Argonne potential, is always less than 5 and 10 %, respectively. It is worth noti
nonmonotonic behavior of theF5/2 wave, which is due to a change in sign in the Argonne phase shift
before 50 MeV.

E

F5/2 F7/2 G7/2 G9/2 H9/2 H11/2

R5 R10 R5 R10 R5 R10 R5 R10 R5 R10 R5 R10

5 2.12 3.26 2.96 3.10 3.24 3.48 3.10 3.34 3.62 3.96 3.50 3.
10 1.96 3.22 2.24 3.06 3.18 3.38 3.04 3.24 3.48 3.78 3.36 3.
15 1.84 2.22 2.00 3.04 3.14 3.32 2.98 3.18 3.38 3.66 3.26 3.
20 1.74 2.02 1.86 3.02 3.10 3.26 2.94 3.12 3.30 3.56 3.18 3.
30 1.56 1.78 1.68 1.98 3.06 3.20 2.88 3.02 3.20 3.40 3.06 3.
40 1.40 1.58 1.52 1.74 2.14 3.14 2.82 2.96 3.12 3.30 2.96 3.
50 1.26 1.40 2.23 2.95 1.94 2.34 2.80 2.92 3.06 3.22 2.90 3.
60 1.08 1.20 1.97 2.91 1.80 2.06 2.00 2.88 3.02 3.16 2.84 3.
70 0.78 0.86 1.12 1.26 1.68 1.88 1.84 2.86 3.00 3.12 2.80 2.
80 0.86 1.06 0.98 1.08 1.56 1.74 1.72 1.98 2.26 3.08 2.76 2.
v
a
r

th
e

is
em
e
an-
y

termines the phase shifts. With that goal in mind, we ha
employed the variable phase method to evaluate the r
rJL(k,r ), defined in Eq.~4.9!, for various energies, in orde
to determine the radiiR5 andR10 for which rJL(k,r ) is al-
ways less than 5 and 10 %, respectively. This means
95% of the phase shift is generated in the region wherr
e
tio

at

.R5 and, similarly, 90% forr .R10. Results for the Ar-
gonne potential@12# are presented in Table I, where it
possible to notice some interesting features. The first of th
is that, for a given value ofL, the phases are slightly mor
sensitive to the short-range part of the potential for the ch
nel with J5L2 1

2. This feature of the problem can be full
FIG. 3. Na phase shifts for the Paris~P!, Bonn ~B!, supersoft coreC ~S!, dTRS~T!, Argonne~A!, and chiral~C! NN interactions. The
experimental results are taken from Refs.@23# (s) , @24# (L), @25# ~1!, and@26# (3).
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appreciated in Fig. 2, which shows the ratiosrF5/2
andrF7/2

at 15 MeV, which are representative of the other periphe
waves. The behavior of these curves are determined by
centrifugal barrier, responsible for the plateau close to
origin, combined with an effective potential which is repu
sive at short distances and then attractive.

The a particle has a rms of about 1.6 fm and, in a co
servative approach, we may define the tail of the effect
potential as beginning at 2.0 fm. Table I then informs us t
such a tail of theNa potential determines more than 95%
the phase shiftsdG7/2

, dG9/2
up to 50 MeV, anddH9/2

, dH11/2

up to more than 80 MeV.
In Fig. 3 we display the phase shifts for waves with

<L<5. Inspecting the diagrams corresponding to the wa
F, G, andH, one learns that the various potentials provid
coherent pattern, since all curves have the same gen
trends. The phases are sensitive to the tail of the effec
potential and hence one could, in principle, discriminate
medium range features of theNN interactions. In Fig. 3 we
also include the available experimental values, taken fr
Refs. @23–26#. The picture provided by these data, claim
to be precise, does not allow conclusions, for there are
discrepancies among phase shifts analyses made by the
ous authors. So a drastic improvement in the precision ofNa
hy

te

ys
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phase shifts is needed before they could be used to discr
nateNN potentials.

As a final comment, we would like to stress that our c
culation is a very simple one and a more detailed study
required on the theoretical side. One of the points that
serves further attention concerns the construction of tha
wave function, that should includeD components and, if
possible, be calculated using realisticNN potentials. Al-
though it is reasonable to assume that intermediate st
involving the 3Li 5, 2 He5, or a excitations contribute little
to peripheral scattering, it is also important to clarify th
aspect of the problem. Finally, it would also be important
establish the quantitative role of the two-pion exchan
three-body force, since its range is comparable to that of
TPEP. We are now investigating some of these questions
prefer to take the results of the present work as indicat
reliably only thatNa scattering allows the discrimination o
the medium-range content ofNN potentials. In order to be
able to select one or a class of potentials as being better
others one needs both more precise calculations and ex
mental phase shifts.

ACKNOWLEDGMENT

L. A. B. and R. H. were supported by Fundac¸ão de Am-
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